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Goals of This Book

My goals are to provide a sound physical understanding of the principles of analytical chem-
istry and to show how these principles are applied in chemistry and related disciplines—

especially in life sciences and environmental science. I have attempted to present the subject
in a rigorous, readable, and interesting manner that will appeal to students whether or not their
primary interest is chemistry. I intend the material to be lucid enough for nonchemistry
majors, yet to contain the depth required by advanced undergraduates. This book grew out of
an introductory analytical chemistry course that I taught mainly for nonmajors at the
University of California at Davis and from a course for third-year chemistry students at
Franklin and Marshall College in Lancaster, Pennsylvania.

What’s New?
A significant change in this edition that instructors will discover is that the old Chapter 7 on
titrations from earlier editions is missing, but its content is dispersed throughout this edition.
My motive was to remove precipitation titrations from the critical learning path. Precipitation
titrations have decreased in importance and they have not appeared in the last two versions of
the American Chemical Society examination in quantitative analysis.* The introduction to
titrations comes in Chapter 1. Kjeldahl analysis is grouped with acid-base titrations in Chapter 10.
Spectrophotometric titrations appear in Chapter 17 with spectrophotometry. Efficiency in
titrimetric experimental design is now with quality assurance in Chapter 5. Precipitation titra-
tions appear with gravimetric analysis in Chapter 26. Gravimetric analysis and precipitation
titrations remain self-contained topics that can be covered at any point in the course.

A new feature of this edition is a short “Test Yourself” question at the end of each worked
example. If you understand the worked example, you should be able to answer the Test
Yourself question. Compare your answer with mine to see if we agree.

Chapter 0 begins with a biographical account of Charles David Keeling’s measure-
ment of atmospheric carbon dioxide. His results have been described as “the single most
important environmental data set taken in the 20th century.” Boxes in Chapters 3 and 19 pro-
vide detail on Keeling’s precise manometric and spectrometric techniques. Box 9-1 discusses
ocean acidification by atmospheric carbon dioxide.

xiiiPreface

PREFACE

*P. R. Griffiths, “Whither ‘Quant’? An Examination of the Curriculum and Testing Methods for Quantitative
Analysis Courses Taught in Universities and Colleges in the Western USA,” Anal. Bioanal. Chem. 2008, 391, 875.

Effect of increasing atmospheric CO2 on the 
ability of marine organisms to make calcium
carbonate shells and skeletons (Box 9-1).

150

120

90

60

30

0
0 500 2 0001 000 1 500

Calcite solubility limit

Aragonite solubility limit

2 × Preindustrial CO2

Present
CO2

Preindustrial
CO2

Atmospheric CO2 (ppm by volume)

[CO3  ]
2�

[C
O

3 
 ]  

(µ
m

ol
/k

g)
2�

https://nhathuocngocanh.com/



New boxed applications include biochemical measurements with a nano-
electrode (Chapter 1), the quartz crystal microbalance in medical diagnosis
(Chapter 2), a case study of systematic error (Chapter 3), choosing the null
hypothesis in epidemiology (Chapter 4), a lab-on-a-chip example of iso-
electric focusing (Chapter 9), Kjeldahl nitrogen analysis in the headlines
(Chapter 10), lithium-ion batteries (Chapter 13), measuring selectivity
coefficients of ion-selective electrodes (Chapter 14), how perchlorate was
discovered on Mars (Chapter 14), an updated description of the Clark oxy-
gen electrode (Chapter 16), Rayleigh and Raman scattering (Chapter 17),
spectroscopic upconversion (Chapter 18), trace elements in the ocean
(Chapter 20), phase transfer agents (Chapter 22), gas chromatography on a
chip (Chapter 23), paleothermometry (Chapter 24), structure of the solvent-
bonded phase interface (Chapter 24), and measuring illicit drug use by
analyzing river water (Chapter 27).

Spreadsheet instructions are updated to Excel 2007, but instructions for
earlier versions of Excel are retained. A new section in Chapter 2 describes how electronic
balances work. Rectangular and triangular uncertainty distributions for systematic error are
introduced in Chapter 3. Chapter 4 includes discussion of standard deviation of the mean and
“tails” in probability distributions. The Grubbs test replaces the Dixon Q test for outliers in
Chapter 4. Reporting limits are illustrated with trans fat analysis in food in Chapter 5.

Elementary discussion of the systematic treatment of equilib-
rium in Chapter 7 is enhanced with a discussion of ammonia
acid-base chemistry. Chapter 8 and the appendix now include
pKa for acids at an ionic strength of 0.1 M in addition to an
ionic strength of 0. Discussion of selectivity coefficients was
improved in Chapter 14 and the iridium oxide pH electrode is
introduced. “Wired” enzymes and mediators for coulometric
blood glucose monitoring are described in Chapter 16.
Voltammetry in Chapter 16 now includes a microelectrode
array for biological measurements. There is a completely new
section on flow injection analysis and sequential injection in
Chapter 18, and these techniques appear again in later exam-
ples. Chapter 19 on spectrophotometers is heavily updated.
Laser-induced breakdown and dynamic reaction cells for
atomic spectrometry are introduced in Chapter 20. Mass spec-

trometry in Chapter 21 now includes the linear ion trap and the orbitrap, electron-transfer
dissociation for protein sequencing, and open-air sampling methods.

Numerous chromatography updates are found throughout Chapters 22–25. Stir-bar
sorption was added to sample preparation in Chapter 23. Polar embedded group stationary
phases, hydrophilic interaction chromatography, and the charged aerosol detector were
added to Chapter 24. There is a discussion of the linear solvent strength model in liquid chro-
matography and a new section that teaches how to use a spreadsheet to predict the effect of
solvent composition in isocratic elution. The supplement at www.whfreeman.com/qca
gives a spreadsheet for simulating gradient elution. Chapter 25 describes hydrophilic inter-
action chromatography for ion exchange, hydrophobic interaction chromatography for

protein purification,
analyzing heparin
contamination by
electrophoresis, wall
charge control in elec-
trophoresis, an update
on DNA sequencing
by electrophoresis,
and microdialysis/
electrophoresis of
neurotransmit ters
with a lab-on-a-chip.
Data from a round-

robin study of precision and accuracy of combustion analysis are included in Chapter 26.
The 96-well plate for solid-phase extraction sample preparation was added to
Chapter 27.

xivxiv Preface

Phoenix Mars Lander discovered perchlorate
in Martian soil with ion-selective electrodes
(Chapter 14).
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“Wired” enzymes described in Section 16-4 are
at the heart of sensitive personal blood glucose
monitors.

Interaction of (R)- and (S)-naproxen with (S, S) stationary phaseInteraction of (R)- and (S)-naproxen with (S, S) stationary phase
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Chiral stationary phase separates enantiomers
of the drug naproxen by high-performance
liquid chromatography (Figure 24-10).
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Applications
A basic tenet of this book is to introduce and illustrate topics with concrete, interesting exam-
ples. In addition to their pedagogic value, Chapter Openers, Boxes, Demonstrations, and Color
Plates are intended to help lighten the load of a very dense subject. I hope you will find these
features interesting and informative. Chapter Openers show the relevance of analytical chem-
istry to the real world and to other disciplines of science. I can’t come to your classroom to
present Chemical Demonstrations, but I can tell you about some of my favorites and show
you color photos of how they look. Color Plates are located near the center of the book. Boxes
discuss interesting topics related to what you are studying or amplify points in the text.

Problem Solving
Nobody can do your learning for you. The two most impor-
tant ways to master this course are to work problems and to
gain experience in the laboratory. Worked Examples are a
principal pedagogic tool designed to teach problem solving
and to illustrate how to apply what you have just read. Each
worked example ends with a Test Yourself question that
asks you to apply what you learned in the example.
Exercises are the minimum set of problems that apply most
major concepts of each chapter. Please struggle mightily
with an Exercise before consulting the solution at the back
of the book. Problems at the end of the chapter cover the
entire content of the book. Short answers to numerical problems are at the back of the book
and complete solutions appear in the Solutions Manual that can be made available for purchase
if your instructor so chooses.

Spreadsheets are indispensable tools for sci-
ence and engineering. You can cover this book
without using spreadsheets, but you will never
regret taking the time to learn to use them. The
text explains how to use spreadsheets and some
problems ask you to apply them. If you are com-
fortable with spreadsheets, you will use them
even when the problem does not ask you to. A
few of the powerful built-in features of Microsoft
Excel are described as they are needed. These
features include graphing in Chapters 2 and 4,
statistical functions and regression in Chapter 4,
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multiple regression for experimental design in Chapter 5, solving equations with Goal Seek in
Chapters 7, 8, and 12, Solver in Chapters 12 and 18, and matrix operations in Chapter 18.

Other Features of This Book
Terms to Understand Essential vocabulary, highlighted in bold in the text, is col-
lected at the end of the chapter. Other unfamiliar or new terms are italic in the text, but not
listed at the end of the chapter.

Glossary All bold vocabulary terms and many of the italic terms are defined in the glossary.

Appendixes Tables of solubility products, acid dissociation constants, redox potentials,
and formation constants appear at the back of the book. You will also find discussions of log-
arithms and exponents, equations of a straight line, propagation of error, balancing redox
equations, normality, and analytical standards.

Notes and References Citations in the chapters appear at the end of the book.

Supplements
The Solutions Manual for Quantitative Chemical Analysis (ISBN 1-4292-3123-8) contains
complete solutions to all problems.

The student Web site, www.whfreeman.com/qca8e, has directions for experiments,
which may be reproduced for your use. “Green chemistry” is introduced in Chapter 2 of the
textbook and “green profiles” of student experiments are included in the instructions for
experiments at the Web site. There are instructions for two new experiments on fitting an acid-
base titration curve with a spreadsheet and liquid carbon dioxide extraction of lemon peel oil.
At the Web site, you will also find lists of experiments from the Journal of Chemical
Education. Supplementary topics at the Web site include spreadsheets for precipitation titra-
tions, microequilibrium constants, spreadsheets for redox titrations curves, analysis of vari-
ance, and spreadsheet simulation of gradient liquid chromatography. Online quizzing helps
students reinforce their understanding of the chapter content.

The instructors� Web site, www.whfreeman.com/qca8e, has all artwork and tables
from the book in preformatted PowerPoint slides and as JPG files, an online quizzing grade-
book, and more.

For instructors interested in online homework management, W. H. Freeman and
WebAssign have partnered to deliver WebAssign Premium. WebAssign Premium combines
over 600 questions with a fully interactive DynamicBook at an affordable price. To learn more
or sign up for a faculty demo account, visit www.webassign.net.

DynamicBook for Quantitative Chemical Analysis, Eighth Edition, is an electronic
version of the text that gives you the flexibility to fully tailor content to your presentation of
course material. It can be used in conjunction with the printed text, or it can be adopted on its
own. Please go to www.dynamicbooks.com for more information, or speak with your W. H.
Freeman sales representative.

The People
A book of this size and complexity is the work of many people. Jodi Simpson—the most
thoughtful and meticulous copy editor—read every word with a critical eye and improved the
exposition in innumerable ways. At W. H. Freeman and Company, Jessica Fiorillo provided
overall guidance and was especially helpful in ferreting out opinions from instructors. Mary
Louise Byrd shepherded the manuscript through production with her magic wand. Kristina
Treadway managed the process of moving the book into production, and Anthony Petrites
coordinated the reviewing of every chapter. Ted Sczcepanski located several hard-to-find pho-
tographs for the book. Dave Quinn made sure that the supplements were out on time and that
the Web site was up and running with all its supporting resources active. Katalin Newman, at
Aptara, did an outstanding job of proofreading.

At the Scripps Institution of Oceanography, Ralph Keeling, Peter Guenther, David Moss,
Lynne Merchant, and Alane Bollenbacher shared their knowledge of atmospheric CO2 mea-
surements and graciously provided access to Keeling family photographs. I am especially
delighted to have had feedback from Louise Keeling on my story of her husband, Charles
David Keeling. This material opens the book in Chapter 0. Sam Kounaves of Tufts University

xvi Preface

WebAssign Premium logo.

https://nhathuocngocanh.com/



devoted a day to telling me about the Phoenix Mars Lander Wet Chemistry Laboratory, which
is featured in Chapter 14. Jarda Ruzika of the University of Washington brought the importance
of flow injection and sequential injection to my attention, provided an excellent tutorial, and
reviewed my description of these topics in Chapters 18 and 19. David Sparkman of the
University of the Pacific had detailed comments and suggestions for Chapter 21 on mass spec-
trometry. Joerg Barankewitz of Sartorius AG provided information and graphics on balances
that you will find in Chapter 2.

Solutions to problems and exercises were checked by two wonderfully careful students,
Cassandra Churchill and Linda Lait of the University of Lethbridge in Canada. Eric Erickson
and Greg Ostrom provided helpful information and discussions at Michelson Lab.

My wife, Sally, works on every aspect of every edition of this book and the Solutions
Manual. She contributes mightily to whatever clarity and accuracy we have achieved.

In Closing
This book is dedicated to the students who use it, who occasionally smile when they read it,
who gain new insight, and who feel satisfaction after struggling to solve a problem. I have
been successful if this book helps you develop critical, independent reasoning that you can
apply to new problems. I truly relish your comments, criticisms, suggestions, and corrections.
Please address correspondence to me at the Chemistry Division (Mail Stop 6303), Research
Department, Michelson Laboratory, China Lake CA 93555.
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10-1 Charles David Keeling and the Measurement of Atmospheric CO2

In the last century, humans abruptly changed the composition of Earth�s atmosphere. We
begin our study of quantitative chemical analysis with a biographical account of how

Charles David Keeling came to measure atmospheric CO2. Then we proceed to discuss the
general nature of the analytical process.

Charles David Keeling and the Measurement 
of Atmospheric CO2

Charles David Keeling (1928�2005, Figure 0-1) grew up near Chicago during the Great
Depression.1 His investment banker father excited an interest in astronomy in 5-year-old
Keeling. His mother gave him a lifelong love of music. Though �not predominantly interested
in science,� Keeling took all the science available in high school, including a wartime course
in aeronautics that exposed him to aerodynamics and meteorology. In 1945, he enrolled in a

0-1

THE �MOST IMPORTANT� ENVIRONMENTAL DATA SET OF THE TWENTIETH CENTURY

The Analytical Process

In 1958, Charles David Keeling began a series of precise measurements of atmospheric
carbon dioxide that have been called �the single most important environmental data set taken
in the 20th century.�* A half century of observations now shows that human beings have
increased the amount of CO2 in the atmosphere by more than 40% over the average value that
existed for the last 800 000 years. On a geologic time scale, we are unlocking all of the carbon
sequestered in coal and oil in one brief moment, an outpouring that is jarring the Earth away
from its previous condition.

The vertical line at the upper right of the graph shows what we have done. This line will
continue on its vertical trajectory until we have consumed all of the fossil fuel on Earth. The
consequences will be discovered by future generations, beginning with yours.

Notes and references appear after the last
chapter of the book.

Keeling’s data:
Increase in CO2 from

burning fossil fuel
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*C. F. Kennel, Scripps Institution of Oceanography.

Atmospheric CO2 has been measured since 1958 at Mauna Loa
Observatory, 3 400 meters above sea level on a volcano in Hawaii. [Forrest

M. Mims III, www.forrestmims.org/maunaloaobservatory.html, photo taken in 2006.]

Historic atmospheric CO2 data are derived from analyzing air bubbles trapped
in ice drilled from Antarctica. Keeling�s measurements of atmospheric CO2 give
the vertical line at the right side of the graph. [Ice core data from D. Lüthi et al.,

Nature, 2008, 453, 379. Mauna Loa data from http://scrippsco2.ucsd.edu/data/in_situ_co2/

monthly_mlo.csv.]
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summer session at the University of Illinois prior to his anticipated draft into the army.
When World War II ended that summer, Keeling continued at Illinois, where he �drifted
into chemistry.�

Upon graduation in 1948, Professor Malcolm Dole of Northwestern University, who had
known Keeling as a precocious child, offered him a graduate fellowship in chemistry. On
Keeling�s second day in the lab, Dole taught him how to make careful measurements with an
analytical balance. Keeling went on to conduct research in polymer chemistry, though he had
no special attraction to polymers or to chemistry.

A requirement for graduate study was a minor outside of chemistry. Keeling noticed the
book Glacial Geology and the Pleistocene Epoch on a friend�s bookshelf. It was so interest-
ing that he bought a copy and read it between experiments in the lab. He imagined himself
�climbing mountains while measuring the physical properties of glaciers.� In graduate school,
Keeling completed most of the undergraduate curriculum in geology and twice interrupted his
research to hike and climb mountains.

In 1953, Ph.D. polymer chemists were in demand for the new plastics industry. Keeling
had job offers from manufacturers in the eastern United States, but he �had trouble seeing the
future this way.� He had acquired a working knowledge of geology and loved the outdoors.
Professor Dole considered it �foolhardy� to pass up high-paying jobs for a low-paying post-
doctoral position. Nonetheless, Keeling wrote letters seeking a postdoctoral position as a
chemist �exclusively to geology departments west of the North American continental divide.�
He became the �rst postdoctoral fellow in the new Department of Geochemistry in Harrison
Brown�s laboratory at Caltech in Pasadena, California.

One day, �Brown illustrated the power of applying chemical principles to geology. He
suggested that the amount of carbonate in surface water . . . might be estimated by assuming
the water to be in chemical equilibrium with both limestone [CaCO3] and atmospheric carbon
dioxide.� Keeling decided to test this idea. He �could fashion chemical apparatus to function
in the real environment� and �the work could take place outdoors.�

Keeling built a vacuum system to isolate CO2 from air or acidi�ed water. The CO2 in
dried air was trapped as a solid in the vacuum system by using liquid nitrogen, �which had
recently become available commercially.� Keeling built a manometer to measure gaseous CO2

by con�ning the gas in a known volume at a known pressure and temperature (Figure 0-2 and
Box 3-2). The measurement was precise (reproducible) to 0.1%, which was as good or better
than other procedures for measuring CO2.

Keeling prepared for a �eld experiment at Big Sur. The area is rich in calcite (CaCO3),
which would, presumably, be in contact with groundwater. Keeling �began to worry . . .
about assuming a speci�ed concentration for CO2 in air.� This concentration had to be
known for his experiments. Published values varied widely, so he decided to make his own

2 CHAPTER 0 The Analytical Process2

FIGURE 0-1 Charles David Keeling and his
wife, Louise, circa 1970. [Courtesy Ralph Keeling,

Scripps Institution of Oceanography, University of

California, San Diego.]

FIGURE 0-2 A manometer made from a
glass U-tube. The difference in height between
the mercury on the left and the right gives the
pressure of the gas in millimeters of mercury.
Box 3-2 provides more detail.
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measurements. He had a dozen 5-liter �asks built with stopcocks that would hold a vacuum.
He weighed each �ask empty and �lled with water. From the mass of water it held, he could
calculate the volume of each �ask. To rehearse for �eld experiments, Keeling measured air
samples in Pasadena. Concentrations of CO2 varied signi�cantly, apparently affected by
urban emissions.

Not being certain that CO2 in pristine air next to the Pacific Ocean at Big Sur would
be constant, he collected air samples every few hours over a full day and night. He also
collected water samples and brought everything back to the lab to measure CO2. At the
suggestion of Professor Sam Epstein, Keeling provided samples of CO2 for Epstein�s
group to measure carbon and oxygen isotopes with their newly built isotope ratio mass
spectrometer. �I did not anticipate that the procedures established in this first experiment
would be the basis for much of the research that I would pursue over the next forty-odd
years,� recounted Keeling. Contrary to hypothesis, Keeling found that river water and
groundwater contained more dissolved CO2 than expected if the dissolved CO2 were in
equilibrium with the CO2 in the air.

Keeling�s attention was drawn to the diurnal pattern that he observed in atmospheric CO2.
Air in the afternoon had an almost constant CO2 content of 310 parts per million (ppm) by
volume of dry air. The concentration of CO2 at night was higher and variable. Also, the higher
the CO2 content, the lower the 13C/12C ratio. It was thought that photosynthesis by plants
would draw down atmospheric CO2 near the ground during the day and respiration would
restore CO2 to the air at night. However, samples collected in daytime from many locations
had nearly the same 310 ppm CO2.

Keeling found an explanation in a book entitled The Climate Near the Ground. All of his
samples were collected in fair weather, when solar heating induces afternoon turbulence that
mixes air near the ground with air higher in the atmosphere. At night, air cools and forms a
stable layer near the ground that becomes rich in CO2 from respiration of plants. Keeling had
discovered that CO2 is near 310 ppm in the free atmosphere over large regions of the Northern
Hemisphere. By 1956, his �ndings were �rm enough to be told to others, including Dr. Oliver
Wulf of the U.S. Weather Bureau, who was working at Caltech.

Wulf passed Keeling�s results to Harry Wexler, Head of Meteorological Research at the
Weather Bureau. Wexler invited Keeling to Washington, DC, where he explained that the
International Geophysical Year commencing in July 1957 was intended to collect worldwide
geophysical data for a period of 18 months. The Bureau had just built an observatory near the
top of Mauna Loa volcano in Hawaii, and Wexler was anxious to put it to use. The Bureau
wanted to measure atmospheric CO2 at remote locations around the world.

Keeling explained that measurements in the scienti�c literature might be unreliable. He
proposed to measure CO2 with an infrared spectrometer that would be precisely calibrated
with gas measured by a manometer. The manometer is the most reliable way to measure CO2,
but each measurement requires half a day of work. The spectrometer could measure several
samples per hour but must be calibrated with reliable standards.

Wexler liked Keeling�s proposal and declared that infrared measurements should be made
on Mauna Loa and in Antarctica. The next day, Wexler offered Keeling a job. Keeling described
what happened next: �I was escorted to where I might work . . . in the dim basement of
the Naval Observatory where the only activity seemed to be a cloud-seeding study being
conducted by a solitary scientist.�

Fortunately, Keeling�s CO2 results had also been brought to the attention of Roger
Revelle, Director of the Scripps Institution of Oceanography near San Diego, California.
Revelle invited Keeling for a job interview. He was given lunch outdoors �in brilliant sun-
shine wafted by a gentle sea breeze.� Keeling thought to himself, �dim basement or brilliant
sunshine and sea breeze?� He chose Scripps, and Wexler graciously provided funding to
support CO2 measurements.

Keeling identi�ed several continuous gas analyzers and tested one from �the only com-
pany in which [he] was able to get past a salesman and talk directly with an engineer.� He
went to great lengths to calibrate the infrared instrument with precisely measured gas stan-
dards. Keeling painstakingly constructed a manometer whose results were reproducible to
1 part in 4 000 (0.025%), thus enabling atmospheric CO2 measurements to be reproducible to
0.1 ppm. Contemporary experts questioned the need for such precision because existing liter-
ature indicated that CO2 in the air varied by a factor of 2. Furthermore, there was concern that
measurements on Mauna Loa would be confounded by CO2 emitted by the volcano.

Roger Revelle of Scripps believed that the main value of the measurements would be
to establish a �snapshot� of CO2 around the world in 1957, which could be compared with

3

Diurnal means the pattern varies between
night and day.
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Scripps pier, wafted by a gentle sea breeze.
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another snapshot taken 20 years later to see if CO2 concentration was changing. People
had considered that burning of fossil fuel could increase atmospheric CO2, but it was
thought that a good deal of this CO2 would be absorbed by the ocean. No meaningful
measurements existed to evaluate any hypothesis.

In March 1958, Ben Harlan of Scripps and Jack Pales of the Weather Bureau installed
Keeling�s infrared instrument on Mauna Loa. The first day�s reading was within 1 ppm of
the 313-ppm value expected by Keeling from his measurements made on the pier at
Scripps. Concentrations in Figure 0-3 rose between March and May, when operation was
interrupted by a power failure. Concentrations were falling in September when power
failed again. Keeling was then allowed to make his first trip to Mauna Loa to restart the
equipment. Concentrations steadily rose from November to May 1959, before gradually
falling again. Data for the full year 1959 in Figure 0-3 reproduced the pattern from 1958.
These patterns could not have been detected if Keeling�s measurements had not been made
so carefully.

Maximum CO2 was observed just before plants in the temperate zone of the Northern
Hemisphere put on new leaves in May. Minimum CO2 was observed at the end of the grow-
ing season in October. Keeling concluded that �we were witnessing for the �rst time nature�s
withdrawing CO2 from the air for plant growth during the summer and returning it each suc-
ceeding winter.�

Figure 0-4, known as the Keeling curve, shows the results of half a century of CO2

monitoring on Mauna Loa. Seasonal oscillations are superimposed on a steady rise.

4 CHAPTER 0 The Analytical Process4

FIGURE 0-4 Monthly average atmospheric
CO2 measured on Mauna Loa. This graph,
known as the Keeling curve, shows seasonal
oscillations superimposed on rising CO2.
[Data from http://scrippsco2.ucsd.edu/data/

in_situ_co2/monthly_mlo.csv.]

FIGURE 0-3 Atmospheric CO2 measurements from Mauna Loa in 1958�1959. [J. D. Pales and C. D.

Keeling, �The Concentration of Atmospheric Carbon Dioxide in Hawaii,� J. Geophys. Res. 1965, 70, 6053.]
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Approximately half of the CO2 produced by the burning of fossil fuel (principally coal, oil,
and natural gas) in the last half century resides in the atmosphere. Most of the remainder
was absorbed by the ocean.

In the atmosphere, CO2 absorbs infrared radiation from the surface of the Earth and
reradiates part of that energy back to the ground (Figure 0-5). This greenhouse effect warms
the Earth�s surface and might produce climate change. In the ocean, CO2 forms carbonic acid,
H2CO3, which makes the ocean more acidic. Fossil fuel burning has already lowered the pH
of ocean surface waters by 0.1 unit from preindustrial values. Combustion during the twenty-
first century is expected to acidify the ocean by another 0.3�0.4 pH units�threatening
marine life whose calcium carbonate shells dissolve in acid (Box 9-1). The entire ocean food
chain is jeopardized by ocean acidi�cation.2

The significance of the Keeling curve is apparent by appending Keeling�s data to the
800 000-year record of atmospheric CO2 and temperature preserved in Antarctic ice.
Figure 0-6 shows that temperature and CO2 experienced peaks roughly every 100 000
years, as marked by arrows.

Cyclic changes in Earth�s orbit and tilt cause cyclic temperature change. Small increases
in temperature drive CO2 from the ocean into the atmosphere. Increased atmospheric CO2

further increases warming by the greenhouse effect. Cooling brought on by orbital changes
redissolves CO2 in the ocean, thereby causing further cooling. Temperature and CO2 have
followed each other for 800 000 years.

Burning fossil fuel in the last 150 years increased CO2 from its historic cyclic peak of
280 ppm to today�s 380 ppm. No conceivable action in the present century will prevent
CO2 from climbing to several times its historic high, which might significantly affect
climate. The longer we take to reduce fossil fuel use, the longer this unintended 
global experiment will continue. Increasing population exacerbates this and many other
problems.

Keeling�s CO2 measurement program was jeopardized many times by funding decisions
at government agencies. His persistence ensured the continuity and quality of the measure-
ments. Manometrically measured calibration standards are labor intensive and costly. Funding
agencies tried to reduce the cost by �nding substitutes for manometry, but no method pro-
vided the same precision. The analytical quality of Keeling�s data has enabled subtle trends,
such as the effect of El Niæo ocean temperature patterns, to be teased out of the overriding
pattern of increasing CO2 and seasonal oscillations.

5

FIGURE 0-5 Greenhouse effect. The sun
warms the Earth mainly with visible radiation.
Earth emits infrared radiation, which would all 
go into space in the absence of the atmosphere.
Greenhouse gases in the atmosphere absorb
some of the infrared radiation and emit some of
that radiation back to the Earth. Radiation directed
back to Earth by greenhouse gases keeps the
Earth warmer than it would be in the absence 
of greenhouse gases.

FIGURE 0-6 Signi�cance of the Keeling curve (upper right, color) is shown by plotting it on the 
same graph with atmospheric CO2 measured in air bubbles trapped in ice cores drilled from Antarctica.
Atmospheric temperature at the level where precipitation forms is deduced from hydrogen and oxygen
isotopic composition of the ice. [Vostok ice core data from J. M. Barnola, D. Raynaud, C. Lorius, and N. I. Barkov,

http://cdiac.esd.ornl.gov/ftp/trends/co2/vostok.icecore.co2.]
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The Analytical Chemist�s Job
Chocolate3 has been the savior of many a student on the long night before a major assign-
ment was due. My favorite chocolate bar, jammed with 33% fat and 47% sugar, propels
me over mountains in California�s Sierra Nevada. In addition to its high energy content,
chocolate packs an extra punch with the stimulant caffeine and its biochemical precursor,
theobromine.

Too much caffeine is harmful for many people, and even small amounts cannot be toler-
ated by some unlucky individuals. How much caffeine is in a chocolate bar? How does that
amount compare with the quantity in coffee or soft drinks? At Bates College in Maine,
Professor Tom Wenzel teaches his students chemical problem solving through questions such
as these.4

But, how do you measure the caffeine content of a chocolate bar? Two students, Denby
and Scott, began their quest with a computer search for analytical methods. Searching with
the key words �caffeine� and �chocolate,� they uncovered numerous articles in chemistry
journals. Two reports entitled �High-Pressure Liquid Chromatographic Determination of
Theobromine and Caffeine in Cocoa and Chocolate Products�5 described a procedure suitable
for the equipment in their laboratory.6

Sampling
The �rst step in any chemical analysis is procuring a representative sample to measure�a
process called sampling. Is all chocolate the same? Of course not. Denby and Scott bought
one chocolate bar in the neighborhood store and analyzed pieces of it. If you wanted to make
broad statements about �caffeine in chocolate,� you would need to analyze a variety of choco-
lates from different manufacturers. You would also need to measure multiple samples of each
type to determine the range of caffeine in each kind of chocolate.

A pure chocolate bar is fairly homogeneous, which means that its composition is the
same everywhere. It might be safe to assume that a piece from one end has the same caffeine
content as a piece from the other end. Chocolate with a macadamia nut in the middle is an ex-
ample of a heterogeneous material�one whose composition differs from place to place. The
nut is different from the chocolate. To sample a heterogeneous material, you need to use a
strategy different from that used to sample a homogeneous material. You would need to know
the average mass of chocolate and the average mass of nuts in many candies. You would need
to know the average caffeine content of the chocolate and of the macadamia nut (if it has any
caffeine). Only then could you make a statement about the average caffeine content of
macadamia chocolate.

Sample Preparation
The �rst step in the procedure calls for weighing out some chocolate and extracting fat from
it by dissolving the fat in a hydrocarbon solvent. Fat needs to be removed because it would
interfere with chromatography later in the analysis. Unfortunately, if you just shake a chunk
of chocolate with solvent, extraction is not very effective, because the solvent has no access
to the inside of the chocolate. So, our resourceful students sliced the chocolate into small bits
and placed the pieces into a mortar and pestle (Figure 0-7), thinking they would grind the
solid into small particles.

Imagine trying to grind chocolate! The solid is too soft to be ground. So Denby and Scott
froze the mortar and pestle with its load of sliced chocolate. Once the chocolate was cold, it
was brittle enough to grind. Then small pieces were placed in a preweighed 15-milliliter (mL)
centrifuge tube, and their mass was noted.

Theobromine (from Greek �food of the gods�)
A diuretic, smooth muscle relaxant,
cardiac stimulant, and vasodilator

Caffeine
A central nervous system stimulant
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Homogeneous: same throughout

FIGURE 0-7 Ceramic mortar and pestle used
to grind solids into �ne powders.

Chocolate is great to eat, but not so easy
to analyze. [W. H. Freeman photo by K. Bendo.]

A diuretic makes you urinate.

A vasodilator enlarges blood vessels.

Chemical Abstracts is the most comprehensive
source for locating articles published in
chemistry journals. SciFinder is software that
accesses Chemical Abstracts.

Bold terms should be learned. They are listed
at the end of the chapter and in the Glossary
at the back of the book. Italicized words are
less important, but many of their de�nitions
are also found in the Glossary.

Pestle

Mortar

Heterogeneous: differs from region to region

https://nhathuocngocanh.com/



Figure 0-8 shows the next part of the procedure. A 10-mL portion of the solvent, petro-
leum ether, was added to the tube, and the top was capped with a stopper. The tube was
shaken vigorously to dissolve fat from the solid chocolate into the solvent. Caffeine and
theobromine are insoluble in this solvent. The mixture of liquid and fine particles was then
spun in a centrifuge to pack the chocolate at the bottom of the tube. The clear liquid, con-
taining dissolved fat, could now be decanted (poured off) and discarded. Extraction with
fresh portions of solvent was repeated twice more to ensure complete removal of fat from
the chocolate. Residual solvent in the chocolate was finally removed by heating the cen-
trifuge tube in a beaker of boiling water. The mass of chocolate residue could be calculated
by weighing the centrifuge tube plus its content of defatted chocolate residue and subtract-
ing the known mass of the empty tube.

Substances being measured�caffeine and theobromine in this case�are called analytes.
The next step in the sample preparation procedure was to make a quantitative transfer (a
complete transfer) of the fat-free chocolate residue to an Erlenmeyer flask and to dissolve
the analytes in water for the chemical analysis. If any residue were not transferred from 
the tube to the flask, then the final analysis would be in error because not all of the analyte
would be present. To perform the quantitative transfer, Denby and Scott added a few milli-
liters of pure water to the centrifuge tube and used stirring and heating to dissolve or
suspend as much of the chocolate as possible. Then they poured the slurry (a suspension
of solid in a liquid) into a 50-mL flask. They repeated the procedure several times with
fresh portions of water to ensure that every bit of chocolate was transferred from the cen-
trifuge tube to the flask.

To complete the dissolution of analytes, Denby and Scott added water to bring the volume
up to about 30 mL. They heated the �ask in a boiling water bath to extract all the caffeine and
theobromine from the chocolate into the water. To compute the quantity of analyte later, the
total mass of solvent (water) must be accurately known. Denby and Scott knew the mass of
chocolate residue in the centrifuge tube and they knew the mass of the empty Erlenmeyer
flask. So they put the flask on a balance and added water drop by drop until there were
exactly 33.3 g of water in the �ask. Later, they would compare known solutions of pure analyte
in water with the unknown solution containing 33.3 g of water.

Before Denby and Scott could inject the unknown solution into a chromatograph for the
chemical analysis, they had to clean up the unknown even further (Figure 0-9). The slurry of
chocolate residue in water contained tiny solid particles that would surely clog their
expensive chromatography column and ruin it. So they transferred a portion of the slurry to a
centrifuge tube and centrifuged the mixture to pack as much of the solid as possible at the bot-
tom of the tube. The cloudy, tan, supernatant liquid (liquid above the packed solid) was then
�ltered in a further attempt to remove tiny particles of solid from the liquid.

It is critical to avoid injecting solids into a chromatography column, but the tan liquid still
looked cloudy. So Denby and Scott took turns between classes to repeat the centrifugation and
�ltration �ve times. After each cycle in which the supernatant liquid was �ltered and
centrifuged, it became a little cleaner. But the liquid was never completely clear. Given
enough time, more solid always seemed to precipitate from the �ltered solution.

The tedious procedure described so far is called sample preparation�transforming a
sample into a state that is suitable for analysis. In this case, fat had to be removed from the
chocolate, analytes had to be extracted into water, and residual solid had to be separated from
the water.

A solution of anything in water is called an
aqueous solution.

7

FIGURE 0-8 Extracting fat from chocolate to
leave defatted solid residue for analysis.

Real-life samples rarely cooperate with you!

0-2 The Analytical Chemist�s Job

Solvent
(petroleum
ether)

Finely
ground
chocolate

Decant
liquid

Defatted
residue

Supernatant
liquid containing
dissolved fat

Centrifuge

Solid residue
packed at
bottom of tube

Shake
well

Suspension
of solid in
solvent
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The Chemical Analysis (At Last!)
Denby and Scott finally decided that the solution of analytes was as clean as they could
make it in the time available. The next step was to inject solution into a chromatography
column, which would separate the analytes and measure the quantity of each. The column
in Figure 0-10a is packed with tiny particles of silica (SiO2) to which are attached long
hydrocarbon molecules. Twenty microliters (20.0 � 10�6 liters) of the chocolate extract
were injected into the column and washed through with a solvent made by mixing 79 mL
of pure water, 20 mL of methanol, and 1 mL of acetic acid. Caffeine is more soluble than
theobromine in the hydrocarbon on the silica surface. Therefore, caffeine �sticks� to the
coated silica particles in the column more strongly than theobromine does. When both

8 CHAPTER 0 The Analytical Process8

Chromatography solvent is selected by a
systematic trial-and-error process described in
Chapter 24. Acetic acid reacts with negative
oxygen atoms on the silica surface. When not
neutralized, these oxygen atoms tightly bind a
small fraction of caffeine and theobromine.

silica-O� acetic acid silica-OH
Binds analytes Does not bind

very tightly analytes strongly

FIGURE 0-10 Principle of liquid chromatography. (a) Chromatography apparatus with an ultraviolet
absorbance monitor to detect analytes at the column outlet. (b) Separation of caffeine and theobromine
by chromatography. Caffeine is more soluble than theobromine in the hydrocarbon layer on the particles
in the column. Therefore, caffeine is retained more strongly and moves through the column more slowly
than theobromine.

FIGURE 0-9 Centrifugation and �ltration are used to separate undesired solid residue from the aqueous
solution of analytes.

�

Suspension of
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in boiling water
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solid in water

Transfer some
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into chromatograph
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and filter it into a fresh
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liquid containing
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and tiny particles

Inject analyte
solution
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Solution containing
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FIGURE 0-12 Chromatogram of 
20.0 microliters of a standard solution containing
50.0 micrograms of theobromine and 50.0 micrograms
of caffeine per gram of solution.
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Only substances that absorb ultraviolet radiation
at a wavelength of 254 nanometers are
observed in Figure 0-11. The major 
components in the aqueous extract are sugars,
but they are not detected in this experiment.

FIGURE 0-11 Chromatogram of 20.0 microliters
of dark chocolate extract. A 4.6-mm-diameter �
150-mm-long column, packed with 5-micrometer
particles of Hypersil ODS, was eluted (washed)
with water:methanol:acetic acid (79:20:1 by
volume) at a rate of 1.0 mL per minute.

analytes are flushed through the column by solvent, theobromine reaches the outlet before
caffeine (Figure 0-10b).

Analytes are detected at the outlet by their ability to absorb ultraviolet radiation from the
lamp in Figure 0-10a. The graph of detector response versus time in Figure 0-11 is called a
chromatogram. Theobromine and caffeine are the major peaks in the chromatogram. Small
peaks arise from other substances extracted from the chocolate.

The chromatogram alone does not tell us what compounds are present. One way to iden-
tify individual peaks is to measure spectral characteristics of each one as it emerges from the
column. Another way is to add an authentic sample of either caffeine or theobromine to the
unknown and see whether one of the peaks grows in magnitude.

Identifying what is in an unknown is called qualitative analysis. Identifying how much
is present is called quantitative analysis. The vast majority of this book deals with quantita-
tive analysis.

In Figure 0-11, the area under each peak is proportional to the quantity of compound
passing through the detector. The best way to measure area is with a computer that receives
output from the chromatography detector. Denby and Scott did not have a computer linked to
their chromatograph, so they measured the height of each peak instead.

Calibration Curves
In general, analytes with equal concentrations give different detector responses.
Therefore, the response must be measured for known concentrations of each analyte. A
graph of detector response as a function of analyte concentration is called a calibration
curve or a standard curve. To construct such a curve, standard solutions containing
known concentrations of pure theobromine or caffeine were prepared and injected into
the column, and the resulting peak heights were measured. Figure 0-12 is a chro-
matogram of one of the standard solutions, and Figure 0-13 shows calibration curves
made by injecting solutions containing 10.0, 25.0, 50.0, or 100.0 micrograms of each
analyte per gram of solution.

Straight lines drawn through the calibration points could then be used to find the con-
centrations of theobromine and caffeine in an unknown. From the equation of the theo-
bromine line in Figure 0-13, we can say that, if the observed peak height of theobromine
from an unknown solution is 15.0 cm, then the concentration is 76.9 micrograms per gram
of solution.

Interpreting the Results
Knowing how much analyte is in the aqueous extract of the chocolate, Denby and Scott could
calculate how much theobromine and caffeine were in the original chocolate. Results for dark
and white chocolates are shown in Table 0-1. The quantities found in white chocolate are only
about 2% as great as the quantities in dark chocolate.

0-2 The Analytical Chemist�s Job
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TABLE 0-1 Analyses of dark and white chocolate

Grams of analyte per 100 grams of chocolate

Analyte Dark chocolate White chocolate

Theobromine 0.392 � 0.002 0.010  � 0.007
Caffeine 0.050 � 0.003 0.000 9 � 0.001 4

Average � standard deviation of three replicate injections of each extract.

FIGURE 0-13 Calibration curves, showing
observed peak heights for known concentrations
of pure compounds. One part per million is one
microgram of analyte per gram of solution.
Equations of the straight lines drawn through the
experimental data points were determined by the
method of least squares described in Chapter 4.
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The purpose of an analysis is to reach some conclusion. The questions posed earlier were
�How much caffeine is in a chocolate bar?� and �How does it compare with the quantity in
coffee or soft drinks?� After all this work, Denby and Scott discovered how much caffeine is
in the one particular chocolate bar that they analyzed. It would take a great deal more work
to sample many chocolate bars of the same type and many different types of chocolate to gain
a more universal view. Table 0-2 compares results from analyses of different sources of caffeine.
A can of soft drink or a cup of tea contains less than one-half of the caffeine in a small cup

TABLE 0-2 Caffeine content of beverages and foods

Caffeine Serving sizea

Source (milligrams per serving) (ounces) 

Regular coffee 106�164 5 
Decaffeinated coffee 2�5 5 
Tea 21�50 5 
Cocoa beverage 2�8 6 
Baking chocolate 35 1 
Sweet chocolate 20 1 
Milk chocolate 6 1 
Caffeinated soft drinks 36�57 12 
Red Bull 80 8.2

a. 1 ounce � 28.35 grams.
SOURCES: http://www.holymtn.com/tea/caffeine_content.htm. Red Bull from http://wilstar.com/caffeine.htm.

The table also reports the standard deviation of three replicate measurements for each sam-
ple. Standard deviation, discussed in Chapter 4, is a measure of the reproducibility of the results.
If three samples were to give identical results, the standard deviation would be 0. If results are
not very reproducible, then the standard deviation is large. For theobromine in dark chocolate,
the standard deviation (0.002) is less than 1% of the average (0.392), so we say the measure-
ment is reproducible. For theobromine in white chocolate, the standard deviation (0.007) is
nearly as great as the average (0.010), so the measurement is poorly reproducible.
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110-3 General Steps in a Chemical Analysis

of coffee. Chocolate contains even less caffeine, but a hungry backpacker eating enough bak-
ing chocolate can get a pretty good jolt!

General Steps in a Chemical Analysis
The analytical process often begins with a question that is not phrased in terms of a chemical
analysis. The question could be �Is this water safe to drink?� or �Does emission testing of
automobiles reduce air pollution?� A scientist translates such questions into the need for par-
ticular measurements. An analytical chemist then chooses or invents a procedure to carry out
those measurements.

When the analysis is complete, the analyst must translate the results into terms that can
be understood by others�preferably by the general public. A most important feature of any
result is its limitations. What is the statistical uncertainty in reported results? If you took
samples in a different manner, would you obtain the same results? Is a tiny amount (a trace)
of analyte found in a sample really there or is it contamination? Only after we understand the
results and their limitations can we draw conclusions.

We can now summarize general steps in the analytical process:

Formulating the Translate general questions into speci�c questions to be answered
question through chemical measurements.

Selecting Search the chemical literature to �nd appropriate procedures or,
analytical if necessary, devise new procedures to make the required measurements.
procedures

Sampling Sampling is the process of selecting representative material to 
analyze. Box 0-1 provides some ideas on how to do so. If you begin 
with a poorly chosen sample or if the sample changes between
the time it is collected and the time it is analyzed, the results 
are meaningless. �Garbage in, garbage out!�

Sample Sample preparation is the process of converting a representative
preparation sample into a form suitable for chemical analysis, which usually 

means dissolving the sample. Samples with a low concentration 
of analyte may need to be concentrated prior to analysis. It may 
be necessary to remove or mask species that interfere with the
chemical analysis. For a chocolate bar, sample preparation 
consisted of removing fat and dissolving the desired analytes. 
Fat was removed because it would interfere with chromatography.

Analysis Measure the concentration of analyte in several identical aliquots
(portions). The purpose of replicate measurements (repeated measurements)
is to assess the variability (uncertainty) in the analysis and to guard against
a gross error in the analysis of a single aliquot. The uncertainty of a
measurement is as important as the measurement itself, because it tells us
how reliable the measurement is. If necessary, use different analytical
methods on similar samples to make sure that all methods give the same
result and that the choice of analytical method is not biasing the result. You
may also wish to construct and analyze several different bulk samples to see
what variations arise from your sampling procedure.

Reporting and Deliver a clearly written, complete report of your results, highlighting 
interpretation any limitations that you attach to them. Your report might be written 

to be read only by a specialist (such as your instructor), or it might be 
written for a general audience (perhaps your mother). Be sure the report 
is appropriate for its intended audience.

Drawing Once a report is written, the analyst might not be involved in what is 
conclusions done with the information, such as modifying the raw material supply 

for a factory or creating new laws to regulate food additives. The more 
clearly a report is written, the less likely it is to be misinterpreted by 
those who use it.

Most of this book deals with measuring chemical concentrations in homogeneous aliquots
of an unknown. The analysis is meaningless unless you have collected the sample properly,
you have taken measures to ensure the reliability of the analytical method, and you commu-
nicate your results clearly and completely. The chemical analysis is only the middle portion
of a process that begins with a question and ends with a conclusion.

0-3

Chemists use the term species to refer to any
chemical of interest. Species is both singular
and plural. Interference occurs when a
species other than analyte increases or
decreases the response of the analytical
method and makes it appear that there is
more or less analyte than is actually present.
Masking is the transformation of an
interfering species into a form that is not
detected. For example, Ca2� in lake water can
be measured with a reagent called EDTA. Al3�

interferes with this analysis because it also
reacts with EDTA. Al3� can be masked with
excess F� to form AlF3�

6 , which does not react
with EDTA.
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Terms are introduced in bold type in the chapter and are also de�ned in the Glossary.

aliquot
analyte
aqueous
calibration curve
composite sample
decant

heterogeneous
homogeneous
interference
masking
qualitative analysis
quantitative analysis

quantitative transfer
random heterogeneous
material

random sample
sample preparation
sampling

segregated heterogeneous
material

slurry
species
standard solution
supernatant liquid

Terms to Understand

Problems

Complete solutions to Problems can be found in the Solutions
Manual. Short answers to numerical problems are at the back of
the book.

0-1. What is the difference between qualitative and quantitative
analysis?

0-2. List the steps in a chemical analysis.

0-3. What does it mean to mask an interfering species?

0-4. What is the purpose of a calibration curve?

0-5. (a) What is the difference between a homogeneous material and
a heterogeneous material?

(b) After reading Box 0-1, state the difference between a segregated
heterogeneous material and a random heterogeneous material.

(c) How would you construct a representative sample from each type
of material?

0-6. The iodide (I�) content of a commercial mineral water was
measured by two methods that produced wildy different results.7

Method A found 0.23 milligrams of I� per liter (mg/L) and
method B found 0.009 mg/L. When Mn2� was added to the water,
the I� content found by method A increased each time more Mn2�

was added, but results from method B were unchanged. Which of
the Terms to Understand describes what is occurring in these
measurements?

Constructing a Representative SampleBOX 0-1

In a random heterogeneous material, differences in composition
occur randomly and on a �ne scale. When you collect a portion of
the material for analysis, you obtain some of each of the different
compositions. To construct a representative sample from a heteroge-
neous material, you can �rst visually divide the material into seg-
ments. A random sample is collected by taking portions from the
desired number of segments chosen at random. If you want to mea-
sure the magnesium content of the grass in the 10-meter � 20-meter
�eld in panel a, you could divide the �eld into 20 000 small patches
that are 10 centimeters on a side. After assigning a number to each
small patch, you could use a computer program to pick 100 numbers
at random from 1 to 20 000. Then harvest and combine the grass
from each of these 100 patches to construct a representative bulk
sample for analysis.

For a segregated heterogeneous material (in which large re-
gions have obviously different compositions), a representative com-
posite sample must be constructed. For example, the �eld in panel
b has three different types of grass segregated into regions A, B, and
C. You could draw a map of the �eld on graph paper and measure
the area in each region. In this case, 66% of the area lies in region
A, 14% lies in region B, and 20% lies in region C. To construct a
representative bulk sample from this segregated material, take 66 of
the small patches from region A, 14 from region B, and 20 from
region C. You could do so by drawing random numbers from 1 to 
20 000 to select patches until you have the desired number from
each region.

10 cm × 
10 cm 
patches 
chosen 
at random

10
 m

et
er

s

20 meters

Random heterogeneous material
(a)

20 meters

A 66%

C 20%

B 14%

Segregated heterogeneous material
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Chemical Measurements11
(a) Carbon-�ber electrode with a 100-
nanometer-diameter ( ) tip
extending from glass capillary. The marker bar
is 200 micrometers ( ). [From

W.-H. Huang, D.-W. Pang, H. Tong, Z.-L. Wang, and 

J.-K. Cheng, Anal. Chem. 2001, 73, 1048.] (b) Electrode
positioned adjacent to a cell detects release of
the neurotransmitter, dopamine, from the cell.
A nearby, larger counterelectrode is not shown.
(c) Bursts of electric current detected when
dopamine is released. Insets are enlargements.
[From W.-Z. Wu, W.-H. Huang, W. Wang, Z.-L. Wang, 

J.-K. Cheng, T. Xu, R.-Y. Zhang, Y. Chen, and J. Liu, 

J. Am. Chem. Soc. 2005, 127, 8914.]

200 � 10�6 meter

100 � 10�9 meter

BIOCHEMICAL MEASUREMENTS WITH A NANOELECTRODE

An electrode with a tip smaller than a single cell allows us to measure neurotransmitter
molecules released by a nerve cell in response to a chemical stimulus. We call the electrode
a nanoelectrode because its active region has dimensions of nanometers 
Neurotransmitter molecules released from one vesicle (a small compartment) of a nerve cell
diffuse to the electrode, where they donate or accept electrons, thereby generating an electric
current measured in picoamperes for a period of milliseconds

This chapter discusses units that describe chemical and physical measure-
ments of objects ranging in size from atoms to galaxies.
(10�3 seconds).

(10�12 amperes)

(10�9 meters).
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Neurotransmitter measurements illustrate the need for units of measurement covering many
orders of magnitude (powers of 10) in range. This chapter introduces those units and

reviews chemical concentrations, solution preparation, stoichiometry, and fundamentals of
titrations.

SI Units
SI units of measurement, used by scientists around the world, derive their name from the
French SystŁme International d�UnitØs. Fundamental units (base units) from which all others
are derived are listed in Table 1-1. Standards of length, mass, and time are the meter (m),
kilogram (kg), and second (s), respectively. Temperature is measured in kelvins (K), amount
of substance in moles (mol), and electric current in amperes (A).

1-1For readability, we insert a space after every
third digit on either side of the decimal point.
Commas are not used, because in some parts
of the world a comma has the same meaning
as a decimal point. Examples:

Speed of light: 299 792 458 m/s

Avogadro�s number: 6.022 141 79 � 1023 mol�1
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Table 1-2 lists some quantities that are de�ned in terms of the fundamental quantities. For
example, force is measured in newtons (N), pressure in pascals (Pa), and energy in joules (J),
each of which can be expressed in terms of length, time, and mass.

Using Pre�xes as Multipliers
Rather than using exponential notation, we often use pre�xes from Table 1-3 to express large
or small quantities. As an example, consider the pressure of ozone (O3) in the upper atmo-
sphere (Figure 1-1). Ozone is important because it absorbs ultraviolet radiation from the sun
that damages many organisms and causes skin cancer. Each spring, a great deal of ozone dis-
appears from the Antarctic stratosphere, thereby creating what is called an ozone �hole.� The
opening of Chapter 17 discusses the chemistry behind this process.

At an altitude of above the Earth�s surface, the pressure of ozone
over Antarctica reaches a peak of 0.019 Pa. Let�s express these numbers with prefixes from
Table 1-3. We customarily use prefixes for every third power of ten (10�9, 10�6, 10�3, 103,

1.7 �  104 meters

14 CHAPTER 1 Chemical Measurements

TABLE 1-1 Fundamental SI units

Quantity Unit (symbol) De�nition

Length meter (m) One meter is the distance light travels in a vacuum during of a second.

Mass kilogram (kg) One kilogram is the mass of the Pt-Ir alloy prototype kilogram made in 1885 and kept
under an inert atmosphere at SŁvres, France. This object has been removed from its
protective enclosure only in 1890, 1948, and 1992 to weigh secondary standards kept in
several countries. Unfortunately, the mass of the prototype kilogram can change slowly
over time by chemical reaction with the atmosphere or from mechanical wear. Work in
progress will replace the prototype kilogram with a standard based on unchanging
properties of nature that can be measured within an uncertainty of 1 part in 108. See
I. Robinson, �Weighty Matters,� Scienti�c American, December 2006, p.102.

Time second (s) One second is the duration of 9 192 631 770 periods of the radiation corresponding to a
certain atomic transition of 133Cs.

Electric current ampere (A) One ampere of current produces a force of newtons per meter of length when
maintained in two straight, parallel conductors of in�nite length and negligible cross
section, separated by 1 meter in a vacuum.

Temperature kelvin (K) Temperature is de�ned such that the triple point of water (at which solid, liquid, and
gaseous water are in equilibrium) is 273.16 K, and the temperature of absolute zero is 0 K.

Luminous intensity candela (cd) Candela is a measure of luminous intensity visible to the human eye.

Amount of substance mole (mol) One mole is the number of particles equal to the number of atoms in exactly 0.012 kg of
12C (approximately ).

Plane angle radian (rad) There are 2� radians in a circle.

Solid angle steradian (sr) There are 4� steradians in a sphere.

6.022 � 1023

2 � 10�7

1
299 792 458

TABLE 1-2 SI-derived units with special names

Expression in Expression in
terms of terms of

Quantity Unit Symbol other units SI base units

Frequency hertz Hz
Force newton N
Pressure pascal Pa
Energy, work, quantity of heat joule J
Power, radiant �ux watt W
Quantity of electricity, electric charge coulomb C
Electric potential, potential difference, electromotive force volt V
Electric resistance ohm
Electric capacitance farad F s4 � A2/(m2 � kg)C/V

m2 � kg/(s3 � A2)V/A�
m2 � kg/(s3 � A)W/A
s � A
m2 � kg/s3J/s
m2 � kg/s2N � m
kg/(m � s2)N/m2
m � kg/s2
1/s

Frequency is the number of cycles per unit time for a repetitive event. Force is the product mass � acceleration. Pressure is force per unit area. Energy or work is force � distance � mass �
acceleration � distance. Power is energy per unit time. The electric potential difference between two points is the work required to move a unit of positive charge between the two points.
Electric resistance is the potential difference required to move one unit of charge per unit time between two points. The electric capacitance of two parallel surfaces is the quantity of electric
charge on each surface when there is a unit of electric potential difference between the two surfaces.

Pressure is force per unit area: 1 pascal (Pa) �
1 N/m2. The pressure of the atmosphere is
approximately 100 000 Pa.
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106, 109, and so on). The number is more than 103 m and less than 106 m, so
we use a multiple of 103 m (� kilometers, km):

The number 0.019 Pa is more than 10�3 Pa and less than 100 Pa, so we use a multiple of
10�3 Pa (� millipascals, mPa):

Figure 1-1 is labeled with km on the y-axis and mPa on the x-axis. The y-axis of a graph is
called the ordinate and the x-axis is called the abscissa.

It is a fabulous idea to write units beside each number in a calculation and to cancel identi-
cal units in the numerator and denominator. This practice ensures that you know the units for
your answer. If you intend to calculate pressure and your answer comes out with units other than
pascals ( or other units of force/area), then you have made a mistake.

Converting Between Units
Although SI is the internationally accepted system of measurement in science, other units are
encountered. Useful conversion factors are found in Table 1-4. For example, common non-SI

N/m2 or kg/ 3m � s2 4

0.019 Pa �
1 mPa

10�3 Pa
� 19 mPa

1.7 � 104 m �
1 km

103 m
� 17 km

1.7 �  104 m

15

FIGURE 1-1 An ozone �hole� forms each
year in the stratosphere over the South Pole at
the beginning of spring in October. The graph
compares ozone pressure in August, when
there is no hole, with the pressure in October,
when the hole is deepest. Less severe ozone
loss is observed at the North Pole. [Data from

National Oceanic and Atmospheric Administration.]

TABLE 1-3 Pre�xes

Pre�x Symbol Factor Pre�x Symbol Factor

yotta Y deci d
zetta Z centi c
exa E milli m
peta P micro
tera T nano n
giga G pico p
mega M femto f
kilo k atto a
hecto h zepto z
deca da yocto y 10�24101

10�21102
10�18103
10�15106
10�12109
10�91012
10�6�1015
10�31018
10�21021
10�11024

Of course you recall that 100 � 1.
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TABLE 1-4 Conversion factors

Quantity Unit Symbol SI equivalenta

Volume liter L
milliliter mL

Length angstrom ¯
inch in.

Mass pound lb
metric ton

Force dyne dyn
Pressure bar bar

atmosphere atm
atmosphere atm *1.013 25 bar
torr (� 1 mm Hg) Torr
pound/in.2 psi

Energy erg erg
electron volt eV
calorie, thermochemical cal
Calorie (with a capital C) Cal
British thermal unit Btu

Power horsepower
Temperature centigrade (� Celsius)

Fahrenheit *1.8(K � 273.15) � 32°F
*K � 273.15°C
745.700 W
1 055.06 J
*1 000 cal � 4.184 kJ
*4.184 J
1.602 176 487 � 10�19 J
*10�7 J
6 894.76 Pa
133.322 Pa

*101 325 Pa
*105 Pa
*10�5 N
*1 000 kg
*0.453 592 37 kg
*0.025 4 m
*10�10 m
*10�6 m3
*10�3 m3

a. An asterisk (*) indicates that the conversion is exact (by de�nition).

Oops! In 1999, the $125 million Mars
Climate Orbiter spacecraft was lost when
it entered the Martian atmosphere 100 km
lower than planned. The navigation error
would have been avoided if people had
written their units of measurement.
Engineers who built the spacecraft
calculated thrust in the English unit,
pounds of force. Jet Propulsion Laboratory
engineers thought they were receiving the
information in the metric unit, newtons.
Nobody caught the error.

1-1 SI Units
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units for energy are the calorie (cal) and the Calorie (written with a capital C and standing
for 1 000 calories, or 1 kcal). Table 1-4 states that 1 cal is exactly 4.184 J (joules).

Your basal metabolism uses approximately 46 Calories per hour (h) per 100 pounds (lb)
of body mass just to carry out basic functions required for life, apart from doing any kind of
exercise. A person walking at 2 miles per hour on a level path uses approximately 45
Calories per hour per 100 pounds of body mass beyond basal metabolism. The same person
swimming at 2 miles per hour consumes 360 Calories per hour per 100 pounds beyond basal
metabolism.

16 CHAPTER 1 Chemical Measurements

�is approximately
equal to.�
The symbol � is read
1 mile � 1.609 km
1 pound (mass) � 0.453 6 kg

EXAM PLE Unit Conversions

Express the rate of energy used by a person walking 2 miles per hour (
Calories per hour per 100 pounds of body mass) in kilojoules per hour per kilogram of
body mass.

Solution We will convert each non-SI unit separately. First, note that 91 Calories �
91 kcal. Table 1-4 states that 1 cal � 4.184 J; so 1 kcal � 4.184 kJ, and

Table 1-4 also says that 1 lb is 0.453 6 kg; so 100 lb � 45.36 kg. The rate of energy con-
sumption is therefore

We could have written this as one long calculation:

Test Yourself A person swimming at 2 miles per hour requires 360 � 46 Calories per
hour per 100 pounds of body mass. Express the energy use in kJ/h per kg of body mass.
(Answer: 37 kJ/h per kg)

Rate �  
91 kcal/h

100 lb
� 4.184 

kJ

kcal
�

1 lb

0.453 6 kg
� 8.4 

kJ/h

kg

91 kcal/h

100 lb
�

3.8 � 102kJ/h

45.36 kg
� 8.4 

kJ/h

kg

91 kcal � 4.184 
kJ

kcal
� 3.8 � 102 kJ

46 � 45 � 91

Signi�cant �gures are discussed in Chapter 3.
For multiplication and division, the number
with the fewest digits determines how many
digits should be in the answer. The number
91 kcal at the beginning of this problem limits
the answer to 2 digits.

Chemical Concentrations
A solution is a homogeneous mixture of two or more substances. A minor species in a solution
is called solute, and the major species is the solvent. In this book, most discussions concern
aqueous solutions, in which the solvent is water. Concentration states how much solute is
contained in a given volume or mass of solution or solvent.

Molarity and Molality
A mole (mol) is Avogadro�s number of particles (atoms, molecules, ions, or anything else).
Molarity (M) is the number of moles of a substance per liter of solution. A liter (L) is
the volume of a cube that is 10 cm on each edge. Because 10 cm � 0.1 m, 1 L � (0.1 m)3 �
10�3 m3. Chemical concentrations, denoted with square brackets, are usually expressed in
moles per liter (M). Thus �[H�]� means �the concentration of H�.�

The atomic mass of an element is the number of grams containing Avogadro�s number of
atoms.1 The molecular mass of a compound is the sum of atomic masses of the atoms in the
molecule. It is the number of grams containing Avogadro�s number of molecules.

An electrolyte is a substance that dissociates into ions in solution. In general, electrolytes
are more dissociated in water than in other solvents. We refer to a compound that is mostly
dissociated into ions as a strong electrolyte. One that is partially dissociated is called a weak
electrolyte.

Magnesium chloride is a strong electrolyte. In 0.44 M MgCl2 solution, 70% of the mag-
nesium is free Mg2� and 30% is MgCl�. The concentration of MgCl2 molecules is close to 0.
Sometimes the molarity of a strong electrolyte is called the formal concentration (F), to
emphasize that the substance is really converted into other species in solution. When we

1-2
A homogeneous substance has a uniform
composition. Sugar dissolved in water is
homogeneous. A mixture that is not the same
everywhere (such as orange juice, which has
suspended solids) is heterogeneous.

Avogadro�s number �
number of atoms in 12 g of 12C

Molarity (M) �
moles of solute
liters of solution

Atomic masses are shown in the periodic
table inside the cover of this book. Physical
constants such as Avogadro�s number are also
listed inside the cover.

Strong electrolyte: mostly dissociated into
ions in solution

Weak electrolyte: partially dissociated into
ions in solution

MgCl� is called an ion pair. See Box 7-1.

One calorie is the energy required to heat 
1 gram of water from 14.5� to 15.5�C.

One joule is the energy expended when a
force of 1 newton acts over a distance of 
1 meter. This much energy can raise 102 g
(about pound) by 1 meter.

1 cal � 4.184 J

1
4
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say that the �concentration� of MgCl2 is 0.054 M in seawater, we are really speaking of
its formal concentration (0.054 F). The �molecular mass� of a strong electrolyte is called
the formula mass (FM), because it is the sum of atomic masses of atoms in the formula, even
though there are very few molecules with that formula. We are going to use the abbreviation
FM for both formula mass and molecular mass.

17

EXAM PLE Molarity of Salts in the Sea
(a) Typical seawater contains 2.7 g of salt (sodium chloride, NaCl) per 100 mL (� 100 �
10�3 L). What is the molarity of NaCl in the ocean? (b) MgCl2 has a concentration of
0.054 M in the ocean. How many grams of MgCl2 are present in 25 mL of seawater?

Solution (a) The molecular mass of NaCl is 22.99 g/mol (Na) � 35.45 g/mol (Cl) �
58.44 g/mol. The moles of salt in 2.7 g are so the
molarity is

(2.7 g)/ (58.44 g/mol) � 0.046 mol,

1-2 Chemical Concentrations

For a weak electrolyte such as acetic acid, CH3CO2H, some of the molecules dissociate
into ions in solution:

Molality (m) is concentration expressed as moles of substance per kilogram of solvent
(not total solution). Molality is independent of temperature. Molarity changes with tempera-
ture because the volume of a solution usually increases when it is heated.

Percent Composition
The percentage of a component in a mixture or solution is usually expressed as a weight
percent (wt%):

(1-1)

A common form of ethanol (CH3CH2OH) is 95 wt%; this expression means 95 g 
of ethanol per 100 g of total solution. The remainder is water. Volume percent (vol%) is
defined as

(1-2)

Although units of mass or volume should always be expressed to avoid ambiguity, mass is
usually implied when units are absent.

Volume percent �
volume of solute

volume of total solution
� 100

Weight percent �
mass of solute

mass of total solution or mixture
� 100

Formal Percent
concentration dissociated

0.10 F 1.3%
0.010 F 4.1%
0.001 0 F 12%

O

CH3

C
OH

O

CH3

C
O� � H�

Acetic
acid

Acetate
ion

Confusing abbreviations:

m � molality �
mol solute
kg solvent

M � molarity �
mol solute
L solution

mol � moles

Molarity of NaCl �  
mol NaCl

L of seawater
�

0 .046 mol

100 � 10�3 L
� 0.46 M

(b) The molecular mass of MgCl2 is 24.30 g/mol (Mg) � 2 � 35.45 g/mol (Cl) � 95.20 g/mol.
The number of grams in 25 mL is

Test Yourself Calculate the formula mass of CaSO4. What is the molarity of CaSO4 in
a solution containing 1.2 g of CaSO4 in a volume of 50 mL? How many grams of CaSO4

are in 50 mL of 0.086 M CaSO4? (Answer: 136.14 g/mol, 0.18 M, 0.59 g)

Grams of MgCl2 � a0.054 
mol

L
b a95.20 

g

mol
b (25 � 10�3 L) � 0.13 g
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18 CHAPTER 1 Chemical Measurements

EXAM PLE Converting Weight Percent into Molarity and Molality

Find the molarity and molality of 37.0 wt% HCl. The density of a substance is the mass
per unit volume. The table inside the back cover of this book tells us that the density of the
reagent is 1.19 g/mL.

Solution For molarity, we need to �nd the moles of HCl per liter of solution. The mass of
a liter of solution is (1.19 g/ )(1 000 ) � 1.19 � 103 g. The mass of HCl in a liter is

This is what
37.0 wt% means

The molecular mass of HCl is 36.46 g/mol, so the molarity is

For molality, we need to �nd the moles of HCl per kilogram of solvent (which is H2O).
The solution is 37.0 wt% HCl, so we know that 100.0 g of solution contains 37.0 g of HCl
and of H2O (� 0.063 0 kg). But 37.0 g of HCl contains 37.0 /
( ) � 1.01 mol. The molality is therefore

Test Yourself Calculate the molarity and molality of 49.0 wt% HF, using the density
given inside the back cover of this book. (Answer: 31.8 M, 48.0 m)

Molality �
mol HCl

kg of solvent
�

1 .01 mol HCl

0 .063 0 kg H2O
� 16 .1 m

36.46 g/mol
g100.0 � 37.0 � 63.0 g

Molarity �
mol HCl

L solution
�

4.40 � 102 g HCl/L

36.46 g HCl/mol
� 12.1 

mol

L
� 12.1 M

Mass of HCl per liter � a1.19 � 103
 

g solution

L
b a0 .370 

g HCl

g solution
b � 4 .40 � 102 

g HCl

L

mLmL

A closely related dimensionless quantity is

The density of water at is close to 1 g/mL,
so speci�c gravity is nearly the same as
density.

4�C

Specific gravity �
density of a substance

density of water at 4�C

Density �
mass

volume
�

g

mL

If you divide 1.01/0.063 0, you get 16.0. Dan
got 16.1 because he kept all the digits in his
calculator and did not round off until the 
end. The number 1.01 was really 1.014 8 and
(1.014 8)/(0.063 0) � 16.1.
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FIGURE 1-2 Weight percent of gold impurity in silver coins from Persia. Colored squares are known,
modern forgeries. Note that the ordinate scale is logarithmic. [A. A. Gordus and J. P. Gordus, Archaeological
Chemistry, Adv. Chem. No. 138, American Chemical Society, Washington, DC, 1974, pp. 124�147.]

Figure 1-2 illustrates a weight percent measurement in the application of analytical chem-
istry to archaeology. Gold and silver are found together in nature. Dots in Figure 1-2 show the
weight percent of gold in more than 1 300 silver coins minted over a 500-year period. Prior
to A.D. 500, it was rare for the gold content to be below 0.3 wt%. By A.D. 600, people devel-
oped techniques for removing more gold from the silver, so some coins had as little as
0.02 wt% gold. Colored squares in Figure 1-2 represent known, modern forgeries made from
silver whose gold content is always less than the prevailing gold content in the years A.D. 200 to
500. Chemical analysis makes it easy to detect the forgeries.
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Parts per Million and Parts per Billion
Sometimes composition is expressed as parts per million (ppm) or parts per billion
(ppb), which mean grams of substance per million or billion grams of total solution or
mixture. Because the density of a dilute aqueous solution is close to 1.00 g/mL, we
frequently equate 1 g of water with 1 mL of water, although this equivalence is only
approximate. Therefore, 1 ppm corresponds to 1 �g/mL (� 1 mg/L) and 1 ppb is 1 ng/mL
(� 1 �g/L). For gases, ppm usually refers to volume rather than mass. Atmospheric CO2

has a concentration near 380 ppm, which means 380 �L CO2 per liter of air. It is best to
label units to avoid confusion.

191-3 Preparing Solutions

EXAM PLE Converting Parts per Billion into Molarity

Normal alkanes are hydrocarbons with the formula CnH2n�2. Plants selectively synthesize
alkanes with an odd number of carbon atoms. The concentration of C29H60 in summer rain-
water collected in Hannover, Germany is 34 ppb. Find the molarity of C29H60 and express
the answer with a pre�x from Table 1-3.

Solution A concentration of 34 ppb means there are 34 ng of C29H60 per gram of rain-
water, a value that we equate to 34 ng/mL. Multiplying nanograms and milliliters by 1 000
gives of C29H60 per liter of rainwater. The molecular mass of C29H60 is 408.8 g/mol,
so the molarity is

An appropriate pre�x from Table 1-3 would be nano (n), which is a multiple of 10�9:

Molarity of C29H60 in rainwater �
34 �  10�6g/L

408 .8 g/mol
 � 8 .3 � 10�8 M

34 �g

Question What does one part per thousand
mean?

ppb �
mass of substance

mass of sample
� 109

 ppm �
mass of substance

mass of sample
� 106

nM � nanomoles per liter

Preparing Solutions
To prepare a solution with a desired molarity from a pure solid or liquid, we weigh out the
correct mass of reagent and dissolve it in a volumetric �ask (Figure 1-3).

1-3

Test Yourself How many ppm of C29H60 are in 23 �M C29H60? (Answer: 9.4 ppm)

8 .3 �  10�8 M a
1 nM

10�9 M
b � 83 nM

FIGURE 1-3 A volumetric �ask contains a
speci�ed volume when the liquid level is
adjusted to the middle of the mark in the thin
neck of the �ask. Use of this �ask is described
in Section 2-5.

EXAM PLE Preparing a Solution with a Desired Molarity

Copper(II) sulfate pentahydrate, has 5 moles of for each mole of
CuSO4 in the solid crystal. The formula mass of is
249.68 g/mol. (Copper(II) sulfate without water in the crystal has the formula CuSO4 and
is said to be anhydrous.) How many grams of should be dissolved in a
volume of 500.0 mL to make 

Solution An 8.00 mM solution contains We need

The mass of reagent is 
Using a volumetric �ask: The procedure is to place 0.999 g of solid into

a 500-mL volumetric �ask, add about 400 mL of distilled water, and swirl to dissolve the
reagent. Then dilute with distilled water up to the 500-mL mark and invert the �ask several
times to ensure complete mixing.

Test Yourself Find the formula mass of anhydrous CuSO4. How many grams
should be dissolved in 250.0 mL to make a 16.0 mM solution? (Answer:159.61 g/mol,
0.638 g)

CuSO4 � 5H2O
(4.00 � 10�3 mol) � (249.68 g/mol) � 0.999 g.

8 .00 �  10�3 
mol

L
� 0 .5000 L � 4 .00 � 10�3 mol CuSO4 � 5H2O

8.00 � 10�3 mol/L.

8.00 mM Cu2�?
CuSO4 � 5H2O

(� CuSO9H10)CuSO4 � 5H2O
H2OCuSO4 � 5H2O,

500-mL mark
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Dilution
Dilute solutions can be prepared from concentrated solutions. A volume of the concentrated
solution is transferred to a fresh vessel and diluted to the desired �nal volume. The number of
moles of reagent in V liters containing M moles per liter is the product so
we equate the number of moles in the concentrated (conc) and dilute (dil) solutions:

Dilution formula: (1-3)

Moles taken from Moles placed in
concentrated solution dilute solution

Mconc�Vconc � Mdil�Vdil

M�V � mol/L�L,

20 CHAPTER 1 Chemical Measurements

EXAM PLE A More Complicated Dilution Calculation

A solution of ammonia in water is called �ammonium hydroxide� because of the equilibrium

NH3 � H2O � NH�
4 � OH� (1-4)

Ammonia Ammonium Hydroxide

The density of concentrated ammonium hydroxide, which contains 28.0 wt% NH3, 
is 0.899 g/mL. What volume of this reagent should be diluted to 500.0 mL to make 
0.250 M NH3?

Solution To use Equation 1-3, we need to know the molarity of the concentrated reagent.
The solution contains 0.899 g of solution per milliliter and there is 0.280 g of NH3 per gram
of solution (28.0 wt%), so we can write

Now we �nd the volume of 14.8 M NH3 required to prepare 500.0 mL of 0.250 M NH3:

The procedure is to place 8.46 mL of concentrated reagent in a 500-mL volumetric �ask,
add about 400 mL of water, and swirl to mix. Then dilute to exactly 500 mL with water and
invert the �ask many times to mix well.

Test Yourself From the density of 70.4 wt% HNO3 on the inside cover, calculate the
molarity of HNO3. (Answer: 15.8 M)

 14.8 M � Vconc � 0.250 M � 500.0 mL1 Vconc � 8.46 mL

 Mconc�Vconc � Mdil�Vdil

Molarity of NH3 �
899 

g solution

L
� 0.280 

g NH3

g solution

17.03 

g NH3

mol NH3

� 14 .8 M

EXAM PLE Preparing 0.100 M HCl

The molarity of �concentrated� HCl purchased for laboratory use is approximately
12.1 M. How many milliliters of this reagent should be diluted to 1.000 L to make
0.100 M HCl?

Solution The dilution formula handles this problem directly:

To make 0.100 M HCl, we would dilute 8.26 mL of concentrated HCl up to 1.000 L. The
concentration will not be exactly 0.100 M because the reagent is not exactly 12.1 M. A
table inside the cover of this book gives volumes of common reagents required to make
1.0 M solutions.

Test Yourself With information on the inside cover of the book, calculate how many mL
of 70.4 wt% nitric acid should be diluted to 0.250 L to make 3.00 M HNO3. (Answer: 47.5 mL)

 (12.1 M)(x mL) � (0.100 M)(1 000 mL)1 x � 8.26 mL

 Mconc�Vconc � Mdil�Vdil

In Equation 1-3, you can use any units for
concentration per unit volume (such as
mmol/L or g/mL) and any units for volume
(such as mL or �L), as long as you use the
same units on both sides. We frequently use
mL for volume.

The symbol is read �implies that.�1

In a chemical reaction, species on the left side
are called reactants and species on the right
are called products. NH3 is a reactant and
NH4

� is a product in Reaction 1-4.
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Stoichiometry Calculations for Gravimetric Analysis
Chemical analysis based on weighing a �nal product is called gravimetric analysis. Iron
from a dietary supplement tablet can be measured by dissolving the tablet and then convert-
ing the iron into solid From the mass of we can calculate the mass of iron in
the original tablet.

Here are the steps in the procedure:
Step 1 Tablets containing iron(II) fumarate and inert binder are mixed with

150 mL of 0.100 M HCl to dissolve the Fe2�. The solution is �ltered to remove
insoluble binder.

Step 2 Iron(II) in the clear liquid is oxidized to iron(III) with excess hydrogen peroxide:

(1-5)
Iron(II) Hydrogen peroxide Iron(III)

(ferrous ion) FM 34.01 (ferric ion)

Step 3 Ammonium hydroxide is added to precipitate hydrous iron(III) oxide, which is a gel.
The gel is �ltered and heated in a furnace to convert it to pure solid Fe2O3.

(1-6)
Hydroxide Hydrous iron(III) oxide Iron(III) oxide

FM 159.69

We now work through some practical laboratory calculations for this analysis.

Fe3� � 3OH� � (x � 1)H2O ¡ FeOOH � xH2O(s) ¡
900�C

Fe2O3(s)

2Fe2� �  H2O2 �  2H� S  2Fe3�
   �     2H2O

(Fe2�C4H2O2�
4 )

Fe2O3,Fe2O3.

1-4

211-4 Stoichiometry Calculations for Gravimetric Analysis

EXAM PLE How Much H2O2 Is Required?

What mass of 3.0 wt% H2O2 solution is required to provide a 50% excess of reagent for
Reaction 1-5 with 12 dietary iron tablets?

Solution Twelve tablets provide , or
Reaction 1-5 requires

1 mol of H2O2 for every 2 mol of . Therefore mol requires (3.2 �
10�3 )(1 mol H2O2/2 ) � 1.6 � 10�3 mol H2O2. A 50% excess meansmol Fe2�mol Fe2�

Fe2�3.2 � 10�3Fe2�
(0.18 g Fe2�)/ (55.845 g Fe2�/mol Fe2�) � 3.2 � 10�3 mol Fe2�.

Fe2�12 tablets � (0.015 g Fe2�/tablet) � 0.18 g

EXAM PLE How Many Tablets Should We Analyze?

In a gravimetric analysis, we need enough product to weigh accurately. Each tablet
provides mg of iron. How many tablets should we analyze to provide 0.25 g of
Fe2O3 product?

Solution We can answer the question if we know how many grams of iron are in 0.25 g
of Fe2O3. The formula mass of Fe2O3 is 159.69 g/mol, so 0.25 g is equal to

Each mol of Fe2O3 has 2 mol of Fe, so 0.25 g of Fe2O3 contains

The mass of Fe is

If each tablet contains 15 mg Fe, the number of tablets required is

Test Yourself If each tablet provides of iron, how many tablets should we
analyze to provide ~0.50 g of Fe2O3? (Answer: 18)

~20 mg

Number of tablets �
0.18 g Fe

0.015 g Fe/tablet
� 12 tablets

3.2 � 10�3 mol Fe �
55.845 g Fe

mol Fe
� 0.18 g Fe

1.6 � 10�3 mol Fe2O3 �
2 mol Fe

1 mol Fe2O3
� 3.2 � 10�3 mol Fe

mol Fe2O3 �
0.25 g

159.69 g/mol
� 1.6 �  10�3 mol

�15

Stoichiometry is the calculation of quantities
of substances involved in a chemical reaction.
It is derived from the Greek stoicheion
(simplest components) and metrisi (to
measure).

�O2C

CO2
�

C

H

C

H
Fumarate anion, C4H2O4

2�

Fe2O3(s) means that Fe2O3 is a solid. Other
abbreviations for phases are (l) for liquid, 
(g) for gas, and (aq) for aqueous (meaning
�dissolved in water�).

The units of formula mass (FM) are g/mol.

The symbol ~ is read �approximately.�

mol �
grams

grams per mol
�

grams

formula mass

The atomic mass of Fe, 55.845 g/mol, is in
the periodic table inside the cover.

You should be able to use this relationship in
your sleep.

Moles �
grams

formula mass 
�

g

g/mol 
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22 CHAPTER 1 Chemical Measurements

that we want to use 1.50 times the stoichiometric quantity: (1.50)(1.6 � 10�3 mol H2O2) �
2.4 � 10�3 mol H2O2. The formula mass of H2O2 is 34.01 g/mol, so the required mass of
pure H2O2 is (2.4 � 10�3 )(34.01 g/ ) � 0.082 g. But hydrogen peroxide is avail-
able as a 3.0 wt% solution, so the required mass of solution is

Test Yourself What mass of 3.0 wt% H2O2 solution is required to provide a 25% excess
of reagent for Reaction 1-5 with 12 dietary iron tablets? (Answer: 2.3 g)

Mass of H2O2 solution �
0 .082 g H2O2

0.030 g H2O2/g solution
� 2.7 g solution

molmol

EXAM PLE The Gravimetric Calculation

The mass of Fe2O3 isolated at the end of the experiment was 0.277 g. What is the average
mass of iron per dietary tablet?

Solution The moles of isolated Fe2O3 are (0.277 )/(159.69 /mol) � 1.73 � 10�3 mol.
There are 2 mol Fe per formula unit, so the moles of Fe in the product are

The mass of Fe is (3.47 � 10�3 )(55.845 g Fe/ ) � 0.194 g Fe. Each of the
12 tablets therefore contains an average of (0.194 g Fe)/12 � 0.016 1 g � 16.1 mg.

Test Yourself If the mass of isolated Fe2O3 were 0.300 g, what is the average mass of
iron per tablet? (Answer: 17.5 mg)

mol Femol Fe

(1 .73 �  10�3 mol Fe2O3)a
2 mol Fe

1 mol Fe2O3 
b �  3 .47 � 10�3 mol Fe

gg

Retain all digits in your calculator during a
series of calculations. The product 1.73 � 2 is
not 3.47; but, with extra digits in the
calculator, the answer is 3.47.

Introduction to Titrations
Procedures in which we measure the volume of reagent needed to react with analyte (the sub-
stance being measured) are called volumetric analysis. A titration is a form of volumetric
analysis in which increments of reagent solution�the titrant�are added to analyte until
their reaction is complete. From the quantity of titrant required, we calculate the quantity of
analyte that must have been present. Titrant is usually delivered from a buret, which is a glass
tube with marks indicating volume (Figure 1-4). Each increment of titrant is completely and
quickly consumed by analyte until analyte is used up.

The equivalence point occurs when the quantity of added titrant is the exact amount
necessary for stoichiometric reaction with the analyte. For example, 5 mol of oxalic acid react
with 2 mol of permanganate in hot acidic solution:

(1-7)

If the unknown contains 5.000 mmol of oxalic acid, the equivalence point is reached when
2.000 mmol of have been added.

The equivalence point is the ideal (theoretical) result we seek in a titration. What we
actually measure is the end point, which is marked by a sudden change in a physical prop-
erty of the solution. In Reaction 1-7, a convenient end point is the abrupt appearance of the
purple color of permanganate in the flask. Prior to the equivalence point, permanganate is
consumed by oxalic acid, and the titration solution remains colorless. After the equivalence
point, unreacted accumulates until there is enough to see. The first trace of purple
color is the end point. The better your eyes, the closer will be your measured end point to
the true equivalence point. Here, the end point cannot exactly equal the equivalence point,
because extra �some small amount beyond that needed to react with oxalic acid�
is required to exhibit purple color.

Methods for determining when analyte has been consumed include (1) detecting a
sudden change in the voltage or current between a pair of electrodes, (2) monitoring absorp-

MnO�
4

MnO�
4

MnO�
4

5HO  C C     OH � 2MnO4 � 6H� 

OO

10CO2 � 2Mn2� � 8H2O �

Analyte
Oxalic acid

colorless

Titrant
Permanganate

purple colorless colorless

1-5

FIGURE 1-4 Typical setup for a titration.
Analyte is contained in the �ask, and titrant is
in the buret. The stirring bar is a magnet
coated with Te�on, which is inert to most
solutions. The bar is spun by a rotating magnet
inside the stirring motor. Burets are described
in Section 2-4.

Level of
titrant

Buret
clamp

Buret

Stopcock

Solution
of analyte

Magnetic
stirrer

Magnetic
stirring

bar

Flask
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tion of light by reactants or products, and (3) observing an indicator color change. An
indicator is a compound with a physical property (usually color) that changes abruptly near
the equivalence point. The change is caused by disappearance of analyte or appearance of
excess titrant.

The difference between the end point and the equivalence point is an inescapable titra-
tion error. We estimate the titration error with a blank titration, in which we carry out the
same procedure without analyte. For example, we can titrate a solution containing no oxalic
acid to see how much is needed to produce observable purple color. We then subtract
this volume of from the volume observed in the analytical titration.

The validity of an analytical result depends on knowing the amount of one of the reactants
used. If titrant is prepared by dissolving a weighed amount of pure reagent in a known vol-
ume of solution, its concentration can be calculated. We call such a reagent a primary stan-
dard, because it is pure enough to be weighed and used directly. A primary standard should
be 99.9% pure, or better. It should not decompose under ordinary storage, and it should be
stable when dried by heat or vacuum, because drying is required to remove traces of water
adsorbed from the atmosphere. Primary standards for many elements are given in Appendix
K. Box 1-1 discusses reagent purity.

Many reagents used as titrants, such as HCl, are not available as primary standards.
Instead, we prepare titrant with approximately the desired concentration and use it to titrate
an analyte that is a primary standard. By this procedure, called standardization, we deter-
mine the concentration of titrant. We then say that the titrant is a standard solution. The
validity of the analytical result ultimately depends on knowing the composition of a primary
standard. Sodium oxalate (Na2C2O4) is a commercially available primary standard for gener-
ating oxalic acid to standardize permanganate in Reaction 1-7.

In a direct titration, we add titrant to analyte until the reaction is complete. Occasionally,
we perform a back titration, in which we add a known excess of one standard reagent to the
analyte. (A �standard� reagent is one whose concentration is known.) Then we titrate the ex-
cess reagent with a second standard reagent. A back titration is useful when its end point is
clearer than the end point of the direct titration, or when an excess of the �rst reagent is re-
quired for complete reaction with analyte. To appreciate the difference between direct and
back titrations, consider �rst the addition of permanganate titrant to oxalic acid analyte in
Reaction 1-7; this reaction is a direct titration. Alternatively, to perform a back titration, we

MnO�
4

MnO�
4

231-5 Introduction to Titrations

Reagent Chemicals and Primary StandardsBOX 1-1

Chemicals are sold in many grades of purity. For analytical chem-
istry, we usually use reagent grade chemicals with purity set by
the American Chemical Society (ACS) Committee on Analytical
Reagents.2 Sometimes �reagent grade� simply meets purity stan-
dards set by the manufacturer. A lot analysis for speci�ed impuri-
ties should appear on the reagent bottle. Here is a lot analysis from
a bottle of zinc sulfate:

ZnSO4. Less pure chemicals, generally unsuitable for analytical
chemistry, carry designations such as �chemically pure� (CP),
�practical,� �puri�ed,� or �technical.�

A few chemicals have high enough purity to be primary stan-
dard grade. Whereas reagent grade potassium dichromate has a lot
assay of , primary standard grade K2Cr2O7 is in the range
99.95�100.05%. Primary standards must be inde�nitely stable.

For trace analysis (ppm and lower levels), impurities in reagent
chemicals must be extremely low. For this purpose, we use very-
high-purity, expensive grades of acids such as �trace metal grade�
HNO3 or HCl to dissolve samples. We must pay careful attention to
reagents and vessels whose impurity levels could be greater than the
quantity of analyte we seek to measure.

To protect the purity of chemical reagents, you should

� Avoid putting a spatula into a bottle. Instead, pour chemical out
of the bottle into a clean container (or onto weighing paper) and
dispense the chemical from the clean container.

� Never pour unused chemical back into the reagent bottle.
� Replace the cap on the bottle immediately to keep dust out.
� Never put a stopper from a liquid-reagent container down on the

lab bench. Either hold the stopper or place it in a clean beaker or
watchglass while you dispense reagent.

� Store chemicals in a cool, dark place away from sunlight.

	 99.0%

ZnSO4 ACS Reagent Lot Analysis:

Assay: 100.6% Fe: 0.000 5% Ca: 0.001%
Insoluble matter: 

0.002% Pb: 0.002 8% Mg: 0.000 3%
pH of 5% solution 

at 25°C: 5.6 Mn: 0.6 ppm K: 0.002%
Ammonium:

0.000 8% Nitrate: 0.000 4% Na: 0.003%
Chloride: 1.5 ppm

The assay value of 100.6% means that a speci�ed analysis for
one of the major components produced 100.6% of the theoretical
value. If ZnSO4 is contaminated with the lower-molecular-mass
Zn(OH)2, the assay for Zn2� will be higher than the value for pure
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could add a known excess of permanganate to consume oxalic acid. Then we could back
titrate the excess permanganate with standard Fe2� to measure how much permanganate was
left after reaction with the oxalic acid.

In a gravimetric titration, titrant is measured by mass, not volume. Titrant can be
delivered from a pipet. Titrant concentration is expressed as moles of reagent per
kilogram of solution. Precision is improved from 0.3% attainable with a buret to 0.1%
with a balance. Experiments by Guenther and by Butler and Swift at the Web site for this
book (www.whfreeman.com/qca) provide examples. �Gravimetric titrations should become
the gold standard, and volumetric glassware should be seen in museums only.�3

Titration Calculations
Here is an example to illustrate stoichiometry calculations in volumetric analysis. The key
step is to relate moles of titrant to moles of analyte.

1-6

24 CHAPTER 1 Chemical Measurements

EXAM PLE Standardization of Titrant Followed by Analysis of Unknown

The calcium content of urine can be determined by the following procedure:

Step 1 Precipitate Ca2� with oxalate in basic solution:

Oxalate Calcium oxalate

Step 2 Wash the precipitate with ice-cold water to remove free oxalate and then dissolve
the solid in acid to obtain Ca2� and H2C2O4 in solution.

Step 3 Heat the solution to 60
C and titrate the oxalate with standardized potassium
permanganate until the purple end point of Reaction 1-7 is observed.

Standardization Suppose that 0.356 2 g of Na2C2O4 is dissolved in a 250.0-mL volumet-
ric �ask. If 10.00 mL of this solution require 48.36 mL of KMnO4 solution for titration by
Reaction 1-7, what is the molarity of the permanganate solution?

Solution The concentration of oxalate solution is

The moles of in 10.00 mL are (0.010 633 mol/L)(0.010 00 L) � 1.0633 � 10�4 mol �
0.106 33 mmol. Reaction 1-7 requires 2 mol of permanganate for 5 mol of oxalate, so the

delivered must have been

The concentration of in the titrant is therefore

Analysis of Unknown Calcium in a 5.00-mL urine sample was precipitated with 
and redissolved. The redissolved required 16.17 mL of standard solution to
reach the end point. Find the concentration of Ca2� in the urine.

Solution In 16.17 mL of , there are (0.016 17 L)(8.7947 � 10�4 mol/L) � 1.4221 �
10�5 mol . This quantity will react with

Because there is one oxalate ion for each calcium ion in Ca(C2O4) H2O, there must have
been 0.035 553 mmol of Ca2� in 5.00 mL of urine:

�Ca2�� �
0.035 553 mmol

5.00 mL
� 0 .007 111 M

�

Moles of C2O2�
4 � a

5 mol C2O2�
4

2 mol MnO�
4

b(mol MnO�
4 ) � 0 .035 553 mmol

MnO�
4

MnO�
4

MnO�
4C2O2�

4

C2O2�
4

Molarity of MnO�
4  �

0.042 531 mmol

48.36 mL
 � 8.7947 � 10�4 M

MnO�
4

Moles of MnO�
4 � a

2 mol MnO�
4

5 mol C2O2�
4

b(mol C2O2�
4 ) � 0.042 531 mmol

MnO�
4

C2O2�
4

0 .356 2 g Na2C2O4/(134 .00 g Na2C2O4/mol)

0 .250 0 L
� 0 .010 633 M

Ca2� � C2O2�
4 S  Ca(C2O4)�H2O(s)

Retain all digits in your calculator during a
calculation. Chapter 3 discusses rounding to
the proper number of digits at the end of the
calculation. In this example, extra digits
beyond those justi�ed by the measurements
are subscripted.

Reaction 1-7 requires 2 mol MnO�
4 for 5 mol

C2O2�
4 .

Note that 
mmol

mL
 is the same as 

mol
L

.

Reaction 1-7 requires 5 mol C2O2�
4 for 2 mol

MnO�
4.
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Test Yourself In standardization, 10.00 mL of Na2C2O4 solution required 39.17 mL of
KMnO4. Find the molarity of KMnO4. The unknown required 14.44 mL of . Find
[Ca2�] in the urine. (Answer: 1.086 � 10�3 M, 7.840 � 10�3 M)

MnO�
4

Terms are introduced in bold type in the chapter and are also de�ned in the Glossary.

abscissa
anhydrous
atomic mass
back titration
blank titration
concentration
density
direct titration
electrolyte
end point
equivalence point

formal concentration
formula mass
gravimetric analysis
gravimetric titration
indicator
liter
molality
molarity
mole
molecular mass
ordinate

ppb (parts per billion)
ppm (parts per million)
primary standard
product
reactant
reagent grade chemical
SI units
solute
solvent
standardization
standard solution

stoichiometry
titrant
titration
titration error
trace analysis
volume percent
volumetric analysis
weight percent

Terms to Understand

SI base units include the meter (m), kilogram (kg), second (s),
ampere (A), kelvin (K), and mole (mol). Derived quantities such
as force (newton, N), pressure (pascal, Pa), and energy (joule, J)
can be expressed in terms of base units. In calculations, units
should be carried along with the numbers. Pre�xes such as kilo- and
milli- are used to denote multiples of units. Common expressions
of concentration are molarity (moles of solute per liter of solution),
molality (moles of solute per kilogram of solvent), formal
concentration (formula units per liter), percent composition, and
parts per million. To calculate quantities of reagents needed to
prepare solutions, the relation Mconc

.Vconc � Mdil
.Vdil is useful

because it equates the moles of reagent removed from a stock
solution to the moles delivered into a new solution. You should be
able to use stoichiometry relationships to calculate required
masses or volumes of reagents for chemical reactions. From the
mass of the product of a reaction, you should be able to compute
how much reactant was consumed.

The volume of titrant required for stoichiometric reaction of
analyte is measured in volumetric analysis. The stoichiometric point of
the reaction is the equivalence point. What we measure by an abrupt
change in a physical property (such as indicator color or electrode
potential) is the end point. The difference between the end point and the
equivalence point is a titration error. This error can be reduced by either
subtracting results of a blank titration, in which the same procedure is
carried out in the absence of analyte, or standardizing the titrant by
using the same reaction and a similar volume as that used for analyte.

The validity of an analytical result depends on knowing the
amount of a primary standard. A solution with an approximately
desired concentration can be standardized by titrating a primary stan-
dard. In a direct titration, titrant is added to analyte until the reaction
is complete. In a back titration, a known excess of reagent is added
to analyte, and the excess is titrated with a second standard reagent.
Calculations of volumetric analysis relate known moles of titrant to
unknown moles of analyte.

Summary

Complete solutions to Exercises are provided at the back of the
book, whereas only numerical answers to Problems are provided.
Complete solutions to Problems are in the Solutions Manual.
Exercises cover many of the major ideas in each chapter.

Exercises
(c) What volume of solution contains 233 mmol of HBr?

(d) How much solution is required to prepare 0.250 L of 0.160 M HBr?

1-C. A solution contains 12.6 ppm of dissolved Ca(NO3)2 (which
dissociates into Ca2� � 2NO�

3 ). Find the concentration of NO�
3 in

parts per million.

1-D. Ascorbic acid (vitamin C, page 354) reacts with I�
3 according

to the equation
1-A. A solution with a �nal volume of 500.0 mL was prepared by
dissolving 25.00 mL of methanol (CH3OH, density � 0.791 4 g/mL)
in chloroform.

(a) Calculate the molarity of methanol in the solution.

(b) The solution has a density of 1.454 g/mL. Find the molality of
methanol.

1-B. A 48.0 wt% solution of HBr in water has a density of 1.50 g/mL.

(a) Find the formal concentration of HBr.

(b) What mass of solution contains 36.0 g of HBr?

C6H8O6 C6H8O7

Ascorbic acid � I3
� � H2O S  dehydroascorbic acid � 3I� � 2H�

Starch is used as an indicator in the reaction. The end point is marked
by the appearance of a deep blue starch-iodine complex when the
�rst fraction of a drop of unreacted I�

3 remains in the solution.

(a) Use atomic masses from the periodic table on the inside cover of
this book to �nd the formula mass of ascorbic acid.

Exercises
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(b) If 29.41 mL of solution are required to react with 0.197 0 g
of pure ascorbic acid, what is the molarity of the solution?

(c) A vitamin C tablet containing ascorbic acid plus inert binder was
ground to a powder, and 0.424 2 g was titrated by 31.63 mL of .
Find the weight percent of ascorbic acid in the tablet.

1-E. A solution of NaOH was standardized by titration of a known
quantity of the primary standard, potassium hydrogen phthalate
(page 223):

Potassium hydrogen
phthalate (FM 204.221)

C8H5O4K � NaOH  ¡   C8H4O4NaK � H2O

I�
3

I�
3

I�
3

26 CHAPTER 1 Chemical Measurements

Units and Conversions

1-1. (a) List the SI units of length, mass, time, electric current,
temperature, and amount of substance; write the abbreviation for
each.

(b) Write the units and symbols for frequency, force, pressure, energy,
and power.

1-2. Write the names and abbreviations for each of the pre�xes from
to . Which abbreviations are capitalized?

1-3. Write the name and number represented by each symbol. For
example, for kW you should write kW � kilowatt � 103 watts.

(a) mW (c) k� (e) TJ (g) fg

(b) pm (d) �F (f) ns (h) dPa

1-4. Express the following quantities with abbreviations for units
and pre�xes from Tables 1-1 through 1-3:

(a) joules (d) meters

(b) (e)
(c) (f)

1-5. During the 1980s, the average emission of carbon from burning
fossil fuels on Earth was 5.4 petagrams (Pg) of carbon per year in
the form of CO2.4

(a) How many kg of C were placed in the atmosphere each year?

(b) How many kg of CO2 were placed in the atmosphere each year?

(c) A metric ton is 1 000 kg. How many metric tons of CO2 were
placed in the atmosphere each year? If there were 5 billion people
on Earth, how many tons of CO2 were produced for each person?

1-6. How many joules per second and how many calories per hour
are produced by a 100.0-horsepower engine?

1-7. A 120-pound woman working in an of�ce consumes about 2.2 �
103 kcal/day, whereas the same woman climbing a mountain needs
3.4 � 103 kcal/day.

(a) Express these numbers in terms of joules per second per kilo-
gram of body mass (� watts per kilogram).

(b) Which consumes more power (watts), the of�ce worker or a 100-W
light bulb?

1-8. How many joules per second (J/s) are used by a device that
requires 5.00 � 103 British thermal units per hour (Btu/h)? How
many watts (W) does this device use?

1-9. The table shows fuel ef�ciency for several automobiles.

Fuel consumption CO2 emission
Car model (L/100 km) (g CO2/km)

Gasoline Engine
Peugeot 107 4.6 109
Audi Cabriolet 11.1 266
Chevrolet Tahoe 14.6 346

Diesel Engine
Peugeot 107 4.1 109
Audi Cabriolet 8.4 223

SOURCE: M. T. Oliver-Hoyo and G. Pinto, �Using the Relationship Between Vehicle Fuel
Consumption and CO2 Emissions to Illustrate Chemical Principles,� J. Chem. Ed. 2008,
85, 218.

(a) A mile is 5 280 feet and a foot is 12 inches. Use Table 1-4 to �nd
how many miles are in 1 km.

(b) The gasoline-engine Peugeot 107 consumes 4.6 L of fuel per
100 km. Express the fuel ef�ciency in miles per gallon. A U.S. liquid
gallon is 3.785 4 L.

(c) The diesel Cabriolet is more efficient than the gasoline
Cabriolet. How many metric tons of CO2 are produced by the diesel
and gasoline Cabriolets in 15 000 miles of driving? A metric ton is
1 000 kg.

1-10. Newton�s law states that force � mass � acceleration.
Acceleration has the units m/s2. You also know that energy � force �
distance and pressure � force/area. From these relations, derive the
dimensions of newtons, joules, and pascals in terms of the funda-
mental SI units in Table 1-1. Check your answers in Table 1-2.

1-11. Dust falls on Chicago at a rate of 65 mg m�2 day�1. Major
metallic elements in the dust include Al, Mg, Cu, Zn, Mn, and Pb.5

Pb accumulates at a rate of 0.03 mg m�2 day�1. How many metric
tons (1 metric ton � 1 000 kg) of Pb fall on the 535 square kilome-
ters of Chicago in 1 year?

Chemical Concentrations

1-12. De�ne the following terms:

(a) molarity (e) volume percent

(b) molality (f) parts per million

(c) density (g) parts per billion

(d) weight percent (h) formal concentration

48.3 � 10�20 moles2.997 9 � 1014 hertz

2.1 � 1013 watts4.317 28 � 10�8 farads

10�1010�13

102410�24

Problems

The NaOH was then used to �nd the concentration of an unknown
solution of H2SO4:

(a) Titration of 0.824 g of potassium hydrogen phthalate required
38.314 g of NaOH solution to reach the end point detected by
phenolphthalein indicator. Find the concentration of NaOH (mol
NaOH/kg solution).

(b) A 10.00-mL aliquot of H2SO4 solution required 57.911 g of
NaOH solution to reach the phenolphthalein end point. Find the mo-
larity of H2SO4.

H2SO4 � 2NaOH  ¡   Na2SO4 � 2H2O
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1-13. Why is it more accurate to say that the concentration of a so-
lution of acetic acid is 0.01 F rather than 0.01 M? (Despite this dis-
tinction, we will usually write 0.01 M.)

1-14. What is the formal concentration (expressed as mol/L � M) of
NaCl when 32.0 g are dissolved in water and diluted to 0.500 L?

1-15. How many grams of methanol (CH3OH, FM 32.04) are con-
tained in 0.100 L of 1.71 M aqueous methanol (i.e., 1.71 mol
CH3OH/L solution)?

1-16. The concentration of a gas is related to its pressure by the ideal
gas law:

where n is the number of moles, V is volume (L), P is pressure (bar),
and T is temperature (K).

(a) The maximum pressure of ozone in the Antarctic stratosphere in
Figure 1-1 is 19 mPa. Convert this pressure into bars.

(b) Find the molar concentration of ozone in part (a) if the temper-
ature is �70
C.

1-17. Any dilute aqueous solution has a density near 1.00 g/mL.
Suppose the solution contains 1 ppm of solute; express the concen-
tration of solute in g/L, �g/L, �g/mL, and mg/L.

1-18. The concentration of the alkane C20H42 (FM 282.55) in a par-
ticular sample of rainwater is 0.2 ppb. Assume that the density of
rainwater is close to 1.00 g/mL and �nd the molar concentration of
C20H42.

1-19. How many grams of perchloric acid, HClO4, are contained in
37.6 g of 70.5 wt% aqueous perchloric acid? How many grams of
water are in the same solution?

1-20. The density of 70.5 wt% aqueous perchloric acid is 1.67 g/mL.
Recall that grams refers to grams of solution (� g HClO4 � g H2O).

(a) How many grams of solution are in 1.000 L?

(b) How many grams of HClO4 are in 1.000 L?

(c) How many moles of HClO4 are in 1.000 L?

1-21. An aqueous solution containing 20.0 wt% KI has a density of
1.168 g/mL. Find the molality (m, not M) of the KI solution.

1-22. A cell in your adrenal gland has about 2.5 � 104 tiny compart-
ments called vesicles that contain the hormone epinephrine (also
called adrenaline).

(a) An entire cell has about 150 fmol of epinephrine. How many
attomoles (amol) of epinephrine are in each vesicle?

(b) How many molecules of epinephrine are in each vesicle?

(c) The volume of a sphere of radius r is �r3. Find the volume of a
spherical vesicle of radius 200 nm. Express your answer in cubic
meters (m3) and liters, remembering that 1 L � 10�3 m3.

(d) Find the molar concentration of epinephrine in the vesicle if it
contains 10 amol of epinephrine.

1-23. The concentration of sugar (glucose, C6H12O6) in human blood
ranges from about 80 mg/100 mL before meals to 120 mg/100 mL
after eating. Find the molarity of glucose in blood before and after
eating.

4
3

 R � gas constant � 0.083 14 
L�bar

mol�K

 Concentration a
mol

L
b �

n

V
�

P

RT
,

1-24. An aqueous solution of antifreeze contains 6.067 M ethyl-
ene glycol (HOCH2CH2OH, FM 62.07) and has a density of 
1.046 g/mL.

(a) Find the mass of 1.000 L of this solution and the number of
grams of ethylene glycol per liter.

(b) Find the molality of ethylene glycol in this solution.

1-25. Protein and carbohydrates provide 4.0 Cal/g, whereas fat
gives 9.0 Cal/g. (Remember that 1 Calorie, with a capital C, is 
really 1 kcal.) The weight percent of these components in some
foods are

Food wt% protein wt% carbohydrate wt% fat

Shredded wheat 9.9 79.9 �
Doughnut 4.6 51.4 18.6
Hamburger (cooked) 24.2 � 20.3
Apple � 12.0 �

Calculate the number of calories per gram and calories per ounce in
each of these foods. (Use Table 1-4 to convert grams into ounces,
remembering that there are 16 ounces in 1 pound.)

1-26. It is recommended that drinking water contain 1.6 ppm �uo-
ride (F�) for prevention of tooth decay. Consider a reservoir with a
diameter of 4.50 � 102 m and a depth of 10.0 m. (The volume is
�r2h, where r is the radius and h is the height.) How many grams of
F� should be added to give 1.6 ppm? Fluoride is provided by hydro-
gen hexa�uorosilicate, H2SiF6. How many grams of H2SiF6 contain
this much F�?

1-27. Noble gases (Group 18 in the periodic table) have the follow-
ing volume concentrations in dry air: He, 5.24 ppm; Ne, 18.2 ppm;
Ar, 0.934%; Kr, 1.14 ppm; Xe, 87 ppb.

(a) A concentration of 5.24 ppm He means 5.24 �L of He per liter
of air. Using the ideal gas law in Problem 1-16, �nd how many
moles of He are contained in 5.24 �L at 25.00
C (298.15 K) and
1.000 bar. This number is the molarity of He in the air.

(b) Find the molar concentrations of Ar, Kr, and Xe in air at 25
C
and 1 bar.

Preparing Solutions

1-28. How many grams of boric acid, B(OH)3 (FM 61.83), should
be used to make 2.00 L of 0.050 0 M solution? What kind of �ask
is used to prepare this solution?

1-29. Describe how you would prepare approximately 2 L of
0.050 0 m boric acid, B(OH)3.

1-30. What is the maximum volume of 0.25 M sodium hypochlorite
solution (NaOCl, laundry bleach) that can be prepared by dilution of
1.00 L of 0.80 M NaOCl?

1-31. How many grams of 50 wt% NaOH (FM 40.00) should be
diluted to 1.00 L to make 0.10 M NaOH? (Answer with two digits.)

1-32. A bottle of concentrated aqueous sulfuric acid, labeled 98.0
wt% H2SO4, has a concentration of 18.0 M.

(a) How many milliliters of reagent should be diluted to 1.000 L to
give 1.00 M H2SO4?

(b) Calculate the density of 98.0 wt% H2SO4.

1-33. What is the density of 53.4 wt% aqueous NaOH (FM 40.00) if
16.7 mL of the solution diluted to 2.00 L gives 0.169 M NaOH?

Problems
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1-43. For Reaction 1-7, how many milliliters of 0.165 0 M KMnO4

are needed to react with 108.0 mL of 0.165 0 M oxalic acid? How
many milliliters of 0.165 0 M oxalic acid are required to react with
108.0 mL of 0.165 0 M KMnO4?

1-44. Ammonia reacts with hypobromite, OBr�, by the reaction
2NH3 � 3OBr� n N2 � 3Br� � 3H2O. What is the molarity of a
hypobromite solution if 1.00 mL of the OBr� solution reacts with
1.69 mg of NH3?

1-45. Sulfamic acid is a primary standard that can be used to stan-
dardize NaOH.

Sulfamic acid
FM 97.094

What is the molarity of a sodium hydroxide solution if 34.26 mL
react with 0.333 7 g of sulfamic acid?

1-46. Limestone consists mainly of the mineral calcite, CaCO3. The
carbonate content of 0.541 3 g of powdered limestone was measured
by suspending the powder in water, adding 10.00 mL of 1.396 M
HCl, and heating to dissolve the solid and expel CO2:

Calcium carbonate
FM 100.087

The excess acid required 39.96 mL of 0.100 4 M NaOH for com-
plete titration. Find the weight percent of calcite in the limestone.

CaCO3(s) � 2H�  ¡  Ca2� � CO2 c � H2O

�H3NSO�
3 � OH�  ¡  H2NSO�

3 � H2O

Stoichiometry Calculations

1-34. How many milliliters of 3.00 M H2SO4 are required to react
with 4.35 g of solid containing 23.2 wt% Ba(NO3)2 if the reaction is
Ba2� � SO2

4 n BaSO4(s)?

1-35. How many grams of 0.491 wt% aqueous HF are required to
provide a 50% excess to react with 25.0 mL of 0.023 6 M Th4� by
the reaction Th4� � 4F� n ThF4(s)?

Titrations

1-36. Explain the following statement: �The validity of an analytical
result ultimately depends on knowing the composition of some pri-
mary standard.�

1-37. Distinguish between the terms end point and equivalence point.

1-38. How does a blank titration reduce titration error?

1-39. What is the difference between a direct titration and a back
titration?

1-40. What is the difference between a reagent grade chemical and
a primary standard?

1-41. Why are ultrapure acid solvents required to dissolve samples
for trace analysis?

1-42. How many milliliters of 0.100 M KI are needed to react with
40.0 mL of 0.040 0 M Hg2(NO3)2 if the reaction is Hg2�

2 � 2I� n
Hg2I2(s)?

28 CHAPTER 1 Chemical Measurements
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22
Slice of quartz (a) used to make microbalance
(b). (c) Change in quartz oscillator frequency
when 1 �M folate binding protein binds to folate
attached to Au surface. After washing, most
protein remains irreversibly bound to folate
[Photo courtesy Dave Garvey/LapTech. Graph from

W. A. Henne, D. D. Doorneweerd, J. Lee, P. S. Low,

and C. Savran, �Detection of Folate Binding Protein

with Enhanced Sensitivity Using a Functionalized

Quartz Crystal Microbalance Sensor,� Anal. Chem.
2006, 78, 4880.]

QUARTZ CRYSTAL MICROBALANCE IN MEDICAL DIAGNOSIS

Tools of the Trade

Folic acid is a vitamin essential to many metabolic pathways. Folate binding protein expressed
by cancer cells appears in blood at elevated levels not found in healthy people. Measurement
of folate binding protein is a tool for cancer diagnosis, but �elevated� levels are only ~20 pM
(pM � picomolar � 10�12 M) and are dif�cult to measure.

A quartz crystal vibrating at its resonant frequency keeps time in your wristwatch. A
quartz crystal microbalance consists of a slice of quartz sandwiched between two thin Au
electrodes.1,2 Application of an oscillating electric �eld causes the quartz to oscillate. Binding
of 10 ng (nanograms � 10�9 g) of matter to a 1 cm2 area of a gold electrode lowers the 5-MHz
resonant frequency of the quartz by an observable 1 Hz.3,4 A substance whose dimensions
change when an electric �eld is applied is said to be piezoelectric.

To measure folate binding protein, folate is attached to the Au surface in panel (d). When
exposed to serum containing folate binding protein, the protein binds to the folate, increasing
the mass on the Au surface and decreasing the oscillation frequency of the quartz. The mass of
protein is too little to provide a suf�ciently low detection level. So, clever chemists then add
an antibody that binds specifically to folate binding protein (e). The antibody is covalently
attached to a 20-nm-diameter Au particle ( f ). The combined mass of antibody and Au nanopar-
ticle lowers the detection limit from 30 nM to 50 pM. Another factor-of-10 decrease in detection
limit is still required to reach a clinically meaningful level.

Quartz Crystal Microbalance in Medical Diagnosis
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Au surface
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(d ) (e) (f )

Measuring folate binding protein with quartz
crystal microbalance. Folate is attached to Au
surface in (d). Folate binding protein then
binds to folate in (e). To increase mass, an
antibody tethered to a gold nanoparticle binds
to folate binding protein in (f ).
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Analytical chemistry extends from simple �wet� chemical procedures to elaborate instru-
mental methods. This chapter describes basic laboratory apparatus and manipulations

associated with chemical measurements.5 We also introduce spreadsheets, which have become
essential to everyone who manipulates quantitative data.

Safe, Ethical Handling of Chemicals and Waste
Chemical experimentation, like driving a car or operating a household, creates hazards. The
primary safety rule is to familiarize yourself with the hazards and then to do nothing that you
(or your instructor or supervisor) consider to be dangerous. If you believe that an operation
is hazardous, discuss it �rst and do not proceed until sensible precautions are in place.

Before working, familiarize yourself with safety features of your laboratory. You should
wear goggles (Figure 2-1) or safety glasses with side shields at all times in the lab to protect
your eyes from liquids and glass, which �y around when least expected. Contact lenses are
not recommended in the lab because vapors can be trapped between the lens and your eye.
You can protect your skin from spills and �ames by wearing a �ame-resistant lab coat. Use
rubber gloves when pouring concentrated acids. Do not eat or drink in the lab.

Organic solvents, concentrated acids, and concentrated ammonia should be handled in a
fume hood. Air �owing into the hood keeps fumes out of the lab and dilutes the fumes before
expelling them from the roof. Never generate large quantities of toxic fumes that are allowed
to escape through the hood. Wear a respirator when handling fine powders, which could
produce a cloud of dust that might be inhaled.

Clean up spills immediately to prevent accidental contact by the next person who comes
along. Treat spills on your skin �rst by �ooding with water. In anticipation of splashes on your
body or in your eyes, know where to �nd and how to operate the emergency shower and eye-
wash. If the sink is closer than an eyewash, use the sink �rst for splashes in your eyes. Know
how to operate the �re extinguisher and how to use an emergency blanket to extinguish burn-
ing clothing. A �rst aid kit should be available, and you should know how and where to seek
emergency medical assistance.

Label all vessels to indicate what they contain. An unlabeled bottle left and forgotten in
a refrigerator or cabinet presents an expensive disposal problem, because the contents must
be analyzed before they can be legally discarded. National Fire Protection Association labels
(Figure 2-2) identify hazards associated with reagents. A Material Safety Data Sheet provided

2-1
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Limitations of gloves: In 1997, Dartmouth
College professor Karen Wetterhahn, age 48,
died from a drop of dimethylmercury
absorbed through her latex gloves. Many
organic compounds readily penetrate
latex. Wetterhahn was an expert in the
biochemistry of metals, the �rst female
professor of chemistry at Dartmouth, and
played a major role in bringing more
women into science.

Why we wear lab coats: In 2008, 23-year-
old University of California research
assistant Sheharbano Sangji was
withdrawing t-butyllithium with a syringe
from a bottle. The plunger came out of
the syringe and the pyrophoric liquid burst
into �ames, igniting her sweater and
gloves. Burns on 40% of her body proved
fatal. A �ame-resistant coat might have
protected her.

FIGURE 2-1 Goggles or safety glasses
should be worn at all times in the lab.

W

FIRE HAZARD  (RED)

4.  DANGER: Flammable gas or 
extremely �ammable liquid.

3.  WARNING: Flammable
liquid. Flash point
below 100�F. 

2.  CAUTION: Combustible liquid.
Flash point of 100� F to 200� F.

1.  Combustible if
heated.
0. Not combustible.

RED

WHITE

YELLOWBLUE

(BLUE)
HEALTH
HAZARD

4.  DANGER: May be
fatal on short exposure.
Specialized protective
equipment required.

3.  WARNING: 
Corrosive or toxic:
Avoid skin
contact 
or inhalation.

2.  WARNING:
May be 
harmful
if inhaled or
absorbed.

1.  CAUTION: May
cause 
irritation.

0.  No  unusual
hazard.

(YELLOW)
INSTABILITY

HAZARD

4.  DANGER: Explosive
material at room 

temperature.

3.  DANGER: May be 
explosive if shocked,

heated, under 
con�nement,

 or mixed with 
water.

2.  WARNING:
Unstable,

or may react
if mixed with

water.

1.  CAUTION: May react if
heated, or mixed

with water.

0.  Stable.
Not 

reactive when
mixed with

water.

Avoid use
of water

Radiation
ACID � Acid

ALK � Alkali
COR. � Corrosive

OXY � Oxidizing Chemicals

Chemical Name Chemical Abstracts Service No. or MSDS No.

Cas. No. Cas. No.

Cas. No. Cas. No.

0

3 0

ACID

Label on
37 wt% HCl

Health
hazard:
Corrosive
or toxic

Instability
rating:
Stable

Fire hazard rating:
Not combustible

FIGURE 2-2 Chemical hazards label used by
the National Fire Protection Association.
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with each chemical sold in the United States lists hazards and precautions for that chemical.
It gives �rst aid procedures and instructions for handling spills.

If we want our grandchildren to inherit a habitable planet, we need to minimize waste
production and dispose of chemical waste in a responsible manner. When it is economically
feasible, recycling of chemicals is preferable to waste disposal.6 Carcinogenic dichromate
( ) waste provides an example of an accepted disposal strategy. Cr(VI) from dichromate
should be reduced to the less toxic Cr(III) with sodium hydrogen sul�te (NaHSO3) and pre-
cipitated with hydroxide as insoluble Cr(OH)3. The solution is evaporated to dryness and the
solid is discarded in an approved land�ll that is lined to prevent escape of the chemicals.
Wastes such as silver and gold that can be economically recycled should be chemically treated
to recover the metal.7

Green chemistry is a set of principles intended to change our behavior to help sustain a
habitable planet.8 Examples of unsustainable behavior are consumption of a limited resource
and careless disposal of waste. Green chemistry seeks to design chemical products and
processes to reduce the use of resources and energy and the generation of hazardous waste. It
is better to design a process to prevent waste than to dispose of waste. For example, NH3 can
be measured with an ion-selective electrode instead of using the spectrophotometric Nessler
procedure, which generates HgI2 waste. �Microscale� classroom experiments are encouraged
to reduce the cost of reagents and the generation of waste.

The Lab Notebook
The critical functions of your lab notebook are to state what you did and what you observed,
and it should be understandable by a stranger. The greatest error, made even by experienced
scientists, is writing incomplete or unintelligible notebooks. Using complete sentences is an
excellent way to prevent incomplete descriptions.

Beginning students often �nd it useful to write a complete description of an experiment,
with sections dealing with purpose, methods, results, and conclusions. Arranging a notebook
to accept numerical data prior to coming to the lab is an excellent way to prepare for an
experiment. It is good practice to write a balanced chemical equation for every reaction you
use. This practice helps you understand what you are doing and may point out what you do
not understand about what you are doing.

The measure of scienti�c �truth� is the ability of different people to reproduce an exper-
iment. A good lab notebook will state everything that was done and what you observed and
will allow you or anyone else to repeat the experiment.

Record in your notebook the names of computer �les where programs and data are stored.
Paste hard copies of important data into your notebook. The lifetime of a printed page is 10
to 100 times longer than that of a computer �le.

Analytical Balance
An electronic balance uses electromagnetic force compensation to balance the load on the
pan. Figure 2-3 shows a typical analytical balance with a capacity of 100�200 g and a read-
ability of 0.01�0.1 mg. Readability is the smallest increment of mass that can be indicated. A
microbalance weighs milligram quantities with a readability of 1 �g.

To weigh a chemical, �rst place a clean receiving vessel on the balance pan. The mass of
the empty vessel is called the tare. On most balances, you can press a button to reset the tare
to 0. Add the chemical to the vessel and read its mass. If there is no automatic tare operation,
subtract the tare mass from that of the �lled vessel. To protect the balance from corrosion,
chemicals should never be placed directly on the weighing pan. Also, be careful never to spill
chemicals into the mechanism below the balance pan.

An alternate procedure, called weighing by difference, is necessary for hygroscopic
reagents, which rapidly absorb moisture from the air. First weigh a capped bottle containing
dry reagent. Then quickly pour some reagent from the weighing bottle into a receiver. Cap the
weighing bottle and weigh it again. The difference is the mass of reagent delivered from the
weighing bottle. With an electronic balance, set the initial mass of the weighing bottle to 0
with the tare button. Then deliver reagent from the bottle and reweigh the bottle. The
negative reading on the balance is the mass of reagent delivered from the bottle.9

2-3

2-2

Cr2O2�
7

312-3 Analytical Balance

One �ne future day, you or one of your
classmates will make an important discovery
and will seek a patent. The lab notebook is
your legal record of your discovery. For this
purpose, each page in your notebook should
be signed and dated. Anything of potential
importance should also be signed and dated
by a second person.

Compact �uorescent lights, which reduce
energy use, must be treated as hazardous
waste because they contain mercury.
Fluorescent bulbs must not be discarded as
ordinary waste. Light-emitting diodes (LEDs)
are even more ef�cient than �uorescent
lamps, contain no mercury, and will replace
�uorescent lights soon.

The lab notebook must

1. State what was done
2. State what was observed
3. Be understandable to someone else

FIGURE 2-3 Electronic analytical balance
measures mass down to 0.1 mg. [Courtesy Fisher

Scienti�c, Pittsburgh, PA.]
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The single-pan mechanical balance in Figure 2-5 evolved from the two-pan balance and
operates by the substitution principle. The mass of the pan at the left is balanced by a coun-
terweight at the right. An object to be weighed is placed on the pan. We then rotate mechan-
ical knobs to detach calibrated internal weights until the balance beam is restored as close as
possible to its original position. The remaining small de�ection is read on the optical scale
and this reading is added to that of the removed weights.

A mechanical balance should be in its arrested position when you load or unload the pan
and in the half-arrested position when you are dialing weights. This practice minimizes wear
on the knife edges in Figure 2-5.

How an Electronic Balance Works
An object placed on the electronic balance in Figure 2-3 pushes the pan down with a force
m � g, where m is the mass of the object and g is the acceleration of gravity. Figure 2-6
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Removable 
weights

Balance beam
Optical scale

Counterweight

Fulcrum
(knife edge)

Balance pan

Balance point
(knife edge)

FIGURE 2-5 Single-pan mechanical balance
manufactured up to the 1980s.

FIGURE 2-6 Schematic diagram of
electronic balance. [Adapted from C. Berg, The
Fundamentals of Weighing Technology (Göttingen,

Germany: Sartorius AG, 1996).]

FIGURE 2-4 Equal-long-arm nineteenth-
century balance. [Reproduced from Fresenius�
Quantitative Chemical Analysis, 2nd American ed.,

1881.]

How a Mechanical Balance Works
The classic mechanical balance in Figure 2-4 has two pans suspended on opposite ends of an
equal-arm lever balanced at its center on a knife edge. An unknown mass is placed on one pan
and standard masses are placed on the other pan. When the balance is restored to its level
position, the mass of the standards is equal to the mass of the unknown.
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shows how the balance works. The pan pushes down on a load receptor attached to parallel
guides. The force of the sample pushes the left side of the force-transmitting lever down and
moves the right side of the lever up. The null position sensor on the far right detects the
smallest movement of the lever arm away from its equilibrium (null) position. When the null
sensor detects displacement of the lever arm, the servo ampli�er sends electric current
through the force compensation wire coil in the �eld of a permanent magnet. The enlarge-
ment at the lower left shows part of the coil and magnet. Electric current in the coil interacts
with the magnetic �eld to produce a downward force. The servo ampli�er provides current
that exactly compensates for the upward force on the lever arm to maintain a null position.
Current flowing through the coil creates a voltage across the precision resistor, which is
converted to a digital signal and ultimately to a readout in grams. The conversion between
current and mass is accomplished by measuring the current required to balance an internal
calibration mass. Figure 2-7 shows the layout of components inside a balance.

Weighing Errors
Samples must be at ambient temperature (the temperature of the surroundings) to prevent
errors due to convective air currents. Warm samples might appear lighter and cool samples
might appear heavier than their actual mass. The warmth of your hand and your �ngerprints
can affect the apparent mass of an object, so tweezers or a tissue are recommended for plac-
ing objects on a balance. A sample that has been dried in an oven takes about 30 min to cool

332-3 Analytical Balance

Load receptor
(pan support)

Joint flexure

Joint flexure Lower guide

Force-transmitting
lever

Thin
linkage

Joint flexure

Servo
output
to coil

Servo
input

Upper guide

Weighing pan

Coil

Null position sensor

System support

(a)

(b)

Internal, electropolished,
nonmagnetic calibration
weights

FIGURE 2-7 (a) Mechanical layout of an
electronic balance. The lever ratio is such that
the electromagnetic force must be only ~10%
of the load on the pan. [Adapted from C. Berg, The
Fundamentals of Weighing Technology (Göttingen,

Germany: Sartorius AG, 1996).] (b) Internal
components of Sartorius analytical balance with
a capacity of 300 g and readability of 0.1 mg.
The monolithic (one-piece) metal weighing
system has nonmagnetic calibration weights,
which are placed gently on the load receptor by
a microprocessor-activated motor. Calibration is
automatically activated by temperature changes.
[Courtesy J. Barankewitz, Sartorius AG, Göttingen,

Germany.]
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Analytical balances have built-in calibration. A motor gently places an internal mass on
the load receptor beneath the balance pan (see Figure 2-7b). Electric current required to balance
this mass is measured. For external calibration, you should periodically weigh standard
masses and verify that the reading is within allowed limits. Tolerances (allowable deviations)
for standard masses are listed in Table 2-1. Another test for a balance is to weigh a standard
mass six times and calculate the standard deviation (Section 4-1). Variations are partly from
the balance but also re�ect factors such as drafts and vibrations.

Linearity error (or linearity) of a balance is the maximum error that can occur as a result
of nonlinear response of the system to added mass after the balance has been calibrated
(Figure 2-8). A balance with a capacity of 220 g and a readability of 0.1 mg might have a lin-
earity of �0.2 mg. Even though the scale can be read to 0.1 mg, the error in mass can be as
large as �0.2 mg in some part of the allowed range.

After a balance is calibrated, the reading might drift if room temperature changes. If a
balance has a temperature coef�cient of sensitivity of 2 ppm/ �C, and temperature changes by
4�C, the apparent mass will change by (4�C)(2 ppm/ �C) � 8 ppm. For a mass of 100 g, 8 ppm
is (100 g)(8 � 10�6) � 0.8 mg. You can recalibrate the balance at its current temperature by
pressing the calibrate button. For temperature stability, it is best to leave a balance in its
standby mode when not in use.

Buoyancy
You can float in water because your weight when swimming is nearly zero. Buoyancy is
the upward force exerted on an object in a liquid or gaseous fluid.11 An object weighed in
air appears lighter than its actual mass by an amount equal to the mass of air that it
displaces. True mass is the mass measured in vacuum. A standard mass in a balance is also
affected by buoyancy, so it weighs less in air than in vacuum. A buoyancy error occurs
whenever the density of the object being weighed is not equal to the density of the
standard mass.
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FIGURE 2-8 Linearity error. Dashed line is
ideal, linear response proportional to mass on
the balance, which has been calibrated at 0 and
200 g. Real response deviates from the straight
line. Linearity error is the maximum deviation,
which is greatly exaggerated in this drawing.

TABLE 2-1 Tolerances for laboratory balance weightsa

Denomination Tolerance (mg) Denomination Tolerance (mg)

Grams Class 1 Class 2 Milligrams Class 1 Class 2

500 1.2 2.5 500 0.010 0.025
200 0.50 1.0 200 0.010 0.025
100 0.25 0.50 100 0.010 0.025
50 0.12 0.25 50 0.010 0.014
20 0.074 0.10 20 0.010 0.014
10 0.050 0.074 10 0.010 0.014
5 0.034 0.054 5 0.010 0.014
2 0.034 0.054 2 0.010 0.014
1 0.034 0.054 1 0.010 0.014

a. Tolerances are de�ned in ASTM (American Society for Testing and Materials) Standard E 617. Classes 1 and 2 are the
most accurate. Larger tolerances exist for Classes 3�6, which are not given in this table.

to room temperature. Place the sample in a desiccator during cooling to prevent accumulation
of moisture. Close the glass doors of the balance in Figure 2-3 to prevent drafts from affecting
the reading. Many top-loading balances have a plastic fence around the pan to protect against
drafts. Analytical balances should be located on a heavy table, such as a marble slab, to min-
imize vibrations. The balance has adjustable feet and a bubble meter that allow you to keep it
level. If the balance is not level, force is not transmitted directly down the load receptor in
Figure 2-6 and an error results. The balance must be recalibrated after the level is adjusted.
Keep the object to be weighed close to the center of the pan.

Errors in weighing magnetic objects might be evident from a change of the indicated
mass as the object is moved around on the weighing pan.10 It is best to weigh magnetic
objects on a spacer such as an upside-down beaker to minimize attraction to the stainless
steel parts of the balance. Electrostatic charge on the object being weighed interferes with
the measurement and could be evident from unidirectional drift of the indicated mass as the
object slowly discharges.
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If mass m� is read on a balance, the true mass m of the object weighed in vacuum is12

Buoyancy equation: (2-1)

where da is the density of air (0.001 2 g/mL near 1 bar and 25�C),13 dw is the density of the
calibration weights (8.0 g/mL), and d is the density of the object being weighed.

m �
m¿  a1 �

da

dw
b

a1 �
da

d
b

352-4 Burets

EXAM PLE Buoyancy Correction

A pure compound called �tris� is used as a primary standard to measure concentrations of acids.
The volume of acid that reacts with a known mass of tris tells us the concentration of acid. Find
the true mass of tris (density � 1.33 g/mL) if the apparent mass weighed in air is 100.00 g.

Solution If the density of air is 0.001 2 g/mL, we �nd the true mass by using Equation 2-1:

Unless we correct for buoyancy, we would think that the mass of tris is 0.08% less than its
actual mass and we would think that the molarity of acid reacting with the tris is 0.08% less
than the actual molarity.

m �
100.00 g a1 �

0.001 2 g/mL

8.0 g/mL
b

1 �
0.001 2 g/mL

1.33 g/mL

� 100.08 g

Figure 2-9 shows buoyancy corrections for several substances. When you weigh water
with a density of 1.00 g/mL, the true mass is 1.001 1 g when the balance reads 1.000 0 g. The
error is 0.11%. For NaCl with a density of 2.16 g/mL, the error is 0.04%; and for AgNO3 with
a density of 4.45 g/mL, the error is only 0.01%.

Burets
The buret in Figure 2-10 is a precisely manufactured glass tube with graduations enabling you
to measure the volume of liquid delivered through the stopcock (the valve) at the bottom. The
0-mL mark is near the top. If the initial liquid level is 0.83 mL and the �nal level is 27.16 mL,
then you have delivered 27.16 � 0.83 � 26.33 mL. Class A burets (the most accurate grade)
are certi�ed to meet tolerances in Table 2-2. If the reading of a 50-mL buret is 27.16 mL, the
true volume can be anywhere in the range 27.21 to 27.11 mL and still be within the tolerance
of �0.05 mL.

When reading the liquid level in a buret, your eye should be at the same height as the top
of the liquid. If your eye is too high, the liquid seems to be higher than it really is. If your eye
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Stopcock

140
SEC

Level of 
meniscus

9
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FIGURE 2-9 Buoyancy correction, assuming da � 0.001 2 g/mL and dw � 8.0 g/mL. The apparent
mass measured in air (1.000 0 g) is multiplied by the buoyancy correction to �nd the true mass.

FIGURE 2-10 Glass buret with Te�on
stopcock. Enlargement shows meniscus at 
9.68 mL. Estimate the reading of any scale to
the nearest tenth of a division. This buret has
0.1-mL divisions, so we estimate the reading
to the nearest 0.01 mL.

TABLE 2-2 Tolerances of Class A
burets

Buret Smallest
volume graduation Tolerance
(mL) (mL) (mL)

5 0.01 �0.01
10 0.05 or 0.02 �0.02
25 0.1 �0.03
50 0.1 �0.05

100 0.2 �0.10
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is too low, the liquid appears too low. The error that occurs when your eye is not at the same
height as the liquid is called parallax.

The surface of most liquids forms a concave meniscus like that shown at the right side of
Figure 2-10.14 It is helpful to use black tape on a white card as a background for locating the
precise position of the meniscus. Move the black strip up the buret to approach the meniscus.
The bottom of the meniscus turns dark as the black strip approaches, thus making the meniscus
more easily readable. Highly colored solutions may appear to have two meniscuses; either one
may be used. Because volumes are determined by subtracting one reading from another, the
important point is to read the position of the meniscus reproducibly. Estimate the reading to
the nearest tenth of a division between marks.

The thickness of the markings on a 50-mL buret corresponds to about 0.02 mL. For best
accuracy, select one portion of the marking to be called zero. For example, you can say that
the liquid level is at the mark when the bottom of the meniscus just touches the top of the
mark. When the meniscus is at the bottom of the same mark, the reading is 0.02 mL greater.

For precise location of the end of a titration, we deliver less than one drop at a time from the
buret near the end point. (A drop from a 50-mL buret is about 0.05 mL.) To deliver a fraction of
a drop, carefully open the stopcock until part of a drop is hanging from the buret tip. (Some peo-
ple prefer to rotate the stopcock rapidly through the open position to expel part of a drop.) Then
touch the inside glass wall of the receiving �ask to the buret tip to transfer the droplet to the wall
of the �ask. Carefully tip the �ask so that the main body of liquid washes over the newly added
droplet. Swirl the �ask to mix the contents. Near the end of a titration, tip and rotate the �ask
often to ensure that droplets on the wall containing unreacted analyte contact the bulk solution.

Liquid should drain evenly down the wall of a buret. The tendency of liquid to stick to
glass is reduced by draining the buret slowly (	20 mL/min). If many droplets stick to the
wall, then clean the buret with detergent and a buret brush. If this cleaning is insuf�cient, soak
the buret in peroxydisulfate�sulfuric acid cleaning solution,15 which eats clothing and people
as well as grease in the buret. Never soak volumetric glassware in alkaline solutions, which
attack glass. A 5 wt% NaOH solution at 95�C dissolves Pyrex glass at a rate of 9 �m/h.

Error can be caused by failure to expel the bubble of air often found directly beneath the stop-
cock (Figure 2-11). If the bubble becomes �lled with liquid during the titration, then some vol-
ume that drained from the graduated portion of the buret did not reach the titration vessel. The
bubble can be dislodged by draining the buret for a second or two with the stopcock wide open.
You can expel a tenacious bubble by abruptly shaking the buret while draining it into a sink.

Before you �ll a buret with fresh solution, it is a wonderful idea to rinse the buret several
times with small portions of the new solution, discarding each wash. It is not necessary to �ll
the buret with wash solution. Simply tilt the buret to allow all surfaces to contact the wash liq-
uid. This same technique should be used with any vessel (such as a spectrophotometer cuvet
or a pipet) that is reused without drying.

The labor of conducting a titration is greatly reduced by using an autotitrator (Figure 2-12)
instead of a buret. This device delivers reagent from a reservoir and records the volume of
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Operating a buret:

� Wash buret with new solution

� Eliminate air bubble before use

� Drain liquid slowly

� Deliver fraction of a drop near end point

� Read bottom of concave meniscus

� Estimate reading to 1/10 of a division

� Avoid parallax

� Account for graduation thickness in
readings

In a titration, increments of reagent in the
buret are added to analyte until reaction is
complete. From the volume delivered, we
calculate the quantity of analyte.

Air
bubble

Liquid

Liquid

Stopcock

FIGURE 2-11 An air bubble trapped
beneath the stopcock should be expelled
before you use the buret.

FIGURE 2-12 Autotitrator delivers reagent
from the bottle at the left to the beaker at the
right. The electrode immersed in the beaker
monitors pH or the concentrations of speci�c
ions. Volume and pH readings can go directly to
a spreadsheet. [Schott Instruments, Mainz, Germany,

and Cole-Parmer Instruments, Vernon Hills, IL.]

Air inlet with
adsorbent to
protect titrant from 
CO2, for example

Titrant reservoir

Controller and readout Magnetic stirrer

Syringe pump
delivers titrant

pH electrode

Titration tip
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reagent and the response of an electrode immersed in the solution being titrated. Output can go
directly to a computer for manipulation in a spreadsheet.

Mass Titrations and Microscale Titrations
For best precision, measure the mass of reagent, instead of the volume, delivered from a buret
or syringe.16 Mass can be measured more precisely than can volume.

For procedures that can tolerate poor precision, �microscale� student experiments reduce
consumption of reagents and generation of waste. An inexpensive student buret can be con-
structed from a 2-mL pipet graduated in 0.01-mL intervals.17 Volume can be read to 0.001 mL,
and titrations can be carried out with a precision of 1%.

Volumetric Flasks
A volumetric flask is calibrated to contain a particular volume of solution at 20�C when
the bottom of the meniscus is adjusted to the center of the mark on the neck of the flask
(Figure 2-13, Table 2-3). Most flasks bear the label �TC 20�C,� which means to contain
at 20�C. (Pipets and burets are calibrated to deliver, �TD,� their indicated volume.) The
temperature of the container is relevant because both liquid and glass expand when heated.

To use a volumetric �ask, dissolve the desired mass of reagent in the �ask by swirling
with less than the �nal volume of liquid. Then add more liquid and swirl the solution again.
Adjust the �nal volume with as much well-mixed liquid in the �ask as possible. (When two
different liquids are mixed, there is generally a small volume change. The total volume is not
the sum of the two volumes that were mixed. By swirling the liquid in a nearly full volumet-
ric �ask before liquid reaches the thin neck, you minimize the change in volume when the last
liquid is added.) For good control, add the �nal drops of liquid with a pipet, not a squirt bot-
tle. After adjusting the liquid to the correct level, hold the cap �rmly in place and invert the
�ask several times to complete mixing. Before the liquid is homogeneous, we observe streaks
(called schlieren) arising from regions that refract light differently. After the schlieren are
gone, invert the �ask a few more times to ensure complete mixing.

Figure 2-13 shows how liquid appears when it is at the center of the mark of a volumetric
�ask or a pipet. Adjust the liquid level while viewing the �ask from above or below the level
of the mark. The front and back of the mark describe an ellipse with the meniscus at the
center.

Glass is notorious for adsorbing traces of chemicals�especially cations. Adsorption is the
process in which a substance sticks to a surface. (In contrast, absorption is the process in which
a substance is taken inside another, as water is taken into a sponge.) For critical work, you
should acid wash glassware to replace low concentrations of cations on the surface with H
. To
do this, soak already thoroughly cleaned glassware in 3�6 M HCl or HNO3 (in a fume hood) for
�1 h. Then rinse it well with distilled water and, �nally, soak it in distilled water. Acid can be
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Precision refers to reproducibility.

Volumetric glassware made of Pyrex, Kimax,
or other low-expansion glass can be safely
dried in an oven heated to at least 320�C
without harm,18 although there is rarely
reason to go above 150�C.

Back of
mark

Meniscus

Front of
mark

500-mL
mark

(a) (b)

FIGURE 2-13 (a) Class A glass volumetric �ask showing proper position of the meniscus�at the center
of the ellipse formed by the front and back of the calibration mark when viewed from above or below.
Volumetric �asks and transfer pipets are calibrated to this position. (b) Class B polypropylene plastic
volumetric �ask for trace analysis. [Courtesy Fisher Scienti�c, Pittsburgh, PA.] Class A �asks meet tolerances of
Table 2-3. Class B tolerances are twice as big as Class A tolerances.

TABLE 2-3 Tolerances of Class A
volumetric �asks

Flask capacity Tolerance
(mL) (mL)

1 �0.02
2 �0.02
5 �0.02

10 �0.02
25 �0.03
50 �0.05

100 �0.08
200 �0.10
250 �0.12
500 �0.20

1 000 �0.30
2 000 �0.50

Example of acid washing: High-purity HNO3

delivered from an acid-washed glass pipet
had no detectable level of Ti, Cr, Mn, Fe, Co,
Ni, Cu, and Zn (�0.01 ppb). The same acid
delivered from a clean�but not acid-washed�
pipet contained each metal at a level of 0.5 to
9 ppb.19
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Using a Transfer Pipet
Using a rubber bulb or other pipet suction device, not your mouth, suck liquid up past the cal-
ibration mark. Discard one or two pipet volumes of liquid to rinse traces of previous reagents
from the pipet. After taking up a third volume past the calibration mark, quickly replace the
bulb with your index �nger at the end of the pipet. Gently pressing the pipet against the bot-
tom of the vessel while removing the rubber bulb helps prevent liquid from draining below
the mark while you put your �nger in place. (Alternatively, you can use an automatic suction
device that remains attached to the pipet.) Wipe the excess liquid off the outside of the pipet
with a clean tissue. Touch the tip of the pipet to the side of a beaker and drain the liquid until
the bottom of the meniscus just reaches the center of the mark, as in Figure 2-13. Touching
the beaker draws liquid from the pipet without leaving part of a drop hanging when the liquid
reaches the calibration mark.

Transfer the pipet to a receiving vessel and drain it by gravity while holding the tip against
the wall of the vessel. After liquid stops draining, hold the pipet to the wall for a few more
seconds to complete draining. Do not blow out the last drop. The pipet should be nearly vertical
at the end of delivery. When you �nish with a pipet, you should rinse it with distilled water or
soak it until you are ready to clean it. Solutions should never be allowed to dry inside a pipet
because removing internal deposits is very dif�cult.

Micropipets
Micropipets (Figure 2-15) deliver volumes of 1 to 1 000 �L (1 �L � 10�6 L). Liquid is
contained in the disposable polypropylene tip, which is stable to most aqueous solutions and
many organic solvents except chloroform (CHCl3). The tip also is not resistant to concentrated
nitric or sulfuric acids. To prevent aerosols from entering the pipet shaft, tips are available
with polyethylene �lters. Aerosols can corrode mechanical parts of the pipet or cross-contaminate
biological experiments.

To use a micropipet, place a fresh tip tightly on the barrel. Keep tips in their package or
dispenser so that you do not contaminate the tips with your �ngers. Set the desired volume
with the knob at the top of the pipet. Depress the plunger to the �rst stop, which corresponds
to the selected volume. Hold the pipet vertically, dip it 3�5 mm into the reagent solution, and
slowly release the plunger to suck up liquid. Leave the tip in the liquid for a few seconds to
allow the aspiration of liquid into the tip to go to completion. Withdraw the pipet vertically
from the liquid without touching the tip to the side of the vessel. The volume of liquid taken
into the tip depends on the angle at which the pipet is held and how far beneath the liquid sur-
face the tip is held during uptake. To dispense liquid, touch the tip to the wall of the receiver
and gently depress the plunger to the �rst stop. Wait a few seconds to allow liquid to drain
down the tip, and then depress the plunger further to squirt out the last liquid. Prior to
dispensing liquid, clean and wet a fresh tip by taking up and discarding three squirts of
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TABLE 2-4 Tolerances of Class A
transfer pipets

Volume Tolerance 
(mL) (mL)

0.5 �0.006
1 �0.006
2 �0.006
3 �0.01
4 �0.01
5 �0.01

10 �0.02
15 �0.03
20 �0.03
25 �0.03
50 �0.05

100 �0.08

Do not blow the last drop out of a transfer pipet.

Calibration
mark

(a)

(b)

FIGURE 2-14 (a) Transfer pipet and (b) measuring (Mohr) pipet. [Courtesy A. H. Thomas Co., Philadelphia, PA.]

An aerosol is a suspension of �ne liquid
droplets or solid particles in the gas
phase.

Sources of error for micropipets:20

� Use tip recommended by manufacturer.
Other tips might make inadequate seal.

� Take up and expel liquid three times before
delivery to wet pipet tip and equilibrate the
inside with vapor.

� Unnecessary wiping of the tip can cause
loss of sample.

� Liquid must be at same temperature as
pipet. Less than the indicated volume of cold
liquid is delivered and more than the
indicated volume of warm liquid is delivered.
Errors are greatest for smallest volumes.

� Micropipets are calibrated at sea level
pressure. They are out of calibration at
higher elevations. Errors are greatest for
smallest volumes. Calibrate your pipet at
your elevation.

reused many times, as long as it is only used for clean glassware. Acid washing is especially
appropriate for new glassware, which you should assume is not clean. The polypropylene plastic
volumetric �ask in Figure 2-13b is designed for trace analysis (parts per billion concentrations)
in which analyte might be lost by adsorption on the walls of a glass �ask.

Pipets and Syringes
Pipets deliver known volumes of liquid. The transfer pipet in Figure 2-14a is calibrated to de-
liver one �xed volume. The last drop does not drain out of the pipet and should not be blown
out. The measuring pipet in Figure 2-14b is calibrated like a buret. It is used to deliver a vari-
able volume, such as 5.6 mL by starting delivery at the 1.0-mL mark and terminating at the
6.6-mL mark. The transfer pipet is more accurate, with tolerances listed in Table 2-4.
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reagent. The tip can be discarded or rinsed well with a squirt bottle and reused. A tip with a
�lter (Figure 2-15b) cannot be cleaned for reuse.

The procedure we just described for aspirating (sucking in) and delivering liquids is
called �forward mode.� The plunger is depressed to the �rst stop and liquid is then taken up.
To expel liquid, the plunger is depressed beyond the �rst stop. In �reverse mode,� the plunger
is depressed beyond the �rst stop and excess liquid is taken in. To deliver the correct volume,
depress the plunger to the �rst stop and not beyond. Reverse mode is good for foamy (protein
or surfactant solutions) and viscous (syrupy) liquids.21

Table 2-5 lists tolerances for micropipets from one manufacturer. As internal parts
wear out, both precision and accuracy can decline by an order of magnitude. In a study22

of 54 micropipets in use at a biomedical lab, 12 were accurate and precise to �1%. Five
of 54 had errors 
10%. When 54 quality control technicians at four pharmaceutical com-
panies used a properly functioning micropipet, 10 people were accurate and precise
to �1%. Six were inaccurate by 
10%. Micropipets require periodic calibration and
maintenance (cleaning, seal replacement, and lubrication), and operators require certifi-
cation. If the mean time between falling out of tolerance for micropipets is 2 years,
calibration is required every 2 months to be confident that 95% of the micropipets in a
laboratory are operating within specifications.23 You can calibrate a micropipet by mea-
suring the mass of water it delivers, as described in Section 2-9, or with a commercial
colorimetric kit.24

392-6 Pipets and Syringes

(a)

Piston

Shaft

Filter

Aerosol

Disposable
polypropylene

tip

(b)

(c)

FIGURE 2-15 (a) Micropipet with disposable
plastic tip. (b) Enlarged view of disposable tip
containing polyethylene �lter to prevent aerosol
from contaminating the shaft of the pipet.
(c) Volume selection dial set to 150 �L. [Courtesy

Rainin Instrument Co., Emeryville, CA.]

TABLE 2-5 Manufacturer�s tolerances for micropipets

At 10% of pipet volume At 100% of pipet volume

Pipet volume Accuracy Precision Accuracy Precision
(�L) (%) (%) (%) (%)

Adjustable Volume
0.2�2 �8 �4 �1.2 �0.6
1�10 �2.5 �1.2 �0.8 �0.4
2.5�25 �4.5 �1.5 �0.8 �0.2
10�100 �1.8 �0.7 �0.6 �0.15
30�300 �1.2 �0.4 �0.4 �0.15
100�1 000 �1.6 �0.5 �0.3 �0.12

Fixed Volume
10 �0.8 �0.4
25 �0.8 �0.3

100 �0.5 �0.2
500 �0.4 �0.18

1 000 �0.3 �0.12

SOURCE: Data from Hamilton Co., Reno, NV.

Accuracy refers to nearness to the true value.
Precision refers to reproducibility.

Barrel PlungerNeedle

FIGURE 2-16 Hamilton syringe with a volume of 1 �L and divisions of 0.02 �L on the glass barrel.
[Courtesy Hamilton Co., Reno, NV.]

Syringes
Microliter syringes, such as that in Figure 2-16, come in sizes from 1 to 500 �L and have
an accuracy and precision near 1%. When using a syringe, take up and discard several vol-
umes of liquid to wash the glass walls and to remove air bubbles from the barrel. The steel
needle is attacked by strong acid and will contaminate strongly acidic solutions with iron.
A syringe is more reliable than a micropipet, but the syringe requires more care in handling
and cleaning. 
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Filtration
In gravimetric analysis, the mass of product from a reaction is measured to determine how much
unknown was present. Precipitates from gravimetric analyses are collected by �ltration, washed,
and then dried. Most precipitates are collected in a fritted-glass funnel (also called a Gooch �lter
crucible), with suction applied to speed �ltration (Figure 2-17). The porous glass plate in the fun-
nel allows liquid to pass but retains solids. The empty funnel is �rst dried at 110�C and weighed.
After collecting solid and drying again, the funnel and its contents are weighed a second time to
determine the mass of collected solid. Liquid from which a substance precipitates or crystallizes
is called the mother liquor. Liquid that passes through the �lter is called �ltrate.

2-7

In some gravimetric procedures, ignition (heating at high temperature over a burner or in
a furnace) is used to convert a precipitate into a known, constant composition. For example,
Fe3
 precipitates as hydrous ferric oxide, FeOOH xH2O, with variable composition.
Ignition converts it into pure Fe2O3 prior to weighing. When a precipitate is to be ignited, it
is collected in ashless �lter paper, which leaves little residue when burned.

To use �lter paper with a conical glass funnel, fold the paper into quarters, tear off one
corner (to allow a �rm �t into the funnel), and place the paper in the funnel (Figure 2-18). The
�lter paper should �t snugly and be seated with some distilled water. When liquid is poured
in, an unbroken stream of liquid should �ll the stem of the funnel (Figure 2-19). The weight
of liquid in the stem helps speed �ltration.

�
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Gooch filter crucible

Rubber 
adaptor

Glass 
funnel

To air

To house vacuum

Suction flask Trap

Porous glass
Gooch
filter
crucible

(a) (b) (c) (d )

FIGURE 2-17 Filtration with a Gooch crucible that has a porous (fritted) glass disk through which
liquid can pass. The trap prevents liquid from being accidentally sucked into the vacuum system.

FIGURE 2-18 Folding �lter paper for a conical funnel. (a) Fold the paper in half. (b) Then fold it in
half again. (c) Tear off a corner to allow better seating of the paper in the funnel. (d) Open the side that
was not torn when �tting the paper in the funnel.

Glass rod

Beaker with
precipitate
and mother
liquor

Receiving
beaker

Conical funnel

Filter paper

Unbroken liquid stream if filter
paper is properly seated

FIGURE 2-19 Filtering a precipitate. The
conical funnel is supported by a metal ring
attached to a ring stand, neither of which is
shown.

For �ltration, pour the slurry of precipitate down a glass rod to prevent splattering
(Figure 2-19). (A slurry is a suspension of solid in liquid.) Particles adhering to the beaker
or rod can be dislodged with a rubber policeman, which is a �attened piece of rubber at the end
of a glass rod. Use a jet of appropriate wash liquid from a squirt bottle to transfer particles
from the rubber and glassware to the �lter. If the precipitate is going to be ignited, particles
remaining in the beaker should be wiped onto a small piece of moist �lter paper. Add that
paper to the �lter to be ignited.
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Drying
Reagents, precipitates, and glassware are conveniently dried in an oven at 110�C. (Some
chemicals require other temperatures.) Anything that you put in the oven should be labeled.
Use a beaker and watchglass (Figure 2-20) to minimize contamination by dust during drying.
It is good practice to cover all vessels on the benchtop to prevent dust contamination.

The mass of a gravimetric precipitate is measured by weighing a dry, empty �lter crucible
before the procedure and reweighing the same crucible �lled with dry product after the pro-
cedure. To weigh the empty crucible, �rst bring it to �constant mass� by drying it in the oven
for 1 h or longer and then cooling it for 30 min in a desiccator. Weigh the crucible and then
heat it again for about 30 min. Cool it and reweigh it. When successive weighings agree to
�0.3 mg, the �lter has reached �constant mass.� If the crucible is warm when it is weighed,
it creates convection currents that give a false weight. You can use a microwave oven instead
of an electric oven for drying reagents and crucibles. Try an initial heating time of 4 min, with
subsequent 2-min heatings. Use a 15-min cooldown before weighing.

A desiccator (Figure 2-21) is a closed chamber containing a drying agent called a desiccant
(Table 2-6). The lid is greased to make an airtight seal, and desiccant is placed in the bottom
beneath the perforated disk. Another useful desiccant that is not in the table is 98 wt% sulfuric
acid. After placing a hot object in the desiccator, leave the lid cracked open for a minute until
the object has cooled slightly. This practice prevents the lid from popping open when the air
inside warms up. To open a desiccator, slide the lid sideways rather than trying to pull it
straight up.
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Dust is a source of contamination in all
experiments, so . . .

TABLE 2-6 Ef�ciencies of drying agents

Water left in
atmosphere

Agent Formula (�g H2O/L)a

Magnesium perchlorate, anhydrous Mg(ClO4)2 0.2
�Anhydrone� Mg(ClO4)2 � 1�1.5H2O 1.5
Barium oxide BaO 2.8
Alumina Al2O3 2.9
Phosphorus pentoxide P4O10 3.6
Calcium sulfate (Drierite)b CaSO4 67
Silica gel SiO2 70

a. Moist nitrogen was passed over each desiccant, and the water remaining in the gas was condensed and weighed. [A. I. Vogel,
A Textbook of Quantitative Inorganic Analysis, 3rd ed. (New York: Wiley. 1961), p. 178.] For drying gases, the gas can be
passed through a 60-cm-long Na�on tube. At 25�C, the residual moisture is 10 �g/L. If the drier is held at 0�C, the residual
moisture is 0.8 �g/L. [K. J. Leckrone and J. M. Hayes, �Ef�ciency and Temperature Dependence of Water Removal by
Membrane Dryers,� Anal. Chem. 1997, 69, 911.]

b. Used Drierite can be regenerated by irradiating 1.5-kg batches in a 100 � 190 mm Pyrex crystallizing dish in a microwave
oven for 15 min. Stir the solid, heat a second time for 15 min. and place the hot, dry material back in its original container.
Use small glass spacers between the crystallizing dish and the glass tray of the oven to protect the tray. [J. A. Green and
R. W. Goetz, �Recycling Drierite,� J. Chem. Ed. 1991, 68, 429.]

FIGURE 2-20 Use a watchglass as a dust
cover while drying reagents or crucibles in the
oven.

Watchglass Bent glass hook

Weighing bottle
with cap ajar

ReagentBeaker (a) (b)

FIGURE 2-21 (a) Ordinary desiccator. (b) Vacuum desiccator
that can be evacuated through the side arm at the top and then
sealed by rotating the joint containing the side arm. Drying is
more ef�cient at low pressure. [Courtesy A. H. Thomas Co.,

Philadelphia, PA.]

Cover all vessels whenever possible.
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Calibration of Volumetric Glassware
Each instrument that we use has a scale of some sort to measure a quantity such as mass,
volume, force, or electric current. Manufacturers usually certify that the indicated quantity
lies within a certain tolerance from the true quantity. For example, a Class A transfer pipet
is certi�ed to deliver 10.00 � 0.02 mL when you use it properly. Your individual pipet might
always deliver 10.016 � 0.004 mL in a series of trials. That is, your pipet delivers an aver-
age of 0.016 mL more than the indicated volume in repeated trials. Calibration is the
process of measuring the actual quantity that corresponds to an indicated quantity on the
scale of an instrument.

For greatest accuracy, we calibrate volumetric glassware to measure the volume actually
contained in or delivered by a particular piece of equipment. We do this by measuring the
mass of water contained or delivered by the vessel and using the density of water to convert
mass into volume.

In the most careful work, it is necessary to account for thermal expansion of solutions and
glassware with changing temperature. For this purpose, you should know the lab temperature
when a solution was prepared and when it is used. Table 2-7 shows that water expands 0.02%
per degree near 20�C. Because the concentration of a solution is proportional to its density,
we can write

Correction for thermal expansion: (2-2)

where c� and d� are the concentration and density at temperature T �, and c and d apply at
temperature T.

c¿
d¿

�
c

d
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Page 49 gives a detailed procedure for
calibrating a buret.

Concentration decreases when the
temperature increases.

TABLE 2-7 Density of water

Volume of 1 g of water (mL)

Temperature Density At temperature Corrected
(�C) (g/mL) showna to 20�Cb

10 0.999 702 6 1.001 4 1.001 5
11 0.999 608 4 1.001 5 1.001 6
12 0.999 500 4 1.001 6 1.001 7
13 0.999 380 1 1.001 7 1.001 8
14 0.999 247 4 1.001 8 1.001 9
15 0.999 102 6 1.002 0 1.002 0

16 0.998 946 0 1.002 1 1.002 1
17 0.998 777 9 1.002 3 1.002 3
18 0.998 598 6 1.002 5 1.002 5
19 0.998 408 2 1.002 7 1.002 7
20 0.998 207 1 1.002 9 1.002 9

21 0.997 995 5 1.003 1 1.003 1
22 0.997 773 5 1.003 3 1.003 3
23 0.997 541 5 1.003 5 1.003 5
24 0.997 299 5 1.003 8 1.003 8
25 0.997 047 9 1.004 0 1.004 0

26 0.996 786 7 1.004 3 1.004 2
27 0.996 516 2 1.004 6 1.004 5
28 0.996 236 5 1.004 8 1.004 7
29 0.995 947 8 1.005 1 1.005 0
30 0.995 650 2 1.005 4 1.005 3

a. Corrected for buoyancy with Equation 2-1.

b. Corrected for buoyancy and expansion of borosilicate glass (0.001 0% K�1).
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Pyrex and other borosilicate glasses expand by 0.001 0% per degree near room tempera-
ture. If the temperature increases by 10�C, the volume of a piece of glassware increases by
(10�C)(0.001 0%/�C) � 0.010%. For most work, this expansion is insigni�cant.

To calibrate a 25-mL transfer pipet, �rst weigh an empty weighing bottle like the one in
Figure 2-20. Then �ll the pipet to the mark with distilled water, drain it into the weighing
bottle, and cap the bottle to prevent evaporation. Weigh the bottle again to �nd the mass of
water delivered from the pipet. Finally, use Equation 2-3 to convert mass into volume.

(2-3)True volume � (grams of water) � (volume of 1 g of H2O in Table 2-7)
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EXAM PLE Effect of Temperature on Solution Concentration

A 0.031 46 M aqueous solution was prepared in winter when the lab temperature was 17�C.
What is the molarity of the solution on a warm day when the temperature is 25�C?

Solution We assume that the thermal expansion of a dilute solution is equal to the thermal
expansion of pure water. Then, using Equation 2-2 and densities from Table 2-7, we write

The concentration has decreased by 0.16% on the warm day.

c¿ at 25°C

0.997 05 g/mL
�

0.031 46 M

0.998 78 g/mL
 1 c¿ � 0.031 41 M

Small or odd-shaped vessels can be calibrated
with Hg, which is easier than water to pour
out of glass and is 13.6 times denser than
water. This procedure is for researchers, not
students.

EXAM PLE Calibration of a Pipet

An empty weighing bottle had a mass of 10.313 g. After the addition of water from a 25-mL
pipet, the mass was 35.225 g. If the lab temperature was 27�C, �nd the volume of water
delivered by the pipet.

Solution The mass of water is 35.225 � 10.313 � 24.912 g. From Equation 2-3 and the next-
to-last column of Table 2-7, the volume of water is (24.912 g)(1.004 6 mL/g) � 25.027 mL at
27�C. The last column in Table 2-7 tells us what the volume would be if the pipet were at
20�C. This pipet would deliver (24.912 g)(1.004 5 mL/g) � 25.024 mL at 20�C.

The pipet delivers less volume at 20�C than at
27�C because glass contracts slightly as the
temperature is lowered. Volumetric glassware
is usually calibrated at 20�C.

Introduction to Microsoft Excelfi

If you already use a spreadsheet, you can skip this section. The computer spreadsheet is an
essential tool for manipulating quantitative information. In analytical chemistry, spreadsheets
can help us with calibration curves, statistical analysis, titration curves, and equilibrium prob-
lems. Spreadsheets allow us to conduct �what if� experiments such as investigating the effect
of a stronger acid or a different ionic strength on a titration curve. We use Microsoft Excel in
this book as a tool for solving problems in analytical chemistry.25 Although you can skip over
spreadsheets with no loss of continuity, spreadsheets will enrich your understanding of chem-
istry and provide a valuable tool for use outside this course.

Getting Started: Calculating the Density of Water
Let�s prepare a spreadsheet to compute the density of water from the equation

(2-4)

where T is temperature (�C) and a0 � 0.999 89, a1 � 5.332 2 � 10�5, a2 � �7.589 9 � 10�6,
and a3 � 3.671 9 � 10�8.

The blank spreadsheet in Figure 2-22a has columns labeled A, B, C and rows numbered
1, 2, 3, . . . , 12. The box in column B, row 4 is called cell B4.

Begin each spreadsheet with a title to help make the spreadsheet more readable. In
Figure 2-22b, we click in cell A1 and type �Calculating Density of H2O with Equation 2-4�.
Then we click in cell A2 and write �(from the delightful book by Dan Harris)� without
quotation marks. The computer automatically spreads the text to adjoining cells. To save
your worksheet, click on the Of�ce button at the upper left and select Save As. Give your

Density (g/mL) � a0 
 a1*T 
 a2*T2 
 a3*T3

2-10

This equation is accurate to �ve decimal
places over the range 4� to 40�C.
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spreadsheet a descriptive name that will tell you what is in it long after you have forgotten
about it. File it in a location that you can �nd in the future. Information in your computer is
only as good as your ability to retrieve it. In earlier versions of Excel, select the File menu
to �nd Save As.

We adopt a convention in this book in which constants are collected in column A. Type
�Constants:� in cell A4. Then select cell A5 and type �a0 ��. Now select cell A6 and type
the number 0.99989 (without extra spaces). In cells A7 to A12, enter the remaining constants.
Powers of 10 are written, for example, as E-5 for 10�5.

After you type �5.3322E-5� in cell A8, the spreadsheet probably displays �5.33E-5�
even though additional digits are kept in memory. To display a desired number of digits in
scientific format, click in cell A8 and select the Home ribbon at the top of the spreadsheet
in Excel 2007. Go to the part of the ribbon that says Number and click on the little arrow
at the lower right. The Format Cells window should appear. Select Scientific and 4 decimal
places. When you click OK, the entry in cell A8 will be �5.3322E-5�. If you need more
room for the number of digits, grab the vertical line at the top of the column with your
mouse and resize the column. In earlier versions of Excel, go to Format and then select
Cells to obtain the formatting window. You can format all numbers in column A by click-
ing on the top of the column before setting the format. Your spreadsheet should now look
like Figure 2-22b.

In cell B4, write the heading �Temp (�C)�. In Excel 2007, you can find the degree sign
on the Insert ribbon by clicking Symbol. In earlier versions of Excel, go to the Insert
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1 Calculating Density of H2O with Equation 2-4
2 (from the delightful book by Dan Harris)
3
4 Constants:
5 a0
6 0.99989
7 a1
8 5.3322E-05
9 a2

10 -7.5899E-06
11 a3
12 3.6719E-08

A B C

1 Calculating Density of H2O with Equation 2-4
2 (from the delightful book by Dan Harris)
3
4 Constants: Temp (°C) Density (g/mL)
5 a0 5 0.99997
6 0.99989 10 0.99970
7 a1 15 0.99911
8 5.3322E-05 20 0.99821
9 a2 25 0.99705

10 -7.5899E-06 30 0.99565
11 a3 35 0.99403
12 3.6719E-08 40 0.99223
13
14 Formula:
15 C5 $A$6 $A$8*B5 $A$10*B5^2 $A$12*B5^3

(a) (b)

(c)

(d )

A B C

1 Calculating Density of H2O with Equation 2-4
2 (from the delightful book by Dan Harris)
3
4 Constants: Temp (°C) Density (g/mL)
5 a0 5 0.99997
6 0.99989 10
7 a1 15
8 5.3322E-05 20
9 a2 25

10 -7.5899E-06 30
11 a3 35
12 3.6719E-08 40

FIGURE 2-22 Evolution of a spreadsheet for computing the density of water.
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menu and select Symbol. Now enter temperatures from 5 through 40 in cells B5 through
B12. This is our input to the spreadsheet. The output will be computed values of density
in column C.

In cell C4, enter the heading �Density (g/mL)�. Cell C5 is the most important one in the
table. In this one, you will write the formula

� $A$6 
 $A$8*B5 
 $A$10*B5^2 
 $A$12*B5^3

It doesn�t matter whether or not you use spaces around the arithmetic operators. When you
hit Return, the number 0.99997 appears in cell C5. The formula above is the spreadsheet
translation of Equation 2-4. $A$6 refers to the constant in cell A6. We will explain the
dollar signs shortly. B5 refers to the temperature in cell B5. The times sign is * and the
exponentiation sign is ^. For example, the term �$A$12*B5^3� means �(contents of cell A12) �
(contents of cell B5)3.�

Now comes the most magical property of a spreadsheet. Highlight cell C5 and the empty
cells below it from C6 to C12. In the Home ribbon, at the right side above Editing, click on
the down arrow and select Down. In earlier versions of Excel, go to the Edit menu and select
Fill Down. Excel copies the formula from C5 into the cells below it and evaluates the numbers
in each of the selected cells. The density of water at each temperature now appears in column C
in Figure 2-22d. You can make numbers appear as decimals, rather than scienti�c notation,
by clicking on the arrow at the lower right in Number in the Home ribbon. In Format Cells,
select Number and 5 decimal places.

In this example, we made three types of entries. Labels such as �a0 �� were typed in as
text. An entry that does not begin with a digit or an equal sign is treated as text. Numbers,
such as 25, were typed in some cells. The spreadsheet treats a number differently from text.
In cell C5, we entered a formula that necessarily begins with an equal sign.

Arithmetic Operations and Functions
Addition, subtraction, multiplication, division, and exponentiation have the symbols 
, �, *,
/, and ^. Functions such as Exp(�) can be typed or can be selected from the Formula ribbon in
Excel 2007. In earlier versions of Excel, select the Insert menu and choose Function. Exp(�)
raises e to the power in parentheses. Other functions such as Ln(�), Log(�), Sin(�), and Cos(�)
are also available.

The order of arithmetic operations in formulas is negation �rst, followed by ^, followed
by * and / (evaluated in order from left to right as they appear), �nally followed by 
 and �
(also evaluated from left to right). Make liberal use of parentheses to be sure that the com-
puter does what you intend. The contents of parentheses are evaluated �rst, before carrying
out operations outside the parentheses. Here are some examples:

When in doubt about how an expression will be evaluated, use parentheses to force what you
intend.

Documentation and Readability
The �rst important documentation in the spreadsheet is the name of the �le. A name such as
�Expt 10 Gran Plot� is more meaningful than �Chem Lab�. The next important feature is a title
at the top of the spreadsheet, which tells its purpose. To tell what formulas were used in the
spreadsheet, we added text (labels) at the bottom. In cell A14, write �Formula:� and in cell
A15 write �C5 � $A$6
$A$8*B5
$A$10*B5^2
$A$12*B5^3�. The surest way to docu-
ment a formula is to copy the text from the formula bar for cell C5. Go to cell A15, type �C5�
and then paste in the text you copied.

We improved the readability of data in the spreadsheet by selecting the number (decimal)
or scienti�c format and specifying how many decimal places would be shown. The spread-
sheet retains more digits in its memory, even though just 5 might be displayed.

�2^2 � 4  but  �(2^2) � �4

 9/5^2
32 � 9/(5^2)
32 � (9/25)
32 � (0.36)
32 � 32.36

� 9
(15.625) � 24.625 9
5*100/32 � 9
(5*100)/32 � 9
(500)/32 � 9
(500/32)

9/5*(100
32) � 9/5*(132) � (1.8)*(132) � 237.6

� (180)
32 � 212 9/5*100
32 � (9/5)*100
32 � (1.8)*100
32 � (1.8*100)
32

452-10 Introduction to Microsoft Excelfi

Formulas begin with an equal sign. Arithmetic
operations in a spreadsheet are


 addition

� subtraction

* multiplication

/ division

^ exponentiation

Three kinds of entries:

label a3 �
number 4.4E-05

formula � $A$8*B5

Order of operations:

1. Negation (a minus sign before a term)

2. Exponentiation

3. Multiplication and division (in order from
left to right)

4. Addition and subtraction (in order from left
to right)

Operations within parentheses are evaluated
�rst, from the innermost set.

Documentation means labeling. If your
spreadsheet cannot be read by another
person without your help, it needs better
documentation. (The same is true of your
lab notebook!)
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Absolute and Relative References
The formula �� $A$8*B5� refers to cells A8 and B5 in different manners. $A$8 is an absolute
reference to the contents of cell A8. No matter where cell $A$8 is called from in the spread-
sheet, the computer goes to cell A8 to look for a number. �B5� is a relative reference in the
formula in cell C5. When called from cell C5, the computer goes to cell B5 to �nd a number.
When called from cell C6, the computer goes to cell B6 to look for a number. If called from
cell C19, the computer would look in cell B19. This is why the cell written without dollar
signs is called a relative reference. If you want the computer to always look only in cell B5,
then you should write �$B$5�.

Graphing with Microsoft Excel
Graphs are critical to understanding quantitative relations. To make a graph in Excel 2007
from the spreadsheet in Figure 2-22d, go to the Insert ribbon and select Chart. Click on Scatter
and select the icon for Scatter with Smooth Lines and Markers. The other most common graph
we will make is Scatter with only Markers. Grab the blank chart with your mouse and move
it to the right of the data. In Chart Tools, select Design and click on Select Data. Click on Add.
For Series name, write �Density� (without quotation marks). For X values, highlight cells
B5:B12. For Y values, delete what was in the box and highlight cells C5:C12. Click OK
twice. Click inside the plot area and select the Chart Tools Format ribbon. In Plot Area,
Format Selection provides options for the border and �ll color of the graph. For Fill, select
Solid �ll and Color white. For Border Color, select Solid line and Color black. We now have
a white graph surrounded by a black border.

To add an X axis title, select Chart Tools Layout. Click on Axis Titles and Primary
Horizontal Axis Title. Click on Title Below Axis. A generic axis title appears on the graph.
Highlight it and type �Temperature (�C)� over the title. Get the degree sign from Insert
Symbol. To put a title on the Y axis, select Chart Tools Layout again. Click on Axis Titles and
Primary Vertical Axis Title. Click on Rotated Title. Then type �Density (g/mL)� for the title.
Select the title that appears above the graph and remove it with the delete key. Your graph
probably looks like the one in Figure 2-23 now.

Let�s change the graph so that it looks like Figure 2-24. Click on the curve on the graph
to highlight all data points. If only one point is highlighted, click elsewhere on the line.
Select Chart Tools Format. In Current Selection, choose Format Selection. A Format Data
Series window appears. For Marker Options, choose Built-in. Select the Type circle and
Size 6. For Marker Fill, select Solid fill and a Color of your choice. Select Marker Line
Color, then Solid line, then the same Color as the marker. To change the appearance of the
curve on the graph, use Line Color and Line Style. Create a solid black line with a width
of 1.5 points.

2-11
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Absolute reference: $A$8

Relative reference: B5

Save your �les frequently while you are
working and make a backup �le of
anything that you don�t want to lose.
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2
1 Calculating Density of H2O with Equation 2-4

(from the delightful book by Dan Harris)
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3.6719E-08
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C5 = $A$6+$A$8*B5+$A$10*B5^2+$A$12*B5^3

FIGURE 2-23 Initial density chart drawn by Excel.
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To change the appearance of the Y axis, click any number on the Y axis and they will all
be highlighted. Select Chart Tools and Format and Format Selection. The Format Axis box
appears. For Axis Options, Minimum, click on Fixed and set the value to 0.992. For Axis
Options, Maximum, click on Fixed and set the value to 1.000. For Major unit, click on Fixed
and set the value to 0.002. For Minor unit, click on Fixed and set the value to 0.0004. Set
Minor tick mark type to Outside. In the Format Axis window, select Number and set a display
of 3 decimal places. Close the Format Axis window to �nish with the vertical axis.

In a similar manner, select a number on the X axis and change the appearance so that it
looks like Figure 2-24 with a Minimum of 0, Maximum of 40, Major unit of 10, and Minor
unit of 5. Place Minor tick marks Outside. To add vertical grid lines, go to Chart Tools and
select Layout and Grid Lines. Select Primary Vertical Gridlines and Major Gridlines.

Add a title back to the chart. In Chart Tools Layout, select Chart Title and highlight Above
Chart. Type �Density of Water�. In the Home ribbon, select a font size of 10 points. Your chart
ought to look much like Figure 2-24 now. You can resize the chart from its lower right corner.
To draw on an Excel worksheet, select Insert and then Shapes.

To write on the chart, go to the Insert ribbon and select Text Box. Click in the chart and
begin typing. Drag the text box where you want it to be. To format the box, click on its bor-
der. Go to the Format ribbon and use Shape Fill and Shape Outline. To add arrows or lines,
go to the Insert ribbon and select Shapes. To change the data point symbol, click on one point.
On the Format Ribbon, click on Format Selection. The box that apppears lets you change the
appearance of the points and the line.

Graphing in Earlier Versions of Excel
To make a graph from the spreadsheet in Figure 2-22d, go to the Insert menu and select Chart.
A window appears with a variety of options. The one you will almost always want is XY
(Scatter). Highlight XY (Scatter) and several options appear. Select the one that shows data
points connected by a smooth curve. Click Next to move to a window called Chart Source
Data. Click on the Series tab and click Add. Boxes appear for three inputs. For Name, type
�Density� (without quotation marks). For X Values, enter B5:B12 or just highlight those cells
on the spreadsheet and they will be automatically entered. For Y Values, highlight cells
C5:C12. Click Next.

Now a small graph of your data appears. If it does not look as expected, make sure you
selected the correct data, with x before y. The new window asks you for axis labels and an
optional title for the graph. For the title, write �Density of Water�. For the x-axis, enter
�Temperature (�C)� and for the y-axis write �Density (g/mL)�. Click Next.

Now you are given the option of drawing the graph on a new sheet or on the same sheet that
is already open. Select �As object in Sheet 1�. Click Finish and the chart will appear on your
spreadsheet. Grab the chart with your mouse and move it to the right of the data.

Excel gives us many options for changing features of the graph. Here are a few, but you
should experiment with the graph to discover other formatting options. Double click on the 
y-axis and a window appears. Select the Patterns tab. Change Minor tick mark type from None
to Outside and click OK. You will see new tick marks appear on the y-axis. Double click on
the y-axis again and select the Number tab. Change the decimal places to 3 and click OK.
Double click on the y-axis again and select the Scale tab. Set the minimum to 0.992 and the
maximum to 1.000 and click OK.

Double click on the x-axis and select Patterns. Change the Minor tick mark type from
None to Outside. Select Scale and set the maximum to 40, the major unit to 10, the minor unit
to 5, and click OK.

Double click on the gray area of the graph and a window called Patterns appears. Select
Automatic for the Border and None for the Area. This removes the gray background and gives
a solid line around the graph. To add vertical lines at the major tick marks, select the graph
with the mouse. Then go to the Chart menu and select Chart Options. In the window that
appears, select Gridlines. For the Value (X) axis, check Major gridlines. Then select the tab
for Legend and remove the check mark from Show Legend. The legend will disappear. Click
OK. You should be getting the idea that you can format virtually any part of the chart.

Click on the outer border of the chart and handles appear. Grab the one on the right and
resize the chart so that it does not extend past column F of the spreadsheet. Grab the handle
at the bottom and resize the chart so that it does not extend below row 15. When you resized
the chart, letters and numbers shrank. Double click on each set of numbers and change the
font to 8 points. Double click on the labels and change the letters to 9 points. Your chart
should look much like the one in Figure 2-24.
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FIGURE 2-24 Density chart after reformatting.

To write on the chart, go to View and select
Toolbars and Drawing. Select Text Box from
the Drawing toolbar, click inside your chart,
and begin typing. Draw arrows with the Arrow
tool. Double click on a data point to get
options to change plotting symbols.
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absorption
acid wash
adsorption
ashless �lter paper
buoyancy

buret
calibration
desiccant
desiccator
�ltrate

green chemistry
hygroscopic
ignition
meniscus
mother liquor

parallax
pipet
slurry
tare
volumetric �ask

Terms to Understand

Safety requires you to think in advance about what you will do;
never do anything that seems dangerous. Know how to use safety
equipment such as goggles, fume hood, lab coat, gloves, emer-
gency shower, eyewash, and fire extinguisher. Chemicals should
be stored and used in a manner that minimizes contact of solids,
liquids, and vapors with people. Environmentally acceptable dis-
posal procedures should be established in advance for every chem-
ical that you use. Your lab notebook tells what you did and what
you observed; it should be understandable to other people. It also
should allow you to repeat an experiment in the same manner in
the future. You should understand the principles of operation of
balances and treat them as delicate equipment. Buoyancy correc-
tions are required in accurate work. Burets should be read in a re-
producible manner and drained slowly for best results. Always in-
terpolate between markings to obtain accuracy one decimal place

beyond the graduations. Volumetric flasks are used to prepare so-
lutions with known volume. Transfer pipets deliver fixed volumes;
less accurate measuring pipets deliver variable volumes. Do not be
lulled into complacency by the nice digital reading on a mi-
cropipet. Unless your pipet has been calibrated recently and your
personal technique tested, micropipets can have gross errors.
Filtration and collection of precipitates require careful technique,
as does the drying of reagents, precipitates, and glassware in ovens
and desiccators. Volumetric glassware is calibrated by weighing
water contained in or delivered by the vessel. In the most careful
work, solution concentrations and volumes of vessels should be
corrected for changes in temperature.

If you plan to use spreadsheets in this course, you should know
how to enter formulas in a spreadsheet and how to draw a graph of
data from a spreadsheet.

Summary

Exercises
2-D. Water was drained from a buret between the 0.12- and 15.78-mL
marks. The apparent volume delivered was 15.78 � 0.12 � 15.66 mL.
Measured in the air at 22�C, the mass of water delivered was 15.569 g.
What was the true volume?

2-E. Reproduce the spreadsheet in Figure 2-23 and the graph in
Figure 2-24.

2-A. What is the true mass of water if the measured mass in the atmo-
sphere is 5.397 4 g? When you look up the density of water, assume that
the lab temperature is (a) 15�C and (b) 25�C. Take the density of air to
be 0.001 2 g/mL and the density of balance weights to be 8.0 g/mL.

2-B. A sample of ferric oxide (Fe2O3, density � 5.24 g/mL) ob-
tained from ignition of a gravimetric precipitate weighed 0.296 1 g
in the atmosphere. What is the true mass in vacuum?

2-C. A solution of potassium permanganate (KMnO4) was found by
titration to be 0.051 38 M at 24�C. What is the molarity when the lab
temperature drops to 16�C?

Safety and Lab Notebook

2-1. What is the primary safety rule and what is your implied
responsibility to make it work?

2-2. After safety features and safety procedures in your laboratory
have been explained to you, make a list of them.

2-3. For chemical disposal, why is dichromate converted to
Cr(OH)3(s)?

2-4. Explain what each of the three numbered hazard ratings
means for 37 wt% HCl in Figure 2-2.

2-5. State three essential attributes of a lab notebook.

Analytical Balance

2-6. Explain the principles of operation of electronic and mechani-
cal balances.

2-7. Why is the buoyancy correction equal to 1 in Figure 2-9 when
the density of the object being weighed is 8.0 g/mL?

2-8. Pentane (C5H12) is a liquid with a density of 0.626 g/mL near
25�C. Find the true mass of pentane when the mass in air is 14.82 g.
Assume air density � 0.001 2 g/mL.

2-9. The densities (g/mL) of several substances are: acetic acid,
1.05; CCl4, 1.59; S, 2.07; Li, 0.53; Hg, 13.5; PbO2, 9.4; Pb, 11.4; Ir,
22.5. From Figure 2-9, predict which substances will have the small-
est and largest buoyancy corrections.

2-10. Potassium hydrogen phthalate is a primary standard used to
measure the concentration of NaOH solutions. Find the true mass of
potassium hydrogen phthalate (density � 1.636 g/mL) if the mass
weighed in air is 4.236 6 g. If you did not correct the mass for buoy-
ancy, would the calculated molarity of NaOH be too high or too
low? By what percentage?

Problems
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Reference Procedure: Calibrating a 50-mL Buret

This procedure tells how to construct a graph such as Figure 3-3
to convert the measured volume delivered by a buret to the true
volume delivered at 20�C.

0. Measure the temperature in the laboratory. Distilled water for this
experiment must be at laboratory temperature.

1. Fill the buret with distilled water and force any air bubbles out the
tip. See whether the buret drains without leaving drops on the walls. If
drops are left, clean the buret with soap and water or soak it with clean-
ing solution.15 Adjust the meniscus to be at or slightly below 0.00 mL,

and touch the buret tip to a beaker to remove the suspended drop of
water. Allow the buret to stand for 5 min while you weigh a 125-mL
�ask �tted with a rubber stopper. (Hold the �ask with a tissue or paper
towel, not with your hands, to prevent �ngerprint residue from chang-
ing its mass.) If the level of the liquid in the buret has changed, tighten
the stopcock and repeat the procedure. Record the level of the liquid.

2. Drain approximately 10 mL of water at a rate 	20 mL/min into
the weighed �ask, and cap it tightly to prevent evaporation. Allow
about 30 s for the �lm of liquid on the walls to descend before you
read the buret. Estimate all readings to the nearest 0.01 mL. Weigh
the �ask again to determine the mass of water delivered.

2-11. (a) Use the ideal gas law (Problem 1-16) to calculate the den-
sity (g/mL) of helium at 20�C and 1.00 bar.

(b) Find the true mass of Na (density � 0.97 g/mL) weighed in a
glove box with a He atmosphere, if the apparent mass is 0.823 g.

2-12. (a) The equilibrium vapor pressure of water at 20�C is 2 330 Pa.
What is the vapor pressure of water in the air at 20�C if the relative
humidity is 42%? (Relative humidity is the percentage of the equi-
librium water vapor pressure in the air.)

(b) Use note 13 for Chapter 2 at the end of the book to �nd the air
density (g/mL, not g/L) under the conditions of part (a) if the baro-
metric pressure is 94.0 kPa.

(c) What is the true mass of water in part (b) if the mass in air is
1.000 0 g?

2-13. Effect of altitude on electronic balance. If an object weighs ma

grams at distance ra from the center of the Earth, it will weigh mb �
ma( ) when raised to rb. An object weighs 100.000 0 g on the
�rst �oor of a building at ra � 6 370 km. How much will it weigh
on the tenth �oor, which is 30 m higher?

Glassware and Thermal Expansion

2-14. What do the symbols �TD� and �TC� mean on volumetric
glassware?

2-15. Describe how to prepare 250.0 mL of 0.150 0 M K2SO4 with
a volumetric �ask.

2-16. When is it preferable to use a plastic volumetric �ask instead
of a more accurate glass �ask?

2-17. (a) Describe how to deliver 5.00 mL of liquid by using a trans-
fer pipet.

(b) Which is more accurate, a transfer pipet or a measuring pipet?

2-18. (a) Describe how to deliver 50.0 �L by using a 100-�L
adjustable micropipet.

(b) What would you do differently in (a) if the liquid foams.

2-19. What is the purpose of the trap in Figure 2-17 and the watch-
glass in Figure 2-20?

2-20. Which drying agent is more ef�cient, Drierite or phosphorus
pentoxide?

2-21. An empty 10-mL volumetric �ask weighs 10.263 4 g. When
the �ask is �lled to the mark with distilled water and weighed again
in the air at 20�C, the mass is 20.214 4 g. What is the true volume of
the �ask at 20�C?

r2
a �r2

b

2-22. By what percentage does a dilute aqueous solution expand
when heated from 15� to 25�C? If a 0.500 0 M solution is prepared
at 15�C, what would its molarity be at 25�C?

2-23. The true volume of a 50-mL volumetric �ask is 50.037 mL at
20�C. What mass of water measured (a) in vacuum and (b) in air at
20�C would be contained in the �ask?

2-24. You want to prepare 500.0 mL of 1.000 M KNO3 at 20�C, but
the lab (and water) temperature is 24�C at the time of preparation.
How many grams of solid KNO3 (density � 2.109 g/mL) should be
dissolved in a volume of 500.0 mL at 24�C to give a concentration
of 1.000 M at 20�C? What apparent mass of KNO3 weighed in air is
required?

2-25. A simple model for the fraction of micropipets that operate
within speci�cations after time t is

where tm is the mean time between failure (the time when the frac-
tion within speci�cations is reduced to 50%). Suppose that tm �
2.00 years.

(a) Show that the equation predicts that the time at which 50%
remain within speci�cations is 2 yr if tm � 2.00 yr.

(b) Find the time t at which pipets should be recalibrated (and
repaired, if necessary) so that 95% of all pipets will operate within
speci�cations.

2-26. Glass is a notorious source of metal ion contamination. Three
glass bottles were crushed and sieved to collect 1-mm pieces.26 To
see how much Al3
 could be extracted, 200 mL of a 0.05 M solu-
tion of the metal-binding compound EDTA were stirred with 0.50 g
of ~1-mm glass particles in a polyethylene �ask. The Al content of
the solution after 2 months was 5.2 �M. The total Al content of the
glass, measured after completely dissolving some glass in 48 wt%
HF with microwave heating, was 0.80 wt%. What fraction of the Al
was extracted from glass by EDTA?

2-27. The ef�ciency of a gas chromatography column is mea-
sured by a parameter called plate height (H, mm) which is related 
to the gas �ow rate (u, mL/min) by the van Deemter equation: 
H � A 
 B/u 
 Cu, where A, B, and C are constants. Prepare a
spreadsheet with a graph showing values of H as a function of u for
u � 4, 6, 8, 10, 20, 30, 40, 50, 60, 70, 80, 90, and 100 mL/min. 
Use the values A � 1.65 mm, B � 25.8 mm mL/min, and 
C � 0.023 6 mm min/mL.�

�

Fraction within specifications � e�t(ln 2)/tm
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50 CHAPTER 2 Tools of the Trade

EXAM PLE Buret Calibration

When draining the buret at 24�C, you observe the following values:

Final reading 10.01 10.08 mL
Initial reading 0.03 0.04
Difference 9.98 10.04 mL
Mass 9.984 10.056 g
Actual volume delivered 10.02 10.09 mL
Correction 
0.04 
0.05 mL
Average correction 
0.045 mL

To calculate the actual volume delivered when 9.984 g of
water are delivered at 24�C, look at the column of Table 2-7 headed
�Corrected to 20�C.� In the row for 24�C, you �nd that 1.000 0 g

3. Now drain the buret from 10 to 20 mL, and measure the mass of
water delivered. Repeat the procedure for 30, 40, and 50 mL. Then
do the entire procedure (10, 20, 30, 40, 50 mL) a second time.

4. Use Table 2-7 to convert the mass of water into the volume de-
livered. Repeat any set of duplicate buret corrections that do not
agree to within 0.04 mL. Prepare a calibration graph like that in
Figure 3-3, showing the correction factor at each 10-mL interval.

of water occupies 1.003 8 mL. Therefore, 9.984 g occupies
(9.984 g)(1.003 8 mL/g) � 10.02 mL. The average correction for
both sets of data is 
0.045 mL.

To obtain the correction for a volume greater than 10 mL, add
successive masses of water collected in the �ask. Suppose that the
following masses were measured:

Volume interval (mL) Mass delivered (g)

0.03�10.01 9.984
10.01�19.90 9.835
19.90�30.06 10.071

Sum 30.03 mL 29.890 g

The total volume of water delivered is (29.890 g)(1.003 8 mL/g) �
30.00 mL. Because the indicated volume is 30.03 mL, the buret
correction at 30 mL is �0.03 mL.

What does this mean? Suppose that Figure 3-3 applies to your
buret. If you begin a titration at 0.04 mL and end at 29.00 mL, you
would deliver 28.96 mL if the buret were perfect. Figure 3-3 tells
you that the buret delivers 0.03 mL less than the indicated
amount, so only 28.93 mL were actually delivered. To use the cal-
ibration curve, either begin all titrations near 0.00 mL or correct
both the initial and the �nal readings. Use the calibration curve
whenever you use your buret.
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3-1 Signi�cant Figures 51

Experimental Error33

[Courtesy 3M Company, St. Paul, MN.]

EXPERIMENTAL ERROR

Some laboratory errors are more obvious than others, but there is error associated with every
measurement. There is no way to measure the �true� value of anything. The best we can do
in a chemical analysis is to carefully apply a technique that experience tells us is reliable.
Repetition of one method of measurement several times tells us the precision (reproducibil-
ity) of the measurement. If the results of measuring the same quantity by different methods
agree with one another, then we become con�dent that the results are accurate, which means
they are near the �true� value.

Suppose that you determine the density of a mineral by measuring its mass (4.635 � 0.002 g)
and volume (1.13 � 0.05 mL). Density is mass per unit volume: 4.635 g/1.13 mL �

4.101 8 g/mL. The uncertainties in measured mass and volume are �0.002 g and �0.05 mL, but
what is the uncertainty in the computed density? And how many signi�cant �gures should be
used for the density? This chapter discusses the propagation of uncertainty in lab calculations.

Signi�cant Figures
The number of signi�cant �gures is the minimum number of digits needed to write a given
value in scienti�c notation without loss of precision. The number 142.7 has four signi�cant
�gures, because it can be written 1.427 � 102. If you write 1.427 0 � 102, you imply that you
know the value of the digit after 7, which is not the case for the number 142.7. The number
1.427 0 � 102 has �ve signi�cant �gures.

3-1
Signi�cant �gures: minimum number of
digits required to express a value in scienti�c
notation without loss of precision
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The number 6.302 � 10�6 has four signi�cant �gures, because all four digits are neces-
sary. You could write the same number as 0.000 006 302, which also has just four signi�cant
�gures. The zeros to the left of the 6 are merely holding decimal places. The number 92 500
is ambiguous. It could mean any of the following:

3 signi�cant �gures

4 signi�cant �gures

5 signi�cant �gures

You should write one of the three numbers above, instead of 92 500, to indicate how many
�gures are actually known.

Zeros are signi�cant when they occur (1) in the middle of a number or (2) at the end of a
number on the right-hand side of a decimal point.

The last signi�cant digit (farthest to the right) in a measured quantity always has some
associated uncertainty. The minimum uncertainty is �1 in the last digit. The scale of a
Spectronic 20 spectrophotometer is drawn in Figure 3-1. The needle in the �gure appears to
be at an absorbance of 0.234. We say that this number has three signi�cant �gures because
the numbers 2 and 3 are completely certain and the number 4 is an estimate. The value might
be read 0.233 or 0.235 by other people. The percent transmittance is near 58.3. Because the
transmittance scale is smaller than the absorbance scale at this point, there is more uncertainty
in the last digit of transmittance. A reasonable estimate of uncertainty might be 58.3 � 0.2.
There are three signi�cant �gures in the number 58.3.

When reading the scale of any apparatus, try to estimate to the nearest tenth of a division.
On a 50-mL buret, which is graduated to 0.1 mL, read the level to the nearest 0.01 mL. For a
ruler calibrated in millimeters, estimate distances to the nearest 0.1 mm.

There is uncertainty in any measured quantity, even if the measuring instrument has a dig-
ital readout that does not �uctuate. When a digital pH meter indicates a pH of 3.51, there is
uncertainty in the digit 1 (and maybe even in the digit 5). By contrast, integers are exact. To
calculate the average height of four people, you would divide the sum of heights (which is a
measured quantity with some uncertainty) by the integer 4. There are exactly 4 people, not
4.000 � 0.002 people!

Signi�cant Figures in Arithmetic
We now consider how many digits to retain in the answer after you have performed arithmetic
operations with your data. Rounding should only be done on the �nal answer (not intermedi-
ate results), to avoid accumulating round-off errors.

Addition and Subtraction
If the numbers to be added or subtracted have equal numbers of digits, the answer goes to the
same decimal place as in any of the individual numbers:

The number of signi�cant �gures in the answer may exceed or be less than that in the
original data.

   1.362 � 10�4

� 3.111 � 10�4

 4.473 � 10�4

3-2

9.250 0 � 104

9.250 � 104

9.25 � 104

52 CHAPTER 3 Experimental Error

0 10 20 30 40 50

Percent transmittance

Absorbance

60 70 80 90 100

2� 1.0 0.20.30.40.5 0.1 0.05 0

FIGURE 3-1 Analog scale of Bausch and
Lomb Spectronic 20 spectrophotometer. Percent
transmittance is a linear scale and absorbance is
a logarithmic scale.

Signi�cant zeros below are bold:

106 0.010 6 0.106 0.106 0

Interpolation: Estimate all readings to the
nearest tenth of the distance between scale
divisions.

https://nhathuocngocanh.com/



53

The periodic table inside the cover of this
book gives uncertainty in the last digit of
atomic mass:

F: 18.998 403 2 � 0.000 000 5

Kr: 83.798 � 0.002

Rules for rounding off numbers

Addition and subtraction: Express all
numbers with the same exponent and align all
numbers with respect to the decimal point.
Round off the answer according to the number
of decimal places in the number with the
fewest decimal places.

10�3 �
1

103 �
1

1 000
� 0.001

3-2 Signi�cant Figures in Arithmetic

If the numbers being added do not have the same number of signi�cant �gures, we are
limited by the least certain one. For example, the molecular mass of KrF2 is known only to
the third decimal place, because we know the atomic mass of Kr to only three decimal places:

{
Not signi�cant

The number 121.794 806 4 should be rounded to 121.795 as the �nal answer.
When rounding off, look at all the digits beyond the last place desired. In the preceding

example, the digits 806 4 lie beyond the last signi�cant decimal place. Because this number
is more than halfway to the next higher digit, we round the 4 up to 5 (that is, we round up to
121.795 instead of down to 121.794). If the insigni�cant �gures were less than halfway, we
would round down. For example, 121.794 3 is rounded to 121.794.

In the special case where the number is exactly halfway, round to the nearest even digit.
Thus, 43.55 is rounded to 43.6, if we can only have three signi�cant �gures. If we are retain-
ing only three �gures, 1.425 � 10�9 becomes 1.42 � 10�9. The number 1.425 01 � 10�9

would become 1.43 � 10�9, because 501 is more than halfway to the next digit. The ration-
ale for rounding to an even digit is to avoid systematically increasing or decreasing results
through successive round-off errors. Half the round-offs will be up and half down.

In the addition or subtraction of numbers expressed in scienti�c notation, all numbers
should �rst be expressed with the same exponent:

The sum 11.513 07 � 105 is rounded to 11.51 � 105 because the number 9.84 � 105 limits
us to two decimal places when all numbers are expressed as multiples of 105.

Multiplication and Division
In multiplication and division, we are normally limited to the number of digits contained in
the number with the fewest signi�cant �gures:

The power of 10 has no in�uence on the number of �gures that should be retained. The section
on the real rule for significant figures on page 59 explains why it is reasonable to keep an
extra digit when the �rst digit of the answer is 1. The middle product above could be
expressed as 1.55 � 10�6 instead of 1.6 � 10�6 to avoid throwing away some of the preci-
sion of the factor 3.6 in the multiplication.

Logarithms and Antilogarithms
If n � 10a, then we say that a is the base 10 logarithm of n: 

Logarithm of n: (3-1)

For example, 2 is the logarithm of 100 because 100 � 102. The logarithm of 0.001 is �3
because 0.001 � 10�3. To �nd the logarithm of a number with your calculator, enter the
number and press the log function.

n � 10a means that log n � a

34.60

� 2.462 87

14.05

4.317 9 � 1012

� 3.6 � 10�19

1.6 � 10�6

3.26 � 10�5

� 1.78

5.80 � 10�5

1.632 � 105

� 0.041 07 � 105

� 9.84 � 105

11.51 � 105

   1.632 � 105

� 4.107 � 103

� 0.984 � 106

  S 

18.998 403 2 (F)

� 18.998 403 2 (F)

� 83.798 (Kr)

 121.794 806 4

  �7.26 � 1014

� 6.69 � 1014

  �0.57 � 1014

  �
5.345

� 6.728

 12.073
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In Equation 3-1, the number n is said to be the antilogarithm of a. That is, the anti-
logarithm of 2 is 100 because 102 � 100, and the antilogarithm of �3 is 0.001 because 
10�3 � 0.001. Your calculator has either a 10x key or an antilog key. To �nd the antilogarithm
of a number, enter it in your calculator and press 10x (or antilog).

A logarithm is composed of a characteristic and a mantissa. The characteristic is the
integer part and the mantissa is the decimal part:

{{ { {
Characteristic Mantissa Characteristic Mantissa 

� 2 � 0.530 � �4 � 0.470

The number 339 can be written 3.39 � 102. The number of digits in the mantissa of
log 339 should equal the number of significant figures in 339. The logarithm of 339 
is properly expressed as 2.530. The characteristic, 2, corresponds to the exponent in 
3.39 � 102.

To see that the third decimal place is the last significant place, consider the following
results:

The numbers in parentheses are the results prior to rounding to three �gures. Changing the
exponent in the third decimal place changes the answer in the third place of 339.

In the conversion of a logarithm into its antilogarithm, the number of signi�cant �gures in
the antilogarithm should equal the number of digits in the mantissa. Thus,

{ { {
2 digits 2 digits 2 digits

Here are several examples showing the proper use of signi�cant �gures:

Signi�cant Figures and Graphs
When drawing a graph on a computer, consider whether the graph is meant to display
qualitative behavior of the data (Figure 3-2) or precise values that must be read with several
signi�cant �gures. If someone will use the graph (such as Figure 3-3) to read points, it should
at least have tick marks on both sides of the horizontal and vertical scales. Better still is a �ne
grid superimposed on the graph.

10�2.600 � 2.51 � 10�3log 3.2 � 0.51

104.37 � 2.3 � 104log 1 237 � 3.092 4

antilog 4.37 � 2.3 � 104log 0.001 237 � �2.907 6

antilog (�3.42) � 10�3.42 � 3.8 � 10�4

 102.529 � 338 (338.1)

 102.530 � 339 (338.8)

 102.531 � 340 (339.6)

log 3.39 � 10�5 � �4.470log 339 � 2.530

54 CHAPTER 3 Experimental Error

Number of digits in mantissa of log x � number
of signi�cant �gures in x:

{ {
4 digits 4 digits

log(5.403 � 10�8) � �7.267 4

Number of digits in antilog x (� 10x) � number
of signi�cant �gures in mantissa of x :

{ {
3 digits 3 digits

106.142 � 1.39 � 106

Problem 3-8 shows you how to control
gridlines in an Excel graph.

0.8

0.4

0.0

�0.4

�0.8
0 5 10 15 20

x

y

25

� 0.04

� 0.02

  0.00

+ 0.02

+ 0.04

10 20 30 40 50
Volume delivered (mL)

C
or

re
ct

io
n 

(m
L)

29.43
mL

FIGURE 3-2 Example of a graph intended to
show the qualitative behavior of the function 
y � e�x�6 cos x. You are not expected to be able
to read coordinates accurately on this graph.

FIGURE 3-3 Calibration curve for a 50-mL buret. The volume delivered can be read to the nearest 
0.1 mL. If your buret reading is 29.43 mL, you can �nd the correction factor accurately enough by locating
29.4 mL on the graph. The correction factor on the ordinate (y-axis) for 29.4 mL on the abscissa (x-axis)
is �0.03 mL (to the nearest 0.01 mL).
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Types of Error
Every measurement has some uncertainty, which is called experimental error. Conclusions
can be expressed with a high or a low degree of con�dence, but never with complete certainty.
Experimental error is classi�ed as either systematic or random.

Systematic Error
Systematic error, also called determinate error, arises from a flaw in equipment or the
design of an experiment. If you conduct the experiment again in exactly the same manner, the
error is reproducible. In principle, systematic error can be discovered and corrected, although
this may not be easy.

For example, a pH meter that has been standardized incorrectly produces a systematic er-
ror. Suppose you think that the pH of the buffer used to standardize the meter is 7.00, but it is
really 7.08. Then all your pH readings will be 0.08 pH unit too low. When you read a pH of
5.60, the actual pH of the sample is 5.68. This systematic error could be discovered by using
a second buffer of known pH to test the meter.

3-3

553-3 Types of Error

Systematic error is a consistent error that can
be detected and corrected. Box 3-1 provides
an example from environmental analysis.

Case Study in Ethics: Systematic Error in Ozone MeasurementBOX 3-1

Ozone (O3) is an oxidizing, corrosive gas that harms your lungs and
all forms of life. It is formed near the surface of the Earth by the
action of sunlight on air pollutants largely derived from automobile
exhaust. The U.S. Environmental Protection Agency sets an 8-h aver-
age O3 limit of 80 ppb (80 nL/L by volume) in air. Regions that fail
to meet this standard can be required to reduce sources of pollution
that contribute to O3 formation. Error in ozone measurement can
have serious consequences for the health and economy of a region.

To monitor compliance, a variety of instruments are used. The
instrument in the diagram pumps air through a cell with a pathlength
of 15 cm. Ultraviolet radiation from a mercury lamp is partially
absorbed by O3. The more O3 in the air, the less radiation reaches
the detector. From the measured absorbance, the instrument computes
O3 concentration. In routine use, the operator only adjusts the zero
control, which sets the meter to read zero when O3-free air is drawn
through the instrument. Periodically, the instrument is recalibrated
with a source of known O3.

A study of commercial O3 monitors found that controlled
changes in humidity led to systematic errors in the apparent O3 con-
centration of tens to hundreds of ppb (errors several times greater
than the O3 being measured). Increasing humidity produced system-
atic positive errors in some types of instruments and systematic
negative errors in other instruments.

Water does not absorb the ultraviolet wavelength measured by the
detector, so humidity is not interfering by absorbing radiation. A per-
ceptive analysis of the problem led to the hypothesis that adsorption
of moisture on the inside surface of the measurement cell changed the
re�ectivity of that surface. In one type of instrument, water adsorbed
inside a quartz cell re�ects less light than dry quartz and thus increases
the amount of light lost by absorption in black paint on the outside of
the cell. This instrument produces a false, high O3 reading. Another
instrument has a highly re�ective aluminum cell coated on the inside
with polyvinylidene �uoride. Adsorption of moisture on polyvinyli-
dene �uoride reduces total internal re�ection within the coating and
increases the radiant energy reaching the detector, giving a false, low
O3 reading. These effects need not be large. A 0.03% change in light
intensity reaching the detector corresponds to an O3 change of 100
ppb. The solution to the problem was to install a length of water-
permeable tubing just before the absorption cell to equalize the
humidity in air being measured and that used to zero the instrument.

Prior to understanding the effect of humidity on O3 measure-
ment, it was known that O3 monitors often exhibit erratic behavior on
hot, humid days. It was conjectured by some people that half of the
regions deemed to be out of compliance with the O3 standard might
actually have been under the legal limit. This error could force expen-
sive remediation measures when none were required. Conversely,
there were rumors that some unscrupulous operators of O3 monitors
were aware that zeroing their instrument at night when the humidity
is higher produced lower O3 readings the next day, thereby reducing
the number of days when a region is deemed out of compliance.

Optical path of 2B Technologies Model 202 Ozone Monitor. The solenoid
alternately admits ambient air or air that has been scrubbed free of O3.
Absorbance of ultraviolet radiation from the Hg lamp is proportional to 
O3 concentration. [Diagram from www.twobtech.com/manuals/model_202_new.pdf.

Story from K. L. Wilson and J. W. Birks, �Mechanism and Elimination of a Water Vapor

Interference in the Measurement of Ozone by UV Absorbance,� Environ. Sci. Technol.
2006, 40, 6361.]
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Another systematic error arises from an uncalibrated buret. The manufacturer�s tolerance
for a Class A 50-mL buret is �0.05 mL. When you think you have delivered 29.43 mL, the
real volume could be anywhere from 29.38 to 29.48 mL and still be within tolerance. One way
to correct for an error of this type is to construct a calibration curve, such as that in Figure 3-3,
by the procedure on page 49. To do this, deliver distilled water from the buret into a �ask and
weigh it. Determine the volume of water from its mass by using Table 2-7. Figure 3-3 tells us
to apply a correction factor of �0.03 mL to the measured value of 29.43 mL. The actual
volume delivered is 29.43 � 0.03 � 29.40 mL.

A key feature of systematic error is that it is reproducible. For the buret just discussed, the
error is always �0.03 mL when the buret reading is 29.43 mL. Systematic error may always
be positive in some regions and always negative in others. With care and cleverness, you can
detect and correct a systematic error.

Random Error
Random error, also called indeterminate error, arises from uncontrolled (and maybe
uncontrollable) variables in the measurement. Random error has an equal chance of being
positive or negative. It is always present and cannot be corrected. There is random error
associated with reading a scale. Different people reading the scale in Figure 3-1 report a range
of values representing their subjective interpolation between the markings. One person reading
the same instrument several times might report several different readings. Another random
error results from electrical noise in an instrument. Positive and negative �uctuations occur
with approximately equal frequency and cannot be completely eliminated.

Precision and Accuracy
Precision describes the reproducibility of a result. If you measure a quantity several times and
the values agree closely with one another, your measurement is precise. If the values vary
widely, your measurement is not precise. Accuracy describes how close a measured value is
to the �true� value. If a known standard is available, accuracy is how close your value is to
the known value.

The U.S. National Institute of Standards and Technology and national standards laborato-
ries in other countries sell certi�ed reference materials (called Standard Reference
Materials in the U.S.), such as clinical and environmental standards and engineering materials
that you can use to test the accuracy of your analytical procedures.1 The quantity of analyte
in a reference material is certi�ed�with painstaking care�to lie in a stated range.

A measurement might be reproducible, but wrong. If you made a mistake preparing a
solution for a titration, you might do a series of reproducible titrations but report an incorrect
result because the concentration of the titrating solution was not what you intended. In this
case, precision is good but accuracy is poor. Conversely, it is possible to make poorly repro-
ducible measurements clustered around the correct value. For this case, precision is poor but
accuracy is good. An ideal procedure is both precise and accurate.

Accuracy is de�ned as nearness to the �true� value. True is in quotes because somebody
must measure the �true� value, and there is error associated with every measurement. The
�true� value is best obtained by an experienced person using a well-tested procedure. It is
desirable to test the result by using different procedures, because systematic error could lead
to poor agreement between methods. Good agreement among several methods affords us
con�dence, but never proof, that results are accurate.

Absolute and Relative Uncertainty
Absolute uncertainty expresses the margin of uncertainty associated with a measurement. If
the estimated uncertainty in reading a calibrated buret is �0.02 mL, we say that �0.02 mL is
the absolute uncertainty associated with the reading.

Relative uncertainty compares the size of the absolute uncertainty with the size of its
associated measurement. The relative uncertainty of a buret reading of 12.35 � 0.02 mL is a
dimensionless quotient:

(3-2)

 �
0.02 mL

12.35 mL
� 0.002

 Relative uncertainty �
absolute uncertainty

magnitude of measurement

Relative
uncertainty:
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Ways to detect systematic error:

1. Analyze a known sample, such as a
certi�ed reference material. Your method
should reproduce the known answer. (See
Box 14-1 for an example.)

2. Analyze blank samples containing no
analyte being sought. If you observe a
nonzero result, your method responds to
more than you intend. Section 5-1 discusses
different kinds of blanks.

3. Use different analytical methods to
measure the same quantity. If results do not
agree, there is error in one (or more) of the
methods.

4. Round robin experiment: Different people
in several laboratories analyze identical
samples by the same or different methods.
Disagreement beyond the estimated random
error is systematic error.

Random error cannot be eliminated, but it
might be reduced by a better experiment.

Precision: reproducibility

Accuracy: nearness to the �truth�

An uncertainty of �0.02 mL means that,
when the reading is 13.33 mL, the true value
could be anywhere in the range 13.31 to
13.35 mL.
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The percent relative uncertainty is simply

(3-3)

If the absolute uncertainty in reading a buret is constant at �0.02 mL, the percent relative
uncertainty is 0.2% for a volume of 10 mL and 0.1% for a volume of 20 mL.

Propagation of Uncertainty from Random Error2

We can usually estimate or measure the random error associated with a measurement, such as
the length of an object or the temperature of a solution. Uncertainty might be based on how
well we can read an instrument or on our experience with a particular method. If possible, un-
certainty will be expressed as the standard deviation of the mean or a con�dence interval,
which we discuss in Chapter 4. This section applies only to random error. We assume that sys-
tematic error has been detected and corrected.

For most experiments, we need to perform arithmetic operations on several numbers, each
of which has a random error. The most likely uncertainty in the result is not the sum of indi-
vidual errors, because some of them are likely to be positive and some negative. We expect
some cancellation of errors.

Addition and Subtraction
Suppose you wish to perform the following arithmetic, in which the experimental uncertain-
ties, designated e1, e2, and e3, are given in parentheses.

(3-4)

The arithmetic answer is 3.06. But what is the uncertainty associated with this result?
For addition and subtraction, the uncertainty in the answer is obtained from the absolute

uncertainties of the individual terms as follows:

Uncertainty in addition 
and subtraction: (3-5)

For the sum in Equation 3-4, we can write

The absolute uncertainty e4 is �0.04, and we express the answer as 3.06 � 0.04. Although
there is only one signi�cant �gure in the uncertainty, we wrote it initially as 0.041, with the
first insignificant figure subscripted. We retain one or more insignificant figures to avoid
introducing round-off errors into later calculations through the number 0.041. The insigni�cant
figure was subscripted to remind us where the last significant figure should be when we
conclude the calculations.

To �nd the percent relative uncertainty in the sum of Equation 3-4, we write

The uncertainty, 0.041, is 1.3% of the result, 3.06. The subscript 3 in 1.3% is not signi�cant.
It is sensible to drop the insigni�cant �gures now and express the �nal result as

(absolute uncertainty)

(relative uncertainty)3.06 (�1%)

3.06 (�0.04)

Percent relative uncertainty �
0.041

3.06
� 100 � 1.3%

e4 � 2(0.03)2 � (0.02)2 � (0.02)2 � 0.041

e4 � 2e2
1 � e2

2 � e2
3

 3.06 (�e4)

 � 0.59 (�0.02) d e3

 � 1.89 (�0.02) d e2

 1.76 (�0.03) d e1

3-4

 � 100 � 0.002 � 0.2%

 Percent relative uncertainty � 100 � relative uncertaintyPercent relative
uncertainty:

573-4 Propagation of Uncertainty from Random Error

Most propagation of uncertainty computations
that you will encounter deal with random
error, not systematic error. Our goal is always
to eliminate systematic error.

For addition and subtraction, use absolute
uncertainty.

For addition and subtraction, use absolute
uncertainty. Relative uncertainty can be found
at the end of the calculation.

EXAM PLE Uncertainty in a Buret Reading
The volume delivered by a buret is the difference between final and initial readings. If
the uncertainty in each reading is �0.02 mL, what is the uncertainty in the volume
delivered?

If you use a 50-mL buret, design your titration
to require 20�40 mL of reagent to produce a
small relative uncertainty of 0.1�0.05%.

In a gravimetric analysis, plan to have enough
precipitate for a low relative uncertainty. If
weighing precision is �0.3 mg, a 100-mg
precipitate has a relative weighing error of
0.3% and a 300-mg precipitate has an
uncertainty of 0.1%.
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Solution Suppose that the initial reading is 0.05 (�0.02) mL and the �nal reading is
17.88 (�0.02) mL. The volume delivered is the difference:

Regardless of the initial and �nal readings, if the uncertainty in each one is �0.02 mL, the
uncertainty in volume delivered is �0.03 mL.

Test Yourself What would be the uncertainty in volume delivered if the uncertainty in
each reading were 0.03 mL? (Answer: �0.04 mL)

e � 20.022 � 0.022 � 0.028 � 0.03 17.83 (�e)

�  0.05 (�0.02)

 17.88 (�0.02)

Multiplication and Division
For multiplication and division, �rst convert all uncertainties into percent relative uncertain-
ties. Then calculate the error of the product or quotient as follows:

Uncertainty in multiplication
(3-6)and division:

For example, consider the following operations:

First convert absolute uncertainties into percent relative uncertainties.

Then �nd the percent relative uncertainty of the answer by using Equation 3-6.

The answer is .
To convert relative uncertainty into absolute uncertainty, �nd 4.0% of the answer.

The answer is . Finally, drop the insigni�cant digits.

The denominator of the original problem, 0.59, limits the answer to two digits.

Mixed Operations
Now consider a computation containing subtraction and division:

First work out the difference in the numerator, using absolute uncertainties. Thus,

because 
Then convert into percent relative uncertainties. Thus,

because 2(3.1%)2 � (1.1%)2 � 3.3%.

1.17 (�0.036)

1.89 (�0.02)
�

1.17 (�3.1%)

1.89 (�1.1%)
� 0.6190 (�3.3%)

2(0.03)2 � (0.02)2 � 0.036.

1.76 (�0.03) � 0.59 (�0.02) � 1.17 (�0.036)

31.76 (�0.03) � 0.59 (�0.02) 4
1.89 (�0.02)

� 0.6190 � ?

 5.6 (�4%)  (relative uncertainty)

 5.6 (�0.2)  (absolute uncertainty)

5.64 (�0.23)

4.0% � 5.64 � 0.040 � 5.64 � 0.23

5.64 (�4.0%)

%e4 � 2(1.7)2 � (1.1)2 � (3.4)2 � 4.0%

1.76 (�1.7%) � 1.89 (�1.1%)

0.59 (�3.4%)
� 5.64 � e4

1.76 (�0.03) � 1.89 (�0.02)

0.59 (�0.02)
� 5.64 � e4

%e4 � 2(%e1)2 � (%e2)2 � (%e3)2
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For multiplication and division, use percent
relative uncertainty.

Advice Retain one or more extra insigni�cant
�gures until you have �nished your entire
calculation. Then round to the correct number
of digits. When storing intermediate results in
a calculator, keep all digits without rounding.

For multiplication and division, use percent
relative uncertainty. Absolute uncertainty can
be found at the end of the calculation.
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The percent relative uncertainty is , so the absolute uncertainty is 
. The �nal answer can be written as

Because the uncertainty begins in the 0.01 decimal place, it is reasonable to round the result
to the 0.01 decimal place:

The Real Rule for Signi�cant Figures
The �rst digit of the absolute uncertainty is the last signi�cant digit in the answer. For
example, in the quotient

the uncertainty (�0.000 2) occurs in the fourth decimal place. Therefore, the answer 0.094 6
is properly expressed with three signi�cant �gures, even though the original data have four
�gures. The �rst uncertain �gure of the answer is the last signi�cant �gure. The quotient

is expressed with four signi�cant �gures because the uncertainty occurs in the fourth place.
The quotient

is expressed with four figures even though the dividend and divisor each have three
figures.

Now you can appreciate why it is alright to keep one extra digit when the �rst digit of an
answer lies between 1 and 2. The quotient 82/80 is better written as 1.02 than 1.0. If the
uncertainties in 82 and 80 are in the ones place, the uncertainty is of the order of 1%, which
is in the second decimal place of 1.02. If I write 1.0, you can surmise that the uncertainty is
at least 1.0 � 0.1 � �10%, which is much larger than the actual uncertainty.

0.821 (�0.002)

0.803 (�0.002)
� 1.022 (�0.004)

0.002 664 (�0.000 003)

0.025 00 (�0.000 05)
� 0.106 6 (�0.000 2)

0.002 364 (�0.000 003)

0.025 00 (�0.000 05)
� 0.094 6 (�0.000 2)

 0.62 (�3%)   (relative uncertainty)

 0.62 (�0.02)  (absolute uncertainty)

 0.619 (�3.3%)  (relative uncertainty)

 0.619 (�0.020)  (absolute uncertainty)

0.020

0.033 � 0.6190 �3.3%

593-4 Propagation of Uncertainty from Random Error

The result of a calculation ought to be written
in a manner consistent with its uncertainty.

The real rule: The �rst uncertain �gure is the
last signi�cant �gure.

In multiplication and division, keep an extra
digit when the answer lies between 1 and 2.

EXAM PLE Signi�cant Figures in Laboratory Work

You prepared a 0.250 M NH3 solution by diluting 8.45 (�0.04) mL of 28.0 (�0.5) wt%
NH3 [density � 0.899 (�0.003) g/mL] up to 500.0 (�0.2) mL. Find the uncertainty in
0.250 M. The molecular mass of NH3, 17.030 5 g/mol, has negligible uncertainty relative
to other uncertainties in this problem.

Solution To �nd the uncertainty in molarity, we need to �nd the uncertainty in moles
delivered to the 500-mL �ask. The concentrated reagent contains 0.899 (�0.003) g of
solution per milliliter. Weight percent tells us that the reagent contains 0.280 (�0.005) g of
NH3 per gram of solution. In our calculations, we retain extra insigni�cant digits and round
off only at the end.

Grams of NH3 per mL
in concentrated reagent

because 2(0.334%)2 � (1.79%)2 � 1.82%.

 � 0.251 7 (�1.82%) 
g NH3

mL

 � 0.899 (�0.334%) 
g solution

mL
� 0.280 (�1.79%) 

g NH3

g solution

 � 0.899 (�0.003) 
g solution

mL
� 0.280 (�0.005) 

g NH3

g solution

Convert absolute uncertainty into percent
relative uncertainty for multiplication.
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Keeling�s Exquisitely Precise Measurement of CO2BOX 3-2

Atmospheric CO2 measurements on Mauna Loa, introduced in
Section 0-1, are made several times per hour by infrared absorption
(Box 19-3). Accuracy depends on calibration gases consisting of
CO2 in dry N2 or dry air. Calibration gas is measured at Scripps
Institution of Oceanography by extremely careful manometry in
which temperature, pressure, and volume of CO2 in the gas are
measured to �nd the number of moles of gas.

The diagram depicts the principle of the measurement. Calibration
gas, passed through Dry Ice traps to freeze out traces of H2O, goes to a
chamber in panel a whose volume is 5.013 82 � 0.000 5 L and whose
temperature and pressure are measured. Pressure is measured within
�0.02 mm Hg by the difference in the level of Hg on either side of a 
U-tube. Mercury height is read with a cathetometer, which is a telescope
mounted on a precision threaded shaft. The shaft is rotated to move
the telescope up or down until the top of the Hg meniscus is centered in
the cross hairs. Height is indicated by the number of turns of the shaft.

In panel a, CO2 from the 5-L volume of calibration gas is quan-
titatively (completely) collected by freezing onto the inside wall of
the manometer with liquid N2 (77 K). Gas that does not freeze is
pumped out through stopcocks 1 and 2. With CO2 frozen in the
evacuated chamber, N2 is admitted through stopcock 3 so that Hg
rises and seals off port 1.

In panel b, CO2 has warmed to room temperature. Pressure in
the Hg reservoir is adjusted to bring the level of Hg exactly to the tip
of the glass pointer in the inset. The previously measured volume
above the tip of the pointer is 3.793 0 � 0.000 9 mL. Pressure inside
this volume is the difference in height between the Hg columns,
labeled �P in panel b. From pressure, temperature, and volume,
moles of CO2 can be calculated.

The ideal gas law does not provide enough accuracy, so the virial
equation is used:

Virial equation of state: PVm � RT  a1 �
B

Vm
�

C

V2
m

� . . .b

where P is pressure, R is the gas constant, T is temperature (K),
and Vm is the volume of 1 mol of gas. B is the second virial coef-
ficient and C is the third virial coefficient. If the coefficients were
zero, the virial equation would be identical to the ideal gas law.
Virial coefficients are known as a function of temperature. The
coefficient B alone provides sufficient accuracy for measuring
CO2 in air.

Air contains 0.3 ppm of N2O, which condenses with CO2 and
interferes with the measurement. The ratio N2O/CO2 in air is mea-
sured by gas chromatography and the N2O is subtracted from the
sum of CO2 � N2O measured in the manometer.

To measure the 5.013 82-L volume in panel a, a 4-L �ask that
can be closed with a vacuum stopcock is weighed empty and
weighed again �lled with water. Both weights are corrected for
buoyancy. From the mass of water and the temperature, the �ask�s
volume is computed. The calibrated 4-L �ask is then �lled with CO2

at known pressure and temperature. The CO2 is quantitatively trans-
ferred to the 5-L compartment and pressure and temperature are
measured. From the pressure and temperature of this known quan-
tity of gas, the volume of the 5-L compartment is calculated. By a
similar procedure, the volume of the 3.793 0-mL compartment is
measured by transferring CO2 from an external 2-mL volume. The
volume of the 2-mL vessel is measured by weighing it empty and
weighing it �lled with mercury. Measurements conducted over
many years have a standard deviation of 0.010% for the 5-L volume
and 0.025% for the 4-mL volume.

The 0.025% random error in measuring the 4-mL volume limits
the precision of measuring CO2 in air to 0.025%, or about 0.1 ppm
for CO2 levels of 400 ppm. To estimate systematic error, CO2 in a
calibration standard was measured by two different methods at
Scripps and, independently, at the National Oceanographic and
Atmospheric Administration. The three measurements agreed
within 0.2 ppm CO2.

Vacuum
or N2
pressure

Stopcock 3

(a) (b)

Stopcock 2

Stopcock 1

Port 1

Liquid
N2

5.013 8 L
dry
calibration
gas at
known
T, P, V

Condense CO2 from
known (~5 L) volume
of air into manometer

Measure pressure and
temperature of CO2 (g) in
known volume (~4 mL)

Frozen
CO2

CO2
gas

Glass
pointer
marks
calibrated
volume

Vacuum Vacuum

Calibrated
volume
3.793 0 mL

Thermometer
(+0.01 K)�

�P (mm Hg)
(+0.02 mm)�

Hg
reservoir
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Next, we �nd the moles of ammonia contained in 8.45 (�0.04) mL of concentrated
reagent. The relative uncertainty in volume is 0.04/8.45 � 0.473%.

because 
This much ammonia was diluted to 0.500 0 (�0.000 2) L. The relative uncertainty in

the �nal volume is 0.000 2/0.500 0 � 0.04%. The molarity is

because The absolute uncertainty is 1.88% of
0.249 8 M � 0.004 7 M. The uncertainty in molarity is in the third decimal place, so our
�nal, rounded answer is

Test Yourself Find the uncertainty in [NH3] if the starting reagent is 28.0 (�0.7) wt%
NH3. (Answer: 0.250 (�0.006) M)

3NH3 4 � 0.250 (�0.005) M

2(1.88%)2 � (0.04%)2 � 1.88%.

 � 0.249 8 (�1.88%) M

 
mol NH3

L
�

0.124 9 (�1.88%) mol

0.500 0 (�0.04%) L

2(1.82%)2 � (0.473%)2 � (0%)2 � 1.88%.

 � 0.124 9 (�1.88%) mol

 mol NH3 �
0.251 7 (�1.82%) 

g NH3

mL
� 8.45 (�0.473%) mL

17.030 5 (�0%) 
g NH3

mol

Box 3-2 describes measurements of CO2

standards by Charles David Keeling for
atmospheric CO2 measurements. You should
appreciate how precisely pressure, volume,
and temperature had to be measured for an
overall precision of 1 part in 4 000 (0.025%).

3-4 Propagation of Uncertainty from Random Error

To calculate a power or root on your
calculator, use the yx button. For example, to
�nd a cube root ( y1/3), raise y to the 
0.333 333 333 . . . power with the y x button.
In Excel, y x is y^x. The cube root is y^(1/3).

Use relative uncertainty (ex/x), not percent
relative uncertainty [100 � (ex/x)], in
calculations involving log x, ln x, 10x, and ex.

In Excel, the base 10 logarithm is log(x). The
natural logarithm is ln(x). The expression 10x

is 10^x and the expression ex is exp(x).

Exponents and Logarithms
For the function , the percent relative uncertainty in is equal to a times the
percent relative uncertainty in :

Uncertainty for
powers and roots:

(3-7)

For example, if a 2% uncertainty in x will yield a uncertainty(1
2)(2%) � 1%y � 1x � x1/2,

y � xa 1  %ey � a(%ex)

x (%ex)
y (%ey)y � xa

in y. If y � x2, a 3% uncertainty in x leads to a (2)(3%) � 6% uncertainty in y.
If y is the base 10 logarithm of x, then the absolute uncertainty in y (ey) is proportional to

the relative uncertainty in x, which is ex/x:

Uncertainty for

logarithm: (3-8)

You should not work with percent relative uncertainty [100 � (ex/x)] in calculations with logs
and antilogs, because one side of Equation 3-8 has relative uncertainty and the other has
absolute uncertainty.

The natural logarithm (ln) of x is the number y, whose value is such that x � e y, where
e (� 2.718 28 . . .) is called the base of the natural logarithm. The absolute uncertainty in y is
equal to the relative uncertainty in x.

Uncertainty for 
natural logarithm:

(3-9)

Now consider y � antilog x, which is the same as saying y � 10x. In this case, the relative
uncertainty in y is proportional to the absolute uncertainty in x.

Uncertainty 
for 10x:

(3-10)

If y � ex, the relative uncertainty in y equals the absolute uncertainty in x.

Uncertainty for e x: (3-11)

Table 3-1 summarizes rules for propagation of uncertainty. You need not memorize the
rules for exponents, logs, and antilogs, but you should be able to use them.

y � ex 1  
ey

y
� ex

y � 10x 1  
ey

y
� (ln 10)ex � 2.302 6 ex

y � ln x 1  ey �
ex

x

y � log x 1  ey �
1

ln 10
 
ex

x
� 0.434 29 

ex

x

Appendix C gives a general rule for propagation
of random uncertainty for any function.
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Propagation of Uncertainty from Systematic Error
Systematic error occurs in some common situations and is treated differently from random
error in arithmetic operations. We will look at examples of systematic error in molecular mass
and volumetric glassware.3

Uncertainty in Atomic Mass: The Rectangular Distribution
The periodic table inside the cover of this book gives the atomic mass of oxygen as 15.999 4 �
0.000 3 g/mol. The uncertainty is not mainly from random error in measuring the atomic
mass. The uncertainty is predominantly from isotopic variation in samples of oxygen from
different sources. That is, oxygen from one source could have a mean atomic mass of 15.999 1
and oxygen from another source could have an atomic mass of 15.999 7. The atomic mass of
oxygen in a particular lot of reagent has a systematic uncertainty. It could be relatively con-
stant at 15.999 7 or 15.999 1, or any value in between, with only a small random variation
around the mean value.

3-5

EXAM PLE Uncertainty in H� Concentration

Consider the function pH � �log[H�], where [H�] is the molarity of H�. For pH � 5.21
� 0.03, �nd [H�] and its uncertainty.

Solution First solve the equation pH � �log[H�] for [H�]: Whenever a � b, then 
10a � 10b. If pH � �log[H�], then log[H�] � �pH and � 10�pH. But 

� [H�]. We therefore need to �nd the uncertainty in the equation

In Table 3-1, the relevant function is y � 10x, in which y � [H�] and x � �(5.21 � 0.03).
For y � 10x, the table tells us that ey/y� 2.302 6 ex.

(3-12)

The relative uncertainty in y (� ey/y) is 0.069 1. Inserting the value y � 10�5.21 � 6.17 �
10�6 into Equation 3-12 gives the answer:

The concentration of H� is 6.17 (�0.426) � 10�6 � 6.2 (�0.4) � 10�6 M. An uncertainty
of 0.03 in pH gives an uncertainty of 7% in [H�]. Notice that extra digits were retained in
the intermediate results and were not rounded off until the �nal answer.

Test Yourself If uncertainty in pH is doubled to �0.06, what is the relative uncertainty
in [H�]? (Answer: 14%)

ey

y
�

ey

6.17 � 10�6
� 0.069 1 1  ey � 4.26 � 10�7

ey

y
� 2.302 6 ex � (2.302 6)(0.03) � 0.069 1

3H� 4 � 10�pH � 10�(5.21�0.03)

10log[H�]
10log[H�]

TABLE 3-1 Summary of rules for propagation of uncertainty

Function Uncertainty Functiona Uncertaintyb

ey

y
� exy � ex

ey

y
� (ln 10)ex � 2.302 6 exy � 10x%ey � 2%e2

x1
� %e2

x2
y �

x1

x2

ey �
ex

x
y � ln x%ey � 2%e2

x1
� %e2

x2
y � x1 � x2

ey �
1

ln 10
 
ex

x
� 0.434 29 

ex

x
y � log xey � 2e2

x1
� e2

x2
y � x1 � x2

%ey � a%exy � xaey � 2e2
x1

� e2
x2

y � x1 � x2

a. x represents a variable and a represents a constant that has no uncertainty.

b. ex/x is the relative error in x and %ex is 100 � ex/x.

[H� ] � 10� pH

10 
log[H�] � 10� pH

log [H� ] � � pH

� log [H� ] �  pH
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633-5 Propagation of Uncertainty from Systematic Error

Oxygen atomic mass from different sources approximates a rectangular distribution
(Figure 3-4). There is approximately equal probability of �nding any atomic mass between
15.999 1 and 15.999 7 and negligible probability of �nding an atomic mass outside of this
range. We call the mean value and the range on either side of the mean

. The standard deviation (de�ned in Section 4-1) for this distribution, also
called the standard uncertainty, is . The standard
deviation is used as a measure of the uncertainty in atomic mass.

Uncertainty in Molecular Mass
What is the uncertainty in molecular mass of O2? If the mass of each oxygen atom were at the
upper limit of the standard uncertainty range in Figure 3-4 (15.999 57), the mass of O2 is 2 �
15.999 57 � 31.999 14 g/mol. If the mass of each oxygen atom were at the lower limit of the
standard uncertainty range (15.999 23), the mass of O2 is 2 � 15.999 23 � 31.998 46 g/mol.
The mass of O2 is somewhere in the range 31.998 8 � 0.000 34. The uncertainty of the mass
of n atoms is n � (standard uncertainty of one atom) � 2 � (�0.000 17) � �0.000 34. The
uncertainty is not . For systematic uncertainty, we
add the uncertainties of each term in a sum or difference.

Now let�s �nd the standard uncertainty in molecular mass of C2H4. Uncertainties in the
periodic table are 0.000 8 g/mol for carbon and 0.000 07 g/mol for hydrogen. To �nd the
standard uncertainties, divide these uncertainties by :

Uncertainties in the masses of the atoms in C2H4 are obtained by multiplying the standard
uncertainties by the number of atoms of each type:

(3-13)

For the uncertainty in the sum of the masses of 2C � 4H, we use Equation 3-5, which applies
to random error, because the uncertainties in the masses of C and H are independent of each
other. One might be positive and one might be negative. So the molecular mass of C2H4 is

In the last step, we rounded off so that the last signi�cant digit is the �rst uncertain digit.

Multiple Deliveries from One Pipet: The Triangular Distribution
A 25-mL Class A volumetric pipet is certified by the manufacturer to deliver 25.00 �
0.03 mL. The volume delivered by a given pipet is reproducible but can be in the range 24.97
to 25.03 mL. However, the pipet manufacturer works hard to make the volume close to
25.00 mL. In such case, we approximate the volumes of a large number of pipets by the
triangular distribution in Figure 3-5. There is highest probability that the pipet will deliver

28.053 2 � 0.000 9 g/mol

28.053 16 � 0.000 93

28.053 16 � 20.000 922 � 0.000 162

28.053 16 � ?

4H: 4(1.007 94 � 0.000 040) � 4.031 76 � 0.000 16 d 4 � 0.000 040

2C: 2(12.010 7 � 0.000 46) � 24.021 4 � 0.000 92 d 2 � 0.000 46

Atomic mass of H � 1.007 94 � 0.000 07/ 13 � 1.007 94 � 0.000 040

Atomic mass of C � 12.010 7 � 0.000 8/ 13 � 12.010 7 � 0.000 46

13

�20.000 172 � 0.000 172 � �0.000 24

�a/ 13 � �0.000 3/ 13 � �0.000 17
a (� 0.000 3)

x (� 15.999 4)
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15.999 1 15.999 715.999 4

Standard uncertainty
= x � a/�3

x � a

15.999 23 15.999 57

Mass (g)

� x + a

a

�x�x � a/�3�

�

x + a/�3�

+
FIGURE 3-4 Rectangular distribution for
atomic mass. The standard uncertainty interval
(standard deviation) shown in color is equal to
the uncertainty given in the periodic table divided
by . The atomic mass of oxygen in the periodic
table is 15.999 4 � 0.000 3. The standard
uncertainty is .�0.000 3	13 � �0.000 17

13

Propagation of systematic uncertainty:

Uncertainty in mass of n identical atoms

� n � (standard uncertainty in atomic mass)

� n � (uncertainty listed in periodic
table)/13

Use the rule for propagation of random
uncertainty for the sum of atomic masses of
different elements because uncertainties for
different elements are independent.
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25.00 mL. The probability falls off approximately in a linear manner as the volume deviates
from 25.00 mL. There is negligible probability that a volume outside of 25.00 � 0.03 mL
will be delivered. The standard uncertainty (standard deviation) in the triangular distribution
is .

If you use an uncalibrated 25-mL Class A volumetric pipet four times to deliver a
total of 100 mL, what is the uncertainty in 100 mL? The uncertainty is a systematic 
error, so the uncertainty in four pipet volumes is like the uncertainty in the mass of 
4 mol of oxygen: The standard uncertainty is �4 � 0.012 � �0.048 mL, not 

.
The difference between 25.00 mL and the actual volume delivered by a particular pipet is

a systematic error. It is always the same, within a small random error. You could calibrate a
pipet by weighing the water it delivers, as in Section 2-9. Calibration eliminates systematic
error, because we would know that the pipet always delivers, say, 24.991 � 0.006 mL. The
uncertainty (�0.006 mL) is random error.

Calibration improves certainty by removing systematic error. If a calibrated pipet delivers
a mean volume of 24.991 mL with a standard uncertainty of �0.006 mL, and you deliver four
aliquots, the volume delivered is 4 � 24.991 � 99.964 mL and the uncertainty is

. For an uncalibrated pipet, the
uncertainty is �0.048 mL.

 Uncalibrated pipet volume � 100.00 � 0.05 mL

 Calibrated pipet volume � 99.964 � 0.012 mL

�20.0062 � 0.0062 � 0.0062 � 0.0062 � �0.012 mL

�20.0122 � 0.0122 � 0.0122 � 0.0122 � �0.024 mL

�a/ 16 � �0.03/ 16 � �0.012 mL
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Volume (mL)
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FIGURE 3-5 Triangular distribution for
volumetric glassware including volumetric �asks
and transfer pipets. The standard uncertainty
interval (standard deviation) shown in color is

. a/ 16

0.006 mL is the standard deviation (de�ned in
Chapter 4) measured for multiple deliveries of
water.

absolute uncertainty
accuracy
antilogarithm
certi�ed reference material

characteristic
determinate error
indeterminate error
logarithm

mantissa
natural logarithm
precision
random error

relative uncertainty
signi�cant �gure
systematic error

Terms to Understand

Summary
The number of significant digits in a number is the minimum
required to write the number in scientific notation. The first
uncertain digit is the last significant figure. In addition and sub-
traction, the last significant figure is determined by the number
with the fewest decimal places (when all exponents are equal). In
multiplication and division, the number of figures is usually lim-
ited by the factor with the smallest number of digits. The number
of figures in the mantissa of the logarithm of a quantity should
equal the number of significant figures in the quantity. Random
(indeterminate) error affects the precision (reproducibility) of a
result, whereas systematic (determinate) error affects the accu-
racy (nearness to the �true� value). Systematic error can be
discovered and eliminated by a clever person, but some random
error is always present. We must strive to eliminate systematic

errors in all measurements. For random errors, propagation of
uncertainty in addition and subtraction requires absolute uncer-
tainties , whereas multiplication and division(e3 � 2e2

1 � e2
2)

utilize relative uncertainties . Other rules
for propagation of random error are found in Table 3-1. Always
retain more digits than necessary during a calculation and round
off to the appropriate number of digits at the end. Systematic
error in the mass on n atoms of one element is n times the stan-
dard uncertainty in mass of that element. For a rectangular distri-
bution of atomic mass, standard uncertainty in atomic mass is 
the uncertainty listed in the periodic table divided by .
Uncertainty in the mass of a molecule with several elements is
computed from the sum of squares of the systematic uncertainty
for each element.

13

(%e3 � 2%e1
2 � %e2

2)
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Exercises
of solution. If the uncertainty that can be tolerated in 0.050 0 mol is
�2%, how big can the absolute uncertainty in 4.18 mL be?
(Caution: In this problem, you have to work backward. You would
normally compute the uncertainty in mol HCl from the uncertainty
in volume:

But, in this case, we know the uncertainty in mol HCl (2%) and we
need to �nd what uncertainty in mL solution leads to that 2% uncer-
tainty. The arithmetic has the form , for which

. If we know %ea, %ec, and %ed, we can
�nd %eb by subtraction: .)

3-D. Compute the molecular mass and its standard uncertainty
for NH3. What is the percent relative uncertainty in molecular
mass?

%e2
b � %e2

a � %e2
c � %e2

d

%e2
a � %e2

b � %e2
c � %e2

d

a � b � c � d

mol HCl �
mL solution �

g solution

mL solution
�

g HCl

g solution

g HCl

mol HCl

3-A. Write each answer with a reasonable number of �gures. Find
the absolute and percent relative uncertainty for each answer.

(a) [12.41 (�0.09) � 4.16 (�0.01)] � 7.068 2 (�0.000 4) � ?

(b) [3.26 (�0.10) � 8.47 (�0.05)] � 0.18 (�0.06) � ?

(c) 6.843 (�0.008) � 104 � [2.09 (�0.04) � 1.63 (�0.01)] � ?

(d)
(e) (3.24 � 0.08)4 � ?

(f) log (3.24 � 0.08) � ?

(g) 103.24 � 0.08 � ?

3-B. (a) How many milliliters of 53.4 (�0.4) wt% NaOH with a
density of 1.52 (�0.01) g/mL will you need to prepare 2.000 L of
0.169 M NaOH?

(b) If the uncertainty in delivering NaOH is �0.01 mL, calculate the
absolute uncertainty in the molarity (0.169 M). Assume there is neg-
ligible uncertainty in the formula mass of NaOH and in the �nal vol-
ume (2.000 L).

3-C. We have a 37.0 (�0.5) wt% HCl solution with a density of
1.18 (�0.01) g/mL. To deliver 0.050 0 mol of HCl requires 4.18 mL

13.24 � 0.08 � ?

Problems
Signi�cant Figures

3-1. How many signi�cant �gures are there in the following numbers?

(a) 1.903 0 (b) 0.039 10 (c) 1.40 � 104

3-2. Round each number as indicated:

(a) 1.236 7 to 4 signi�cant �gures

(b) 1.238 4 to 4 signi�cant �gures

(c) 0.135 2 to 3 signi�cant �gures

(d) 2.051 to 2 signi�cant �gures

(e) 2.005 0 to 3 signi�cant �gures

3-3. Round each number to three signi�cant �gures:

(a) 0.216 74 (b) 0.216 5 (c) 0.216 500 3

3-4. Vernier scale. The figure below shows a scale found on
instruments such as a micrometer caliper used for accurately
measuring dimensions of objects. The lower scale slides along the
upper scale and is used to interpolate between the markings on the
upper scale. In (a), the reading (at the left-hand 0 of the lower

scale) is between 1.4 and 1.5 on the upper scale. To find the exact
reading, observe which mark on the lower scale is aligned with a
mark on the upper scale. Because the 6 on the lower scale is
aligned with the upper scale, the correct reading is 1.46. Write the
correct readings in (b) and (c) and indicate how many significant
figures are in each reading.

3-5. Write each answer with the correct number of digits.

(a) 1.021 � 2.69 � 3.711

(b) 12.3 � 1.63 � 10.67

(c) 4.34 � 9.2 � 39.928

(d) 0.060 2 � (2.113 � 104) � 2.849 03 � 10�6

(e) log(4.218 � 1012) � ?

(f) antilog (�3.22) � ?

(g) 102.384 � ?

3-6. Write the formula mass of (a) BaF2 and (b) C6H4O4 with a
reasonable number of digits. Use the periodic table inside the cover
of this book to �nd atomic masses.

Problems

0 1 2 3 4 5

0 1 2 3 4 5

0 1 2 3 4 5

0 1 2 3 4 5 6 7 8 9 0

0 1 2 3 4 5 6 7 8 9 0

0 1 2 3 4 5 6 7 8 9 0

Reading
(1.46 mm)

Digit 6 on lower scale aligned 
with marking on upper scale

(a)

(b)

(c)

Figure for Problem 3-4.
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select the Scale tab. Set �Value (x) axis crosses at� to �0.04. Click
OK and your graph should look like Figure 3-3.

Volume (mL) Correction (mL)

0.03 0.00
10.04 0.04
20.03 0.02
29.98 �0.03
40.00 0.00
49.97 0.03

Types of Error

3-9. Why do we use quotation marks around the word true in the
statement that accuracy refers to how close a measured value is to
the �true� value?

3-10. Explain the difference between systematic and random error.

3-11. Suppose that in a gravimetric analysis, you forget to dry the
�lter crucibles before collecting precipitate. After �ltering the prod-
uct, you dry the product and crucible thoroughly before weighing
them. Is the apparent mass of product always high or always low? Is
the error in mass systematic or random?

3-12. State whether the errors in (a)�(d) are random or systematic:

(a) A 25-mL transfer pipet consistently delivers 25.031 � 0.009 mL.

(b) A 10-mL buret consistently delivers 1.98 � 0.01 mL when
drained from exactly 0 to exactly 2 mL and consistently delivers
2.03 mL � 0.02 mL when drained from 2 to 4 mL.

(c) A 10-mL buret delivered 1.983 9 g of water when drained from
exactly 0.00 to 2.00 mL. The next time I delivered water from the
0.00 to the 2.00 mL mark, the delivered mass was 1.990 0 g.

(d) Four consecutive 20.0-
L injections of a solution into a chro-
matograph were made and the area of a particular peak was 4 383,
4 410, 4 401, and 4 390 units.

3-13. Cheryl, Cynthia, Carmen, and Chastity shot the targets
below at Girl Scout camp. Match each target with the proper
description.

(a) accurate and precise

(b) accurate but not precise

(c) precise but not accurate

(d) neither precise nor accurate

3-14. Rewrite the number 3.123 56 (�0.167 89%) in the forms
(a) number (� absolute uncertainty) and (b) number (� percent
relative uncertainty) with an appropriate number of digits.

3-7. Write each answer with the correct number of significant
figures.

(a) 1.0 � 2.1 � 3.4 � 5.8 � 12.300 0

(b) 106.9 � 31.4 � 75.500 0

(c) 107.868 � (2.113 � 102) � (5.623 � 103) � 5 519.568

(d) (26.14/37.62) � 4.38 � 3.043 413

(e) (26.14/(37.62 � 108)) � (4.38 � 10�2) � 3.043 413 � 10�10

(f) (26.14/3.38) � 4.2 � 11.933 7

(g) log(3.98 � 104) � 4.599 9

(h) 10�6.31 � 4.897 79 � 10�7

3-8. Controlling the appearance of a graph. Figure 3-3
requires gridlines to read buret corrections. In this exercise, you
will format a graph so that it looks like Figure 3-3. Follow the pro-
cedure in Section 2-11 to graph the data in the following table. For
Excel 2007, insert a Chart of the type Scatter with data points con-
nected by straight lines. Delete the legend and title. With Chart
Tools, Layout, Axis Titles, add labels for both axes. Click any num-
ber on the abscissa (x-axis) and go to Chart Tools, Format. In
Format Selection, Axis Options, choose Minimum � 0, Maximum
� 50, Major unit � 10, and Minor unit � 1. In Format Selection,
Number, choose Number and set Decimal places � 0. In a similar
manner, set the ordinate (y-axis) to run from �0.04 to �0.05 with
a Major unit of 0.02 and a Minor unit of 0.01. To display gridlines,
go to Chart Tools, Layout, and Gridlines. For Primary Horizontal
Gridlines, select Major & Minor Gridlines. For Primary Vertical
Gridlines, select Major & Minor Gridlines. To move x-axis labels
from the middle of the chart to the bottom, click a number on the
y-axis (not the x-axis) and select Chart Tools, Layout, Format
Selection. In Axis Options, choose Horizontal axis crosses Axis
value and type in �0.04. Close the Format Axis window and your
graph should look like Figure 3-3.

For earlier versions of Excel, select Chart Type XY (Scatter)
showing data points connected by straight lines. Double click the
x-axis and select the Scale tab. Set Minimum � 0, Maximum � 50,
Major unit � 10, and Minor unit � 1. Select the Number tab and
highlight Number. Set Decimal places � 0. In a similar manner, set
the ordinate to run from �0.04 to �0.05 with a Major unit of 0.02
and a Minor unit of 0.01, as in Figure 3-3. The spreadsheet might
overrule you. Continue to reset the limits you want and click OK
each time until the graph looks the way you intend. To add gridlines,
click inside the graph, go to the Chart menu and select Chart
Options. Select the Gridlines tab and check both sets of Major grid-
lines and Minor gridlines and click OK. In Chart Options, select the
Legend tab and deselect Show legend. To move x-axis numbers to
the bottom of the chart, double click the y-axis (not the x-axis) and
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Figure for Problem 3-13.
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Propagation of Uncertainty

3-15. Find the absolute and percent relative uncertainty and
express each answer with a reasonable number of significant
figures.

(a) 6.2 (�0.2) � 4.1 (�0.1) � ?

(b) 9.43 (�0.05) � 0.016 (�0.001) � ?

(c) [6.2 (�0.2) � 4.1 (�0.1)] � 9.43 (�0.05) � ?

(d) 9.43 (�0.05) � {[6.2 (�0.2) � 10�3] � [4.1 (�0.1) � 10�3]} � ?

3-16. Find the absolute and percent relative uncertainty and express
each answer with a reasonable number of signi�cant �gures.

(a) 9.23 (�0.03) � 4.21 (�0.02) � 3.26 (�0.06) � ?

(b) 91.3 (�1.0) � 40.3 (�0.2)�21.1 (�0.2) � ?

(c) [4.97 (�0.05) � 1.86 (�0.01)]�21.1 (�0.2) � ?

(d) 2.016 4 (�0.000 8) � 1.233 (�0.002) � 4.61 (�0.01) � ?

(e) 2.016 4 (�0.000 8) � 103 � 1.233 (�0.002) � 102 �
4.61 (�0.01) � 101 � ?

(f) [3.14 (�0.05)]1/3 � ?

(g) log[3.14 (�0.05)] � ?

3-17. Verify the following calculations:

(a)
(b) log[3.141 5 (�0.001 1)] � 0.497 14 (�0.000 15)

(c) antilog[3.141 5 (�0.001 1)] � 1.3852 (�0.0035) � 103

(d) ln[3.141 5 (�0.001 1)] � 1.144 70 (�0.000 35)

(e)

3-18. (a) Show that the formula mass of NaCl is 58.443 (�0.0012)
g/mol.

(b) To prepare a solution of NaCl, you weigh out 2.634 (�0.002) g
and dissolve it in a volumetric �ask whose volume is 100.00
(�0.08) mL. Express the molarity of the solution, along with its
uncertainty, with an appropriate number of digits.

3-19. What is the true mass of water weighed at 24�C in the air if
the apparent mass is 1.034 6 � 0.000 2 g? The density of air 
is 0.001 2 � 0.000 1 g/mL and the density of balance weights
is 8.0 � 0.5 g/mL. The uncertainty in the density of water in
Table 2-7 is negligible in comparison to the uncertainty in the
density of air.

log a
20.104(�0.006)

0.051 1(�0.000 9)
b � 0.800 (�0.015)

23.141 5(�0.001 1) � 1.772 43 (�0.000 31)

3-20. Twelve dietary iron tablets were analyzed by the gravimetric
procedure in Section 1-4 and the �nal mass of Fe2O3 (FM 159.688)
was 0.2774 � 0.0018 g. Find the average mass of Fe per tablet.
(Relative uncertainties in atomic masses are small compared with
relative uncertainty in the mass of Fe2O3. Neglect uncertainties in
atomic masses in this problem.)

3-21. We can measure the concentration of HCl solution by reaction
with pure sodium carbonate: 2H� � Na2CO3 n 2Na� � H2O �
CO2. Complete reaction with 0.967 4 � 0.000 9 g of Na2CO3 (FM
105.988 4 � 0.000 7) required 27.35 � 0.04 mL of HCl. Find the
molarity of the HCl and its absolute uncertainty.

3-22. Avogadro�s number can be computed from the following
measured properties of pure crystalline silicon:4 (1) atomic mass
(obtained from the mass and abundance of each isotope), (2) density
of the crystal, (3) size of the unit cell (the smallest repeating unit in
the crystal), and (4) number of atoms in the unit cell. For silicon, 
the mass is mSi � 28.085 384 2 (35) g/mol, where 35 is the uncer-
tainty (standard deviation) in the last two digits. The density is 
� � 2.329 031 9 (18) g/cm3, the size of the cubic unit cell is 
c0 � 5.431 020 36 (33) � 10�8 cm, and there are 8 atoms per unit
cell. Avogadro�s number is computed from the equation

From the measured properties and their uncertainties, compute
Avogadro�s number and its uncertainty. To �nd the uncertainty of ,
use the function y � xa in Table 3-1.

3-23. Express the molecular mass (�uncertainty) of C9H9O6N3 with
the correct number of signi�cant �gures.

3-24. Estimating uncertainty in Keeling�s CO2 measurements. The
manometer in Box 3-2 has the following key uncertainties:

Volume of large vessel: 5.013 82 � 0.000 5 L
Volume of small vessel: 3.793 0 � 0.000 9 mL
Pressure: �0.03 mm Hg in ~400 mm Hg
Temperature: �0.03 K in ~300 K

Which factor has the largest percent relative uncertainty? If one
uncertainty is suf�ciently larger than the others, then the uncertainty
in measuring CO2 is governed by that factor. Considering just the most
uncertain factor, estimate the uncertainty in 400 ppm CO2 in air.

c3
0

NA �
mSi

(�c3
0)/8

Problems
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IS MY RED BLOOD CELL COUNT HIGH TODAY?

Statistics

All measurements contain experimental error, so it is never possible to be completely certain
of a result. Nevertheless, we often seek the answers to questions such as �Is my red blood cell
count today higher than usual?� If today�s count is twice as high as usual, it is probably truly
higher than normal. But what if the �high� count is not excessively above �normal� counts?

Count on �normal� days Today�s count

5.1
5.3
4.8 � 106 cells/�L 5.6 � 106 cells/�L
5.4
5.2
Average � 5.16

The number 5.6 is higher than the five normal values, but the random variation in normal
values might lead us to expect that 5.6 will be observed on some �normal� days.

We will learn in Section 4-3 that there is only a 1.3% random chance of observing a value
as far from the average as 5.6 on a �normal� day. It is still up to you to decide what to do with
this information.

Red blood cells, also called erythrocytes,
transport oxygen bound to the protein
hemoglobin. [Susumu Nishinaga/Photo

Researchers.]

We say that the variation in experimental data
is normally distributed when replicate
measurements exhibit the bell-shaped
distribution in Figure 4-1. It is equally
probable that a measurement will be higher
or lower than the mean. The probability of
observing any value decreases as its distance
from the mean increases.

Experimental measurements always contain some variability, so no conclusion can be
drawn with certainty. Statistics gives us tools to accept conclusions that have a high

probability of being correct and to reject conclusions that do not.1

Gaussian Distribution
If an experiment is repeated a great many times and if the errors are purely random, then the
results tend to cluster symmetrically about the average value (Figure 4-1). The more times the
experiment is repeated, the more closely the results approach an ideal smooth curve called
the Gaussian distribution. In general, we cannot make so many measurements in a lab
experiment. We are more likely to repeat an experiment 3 to 5 times than 2 000 times. However,
from the small set of results, we can estimate parameters that describe the large set. We can
then make estimates of statistical behavior from the small number of measurements.

4-1

CHAPTER 4 Statistics
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Mean Value and Standard Deviation
In the hypothetical case in Figure 4-1, a manufacturer tested the lifetimes of 4 768 electric
light bulbs. The bar graph shows the number of bulbs with a lifetime in each 20-h interval.
Lifetimes approximate a Gaussian distribution because variations in the construction of light
bulbs, such as �lament thickness and quality of attachments, are random. The smooth curve
is the Gaussian distribution that best �ts the data. Any �nite set of data will vary somewhat
from the Gaussian curve.

Light bulb lifetimes, and the corresponding Gaussian curve, are characterized by two
parameters. The arithmetic mean, �also called the average�is the sum of the measured
values divided by n, the number of measurements:

Mean: (4-1)

where xi is the lifetime of an individual bulb. The Greek capital sigma, , means summation:
. In Figure 4-1, the mean value is 845.2 h.

The standard deviation, s, measures how closely the data are clustered about the mean.
The smaller the standard deviation, the more closely the data are clustered about the mean
(Figure 4-2).

Standard deviation:
(4-2)

In Figure 4-1, s � 94.2 h. A set of light bulbs having a small standard deviation in lifetime is
more uniformly manufactured than a set with a large standard deviation.

For an in�nite set of data, the mean is designated by the lowercase Greek letter mu, �
(the population mean), and the standard deviation is written as a lowercase Greek sigma, � (the
population standard deviation). We can never measure � and �, but the values of and s
approach � and � as the number of measurements increases.

The quantity in Equation 4-2 is called the degrees of freedom. The square of the
standard deviation is called the variance. The standard deviation expressed as a percentage
of the mean value is called the relative standard deviation or the coef�cient
of variation.

(� 100 � s/x )

n � 1

x

s �
Q

a
i

(xi � x)2

n � 1

�i xi � x1 � x2 � x3 � . . . � xn

�

x �
a

i
xi

n

x

694-1 Gaussian Distribution
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x = 845.2 h FIGURE 4-1 Bar graph and Gaussian curve
describing the lifetimes of a hypothetical set of
incandescent light bulbs. The smooth curve has
the same mean, standard deviation, and area
as the bar graph. Any �nite set of data,
however, will differ from the bell-shaped curve.
The more measurements we make, the closer
the results will come to the smooth curve.

The mean gives the center of the distribution.
The standard deviation measures the width of
the distribution.

s = 94.2 h

200

845.2

N
um

be
r o

f b
ul

bs

Lifetime (h)

800

600

400

s = 47.1 h

FIGURE 4-2 Gaussian curves for two sets of
light bulbs, one having a standard deviation half
as great as the other. The number of bulbs
described by each curve is the same.

An experiment that produces a small standard
deviation is more precise than one that
produces a large standard deviation. Greater
precision does not necessarily imply greater
accuracy, which is nearness to the �truth.�

As the number of measurements increases, 
approaches �, if there is no systematic error.

x

Coef�cient of variation � 100 �
s
x
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Spreadsheets have built-in functions for the average and standard deviation. In the
adjacent spreadsheet, data points are entered in cells B1 through B4. The average in cell B5
is computed with the statement �� AVERAGE(B1:B4)�. B1:B4 means cells B1, B2, B3, and
B4. The standard deviation in cell B6 is computed with �� STDEV(B1:B4)�.

For ease of reading, cells B5 and B6 were set to display two decimal places. A heavy line
was placed beneath cell B4 in Excel 2007 by highlighting the cell, going to Home, Font, and
selecting the Border icon. In earlier versions of Excel, highlight cell B4, go to Format, Cells,
and select Border.

Signi�cant Figures in Mean and Standard Deviation
We commonly express experimental results in the form , where n is the
number of data points. It is sensible to write the preceding result as or
even 8.2 (�0.3) � 102 (n � 4) to indicate that the mean has just two significant figures.
The expressions 823 � 30 and 8.2 (�0.3) � 102 are not suitable for continued calcula-
tions in which and s are intermediate results. Retain one or more insignificant digits to
avoid introducing round-off errors into subsequent work. Try not to go into cardiac arrest
over significant figures when you see 823.2 � 30.3 as the answer to a problem in this
book.

Standard Deviation and Probability
The formula for a Gaussian curve is

Gaussian curve: (4-3)

where e is the base of the natural logarithm. For a finite set of data, we
approximate � by and � by s. A graph of Equation 4-3 is shown in Figure 4-3, in which
the values � � 1 and � � 0 are used for simplicity. The maximum value of y is at x � � and
the curve is symmetric about x � �.

It is useful to express deviations from the mean value in multiples, z, of the standard
deviation. That is, we transform x into z, given by

(4-4)z �
x � �

�
�

x � x

s

x
(� 2.718 28 . . .)

y �
1

�12	
 e�(x��)2/2�2

x

823 � 30 (n � 4)
x � s(n � _)
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EXAM PLE Mean and Standard Deviation

Find the average, standard deviation, and coef�cient of variation for 821, 783, 834, and 855.

Solution The average is

To avoid accumulating round-off errors, retain one more digit than was present in the
original data. The standard deviation is

The average and the standard deviation should both end at the same decimal place. For
, we will write The coefficient of variation is the percent relative

uncertainty:

Test Yourself If each of the four numbers 821, 783, 834, and 855 in the example is
divided by 2, how will the mean, standard deviation, and coef�cient of variation be affected?
(Answer: and s will be divided by 2, but the coef�cient of variation is unchanged)x

Coefficient of variation � 100 �
 s 

x
� 100 �

30.3
823.2

� 3.7%

s � 30.3.x � 823.2

s �
B

(821 � 823.2)2 � (783 � 823.2)2 � (834 � 823.2)2 � (855 � 823.2)2

(4 � 1)
� 30.3

x �
821 � 783 � 834 � 855

4
� 823.2

Learn to use the standard deviation function
on your calculator and see that you get 
s � 30.269 6 . . . .

0.1

3

y

z
210�1�2�3

0.4

0.2

0.3

FIGURE 4-3 A Gaussian curve in which 
� � 0 and � � 1. A Gaussian curve whose area
is unity is called a normal error curve. The
abscissa z � (x � �)/� is the distance away
from the mean, measured in units of the
standard deviation. When z � 2, we are two
standard deviations away from the mean.

A B

1 821
2 783
3 834
4 855
5 Average = 823.25
6
7
8

Std dev =
B5 = AVERAGE(B1:B4)
B6 = STDEV(B1:B4)

30.27

Do not round off during a calculation. Retain
all the extra digits in your calculator.
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The probability of measuring z in a certain range is equal to the area of that range. For exam-
ple, the probability of observing z between �2 and �1 is 0.136. This probability corresponds
to the shaded area in Figure 4-3. The area under each portion of the Gaussian curve is given
in Table 4-1. Because the sum of the probabilities of all the measurements must be unity, the
area under the whole curve from to must be unity. The number 
in Equation 4-3 is called the normalization factor. It guarantees that the area under the entire
curve is unity. A Gaussian curve with unit area is called a normal error curve.

1/ (�12	)z � �qz � �q

71

When z � �1, x is one standard deviation
above the mean. When z � �2, x is two
standard deviations below the mean.

TABLE 4�1 Ordinate and area for the normal (Gaussian) error curve, e�z2/2

y Areab y Area y Area

0.0 0.398 9 0.000 0 1.4 0.149 7 0.419 2 2.8 0.007 9 0.497 4
0.1 0.397 0 0.039 8 1.5 0.129 5 0.433 2 2.9 0.006 0 0.498 1
0.2 0.391 0 0.079 3 1.6 0.110 9 0.445 2 3.0 0.004 4 0.498 650
0.3 0.381 4 0.117 9 1.7 0.094 1 0.455 4 3.1 0.003 3 0.499 032
0.4 0.368 3 0.155 4 1.8 0.079 0 0.464 1 3.2 0.002 4 0.499 313
0.5 0.352 1 0.191 5 1.9 0.065 6 0.471 3 3.3 0.001 7 0.499 517
0.6 0.333 2 0.225 8 2.0 0.054 0 0.477 3 3.4 0.001 2 0.499 663
0.7 0.312 3 0.258 0 2.1 0.044 0 0.482 1 3.5 0.000 9 0.499 767
0.8 0.289 7 0.288 1 2.2 0.035 5 0.486 1 3.6 0.000 6 0.499 841
0.9 0.266 1 0.315 9 2.3 0.028 3 0.489 3 3.7 0.000 4 0.499 904
1.0 0.242 0 0.341 3 2.4 0.022 4 0.491 8 3.8 0.000 3 0.499 928
1.1 0.217 9 0.364 3 2.5 0.017 5 0.493 8 3.9 0.000 2 0.499 952
1.2 0.194 2 0.384 9 2.6 0.013 6 0.495 3 4.0 0.000 1 0.499 968
1.3 0.171 4 0.403 2 2.7 0.010 4 0.496 5 0 0.5q

0z 00z 00z 0 a

y �
      1

22�

a. .

b. The area refers to the area between z � 0 and z � the value in the table. Thus the area from z � 0 to z � 1.4 is 0.419 2.
The area from z � �0.7 to z � 0 is the same as from z � 0 to z � 0.7. The area from z � �0.5 to z � �0.3 is
(0.191 5 0.117 9) 0.309 4. The total area between and is unity.z � �qz � �q��

z � (x � �)/�

EXAM PLE Using a Spreadsheet to Find Area Under
a Gaussian Curve

What fraction of bulbs is expected to have a lifetime between 900 and 1 000 h?

Solution We need to �nd the fraction of the area of the Gaussian curve between x � 900
and x � 1 000 h. The function NORMDIST in Excel gives the area of the curve from 
up to a speci�ed point, x. Here is the strategy: We will �nd the area from to 900 h,
which is the shaded area to the left of 900 h in Figure 4-4. Then we will �nd the area from

to 1 000 h, which is all the shaded area to the left of 1 000 h in Figure 4-4. The
difference between the two is the area from 900 to 1 000 h:

Area from 900 to 1 000 � (area from �q to 1 000) � (area from �q to 900)

�q

�q
�q

EXAM PLE Area Under a Gaussian Curve

Suppose the manufacturer of the bulbs used for Figure 4-1 offers to replace free of charge
any bulb that burns out in less than 600 hours. If she plans to sell a million bulbs, how many
extra bulbs should she keep available as replacements?

Solution We need to express the desired interval in multiples of the standard deviation
and then �nd the area of the interval in Table 4-1. Because and s � 94.2, z �
(600 � 845.2)/94.2 � �2.60. The area under the curve between the mean value and z � �2.60
is 0.495 3 in Table 4-1. The entire area from to the mean value is 0.500 0, so the area
from to �2.60 must be 0.500 0 � 0.495 3 � 0.004 7. The area to the left of 600 hours
in Figure 4-1 is only 0.47% of the entire area under the curve. Only 0.47% of the bulbs are
expected to fail in fewer than 600 h. If the manufacturer sells 1 million bulbs a year, she
should make 4 700 extra bulbs to meet the replacement demand.

Test Yourself If the manufacturer will replace bulbs that burn out in less than 620 hours,
how many extras should she make? (Answer: z � �2.4, area � 0.008 2 � 8 200 bulbs)

�q
�q

x � 845.2

4-1 Gaussian Distribution

1100

N
um

be
r o

f b
ul

bs

Lifetime (h)
600 1000900800700

Area from
� � to 900
= 0.719 6

Area from
� � to 1000
= 0.949 8

FIGURE 4-4 Use of the Gaussian curve to
�nd the fraction of bulbs with a lifetime
between 900 and 1 000 h. We �nd the area
between �� and 1 000 h and subtract the
area between �� and 900 h.
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The standard deviation measures the width of the Gaussian curve. The larger the value
of �, the broader the curve. In any Gaussian curve, 68.3% of the area is in the range from
� � 1� to � � 1�. That is, more than two-thirds of the measurements are expected to lie
within one standard deviation of the mean. Also, 95.5% of the area lies within � � 2�, and
99.7% of the area lies within � � 3�. Suppose that you use two different techniques to
measure sulfur in coal: Method A has a standard deviation of 0.4%, and method B has a
standard deviation of 1.1%. You can expect that approximately two-thirds of measurements
from method A will lie within 0.4% of the mean. For method B, two-thirds will lie within
1.1% of the mean.

Standard Deviation of the Mean
To measure the mean lifetime of a large number of light bulbs, we could select one at a time
and measure its lifetime. Alternatively, we could select, say, four at a time, measure the life
of each, and compute the average of the four. We repeat this process of measuring four at a
time many times and compute a mean � and a standard deviation that we label �4 because it
is based on sets of four bulbs. The mean of many sets of four bulbs is the same as the popu-
lation mean. However, the standard deviation of the means of sets of four bulbs is smaller than
the population standard deviation, �. The relation is . We call �4 the standard
deviation of the mean of sets of four samples. In general, the standard deviation of the mean
for sets of n samples is

(4-5)�n �
�

1n
Standard deviation of the mean
of sets of n values:

�4 � �/ 14

72 CHAPTER 4 Statistics

In a spreadsheet, enter the mean in cell A2 and the standard deviation in cell B2. To
�nd the area under the Gaussian curve from to 900 h in cell C4, select cell C4 and, in
Excel 2007, go to Formulas, Insert Function. In earlier versions of Excel, go to the Insert
menu and choose Function. In the window that appears, select Statistical functions and �nd
NORMDIST from the list of possibilities. Double click on NORMDIST and another
window appears asking for four values that will be used by NORMDIST. (If you click on
Help, you will �nd a cryptic explanation of how to use NORMDIST.)

Values provided to the function NORMDIST(x,mean,standard_dev,cumulative) are
called arguments of the function. The �rst argument is x, which is 900. The second argu-
ment is the mean, which is 845.2. You can enter 845.2 for the mean or enter A2, which is
the cell containing 845.2. We will enter $A$2 so that we can move the entry to other cells
and still always refer to cell A2. The third argument is the standard deviation, for which
we enter $B$2. The last argument is called �cumulative.� When it has the value TRUE,
NORMDIST gives the area under the Gaussian curve. When cumulative is FALSE,
NORMDIST gives the ordinate (the y-value) of the Gaussian curve. We want area, so enter
TRUE. The formula �� NORMDIST(900,$A$2,$B$2,TRUE)� in cell C4 returns 0.719 6.
This is the area under the Gaussian curve from to 900 h. To get the area from to
1 000 h, write �� NORMDIST(1000,$A$2,$B$2,TRUE)� in cell C5. The value returned
is 0.949 8. Then subtract the areas (C5 � C4) to obtain 0.230 2, which is the area from 900
to 1 000. That is, 23.02% of the area lies in the range 900 to 1 000 h. We expect 23% of
the bulbs to have a lifetime of 900 to 1 000 h.

Test Yourself Find the area from 800 to 1 000 hours. (Answer: 0.634 2)

�q�q

A B C

1 Mean = Std dev =
2 845.2 94.2
3
4 Area from �� to 900 = 0.7196
5 Area from �� to 1000 = 0.9498
6 Area from 900 to 1000 0.2302
7
8 C4 = NORMDIST(900,$A$2,$B$2,TRUE)
9 C5 = NORMDIST(1000,$A$2,$B$2,TRUE)

10 C6 = C5-C4

�q

Range
Percentage of
measurements

� � 1� 68.3
� � 2� 95.5
� � 3� 99.7
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The more times you measure a quantity, the more con�dent you can be that the average
is close to the population mean. Uncertainty decreases in proportion to , where n is the
number of measurements. You can decrease uncertainty by a factor of by making
4 times as many measurements and by a factor of by making 100 times as many
measurements.

Con�dence Intervals
Student�s t is a statistical tool used most frequently to express con�dence intervals and to
compare results from different experiments. It is the tool you could use to evaluate the prob-
ability that your red blood cell count will be found in a certain range on �normal� days.

Calculating Con�dence Intervals
From a limited number of measurements (n), we cannot �nd the true population mean, �, or
the true standard deviation, �. What we determine are and s, the sample mean and the sam-
ple standard deviation. The con�dence interval is computed from the equation

(4-6)

where t is Student�s t, taken from Table 4-2 for a desired level of con�dence, such as 95%.
The meaning of the con�dence interval is this: If we were to repeat the n measurements many
times to compute the mean and standard deviation, the 95% con�dence interval would include
the true population mean (whose value we do not know) in 95% of the sets of n measure-
ments. We say (somewhat imprecisely) that �we are 95% con�dent that the true mean lies
within the con�dence interval.�

Confidence interval � x �
ts

1n

x

4-2

10 (� 1100)
2(� 14)
1/ 1n

734-2 Con�dence Intervals

Instruments with rapid data acquisition allow
us to average many experiments in a short
time to improve precision.

�Student� was the pseudonym of
W. S. Gosset, whose employer, the Guinness
breweries of Ireland, restricted publications for
proprietary reasons. Because of the importance
of Gosset�s work, he was allowed to publish it
(Biometrika 1908, 6, 1), but under an assumed
name.

TABLE 4-2 Values of Student�s t

Degrees Con�dence level (%)

of freedom 50 90 95 98 99 99.5 99.9

1 1.000 6.314 12.706 31.821 63.656 127.321 636.578
2 0.816 2.920 4.303 6.965 9.925 14.089 31.598
3 0.765 2.353 3.182 4.541 5.841 7.453 12.924
4 0.741 2.132 2.776 3.747 4.604 5.598 8.610
5 0.727 2.015 2.571 3.365 4.032 4.773 6.869
6 0.718 1.943 2.447 3.143 3.707 4.317 5.959
7 0.711 1.895 2.365 2.998 3.500 4.029 5.408
8 0.706 1.860 2.306 2.896 3.355 3.832 5.041
9 0.703 1.833 2.262 2.821 3.250 3.690 4.781

10 0.700 1.812 2.228 2.764 3.169 3.581 4.587
15 0.691 1.753 2.131 2.602 2.947 3.252 4.073
20 0.687 1.725 2.086 2.528 2.845 3.153 3.850
25 0.684 1.708 2.060 2.485 2.787 3.078 3.725
30 0.683 1.697 2.042 2.457 2.750 3.030 3.646
40 0.681 1.684 2.021 2.423 2.704 2.971 3.551
60 0.679 1.671 2.000 2.390 2.660 2.915 3.460

120 0.677 1.658 1.980 2.358 2.617 2.860 3.373
0.674 1.645 1.960 2.326 2.576 2.807 3.291q

In calculating con�dence intervals, may be substituted for s in Equation 4-6 if you have a great deal of experience with a particular method and have therefore determined its �true� 
population standard deviation. If is used instead of s, the value of t to use in Equation 4-6 comes from the bottom row of Table 4-2.

Values of t in this table apply to two-tailed tests illustrated in Figure 4-9a. The 95% con�dence level speci�es the regions containing 2.5% of the area in each wing of the curve. For a 
one-tailed test, we use values of t listed for 90% con�dence. Each wing outside of t for 90% con�dence contains 5% of the area of the curve.

�
�

EXAM PLE Calculating Con�dence Intervals

The carbohydrate content of a glycoprotein (a protein with sugars attached to it) is found
to be 12.6, 11.9, 13.0, 12.7, and 12.5 wt% (g carbohydrate/100 g glycoprotein) in replicate
analyses. Find the 50% and 90% con�dence intervals for the carbohydrate content.
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Solution First calculate and s (� 0.40) for the �ve measurements. For the 50%
confidence interval, look up t in Table 4-2 under 50 and across from four degrees of
freedom (degrees of freedom � n � 1). The value of t is 0.741, so the 50% confidence
interval is

The 90% con�dence interval is

If we repeated sets of �ve measurements many times, half of 50% con�dence intervals are
expected to include the true mean, �. Nine-tenths of the 90% con�dence intervals are
expected to include the true mean, �.

Test Yourself Carbohydrate measured on one more sample was 12.3 wt%. Using
six results, �nd the 90% con�dence interval. (Answer: 12.50 � (2.015)(0.37)/
12.50 � 0.31 wt%)

16 �

90% confidence interval � x �
ts

1n
� 12.54 �

(2.132)(0.40)

15
� 12.54 � 0.38 wt%

50% confidence interval � x �
ts

1n
� 12.54 �

(0.741)(0.40)

15
� 12.54 � 0.13 wt%

x (�12.54)

12.0

12.1

12.2

12.3

12.4

12.5

12.6

50%
chance
that true
value
lies in
this
interval

90%
chance
that true
value
lies in
this
interval

12.7

12.8

12.9

13.0

C
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bo
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e 
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FIGURE 4-5 50% and 90% con�dence intervals for the same set of random data. Filled squares are
the data points whose con�dence interval does not include the true population mean of 10 000.
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The Meaning of a Con�dence Interval
Figure 4-5 illustrates the meaning of con�dence intervals. A computer chose numbers at
random from a Gaussian population with a population mean (�) of 10 000 and a population
standard deviation (�) of 1 000 in Equation 4-3. In trial 1, four numbers were chosen, and
their mean and standard deviation were calculated with Equations 4-1 and 4-2. The 50%
con�dence interval was then calculated with Equation 4-6, using t � 0.765 from Table 4-2
(50% con�dence, 3 degrees of freedom). This trial is plotted as the �rst point at the left in
Figure 4-5a; the square is centered at the mean value of 9 526, and the error bar extends from
the lower limit to the upper limit of the 50% con�dence interval (�290). The experiment
was repeated 100 times to produce the points in Figure 4-5a.
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The 50% con�dence interval is de�ned such that, if we repeated this experiment an in�-
nite number of times, 50% of the error bars in Figure 4-5a would include the true population
mean of 10 000. In fact, I did the experiment 100 times, and 45 of the error bars in Figure 4-5a
pass through the horizontal line at 10 000.

Figure 4-5b shows the same experiment with the same set of random numbers, but this
time the 90% con�dence interval was calculated. For an in�nite number of experiments, we
would expect 90% of the con�dence intervals to include the population mean of 10 000. In
Figure 4-5b, 89 of the 100 error bars cross the horizontal line at 10 000.

Standard Deviation and Con�dence Interval as Estimates of
Experimental Uncertainty
Chapter 3 gave rules for propagation of uncertainty in calculations. For example, if we were
dividing a mass by a volume to �nd density, the uncertainty in density is derived from the
uncertainties in mass and volume. Common estimates of uncertainty are the standard deviation
and the con�dence interval.

Suppose you measure the volume of a vessel �ve times and observe values of 6.375,
6.372, 6.374, 6.377, and 6.375 mL. The average is mL and the standard deviation
is s � 0.0018 mL. We could report a volume of 6.3746 � 0.0018 mL (n � 5), where n is the
number of measurements.

You could choose a con�dence interval (such as 95%) for the estimate of uncertainty.
Using Equation 4-6 with 4 degrees of freedom, you �nd that the 95% con�dence interval is

. By this criterion, the uncertainty in volume is
. It is critical to specify what kind of uncertainty you are reporting, such as the

standard deviation for n measurements or the 95% con�dence interval for n measurements.
We reduce uncertainty by making more measurements. If we make 21 measurements and

have the same mean and standard deviation, the 95% con�dence interval is reduced from
�0.0025 to �(2.086)(0.0018)/ .

Finding Con�dence Intervals with Excel
Excel has a built-in function to compute Student�s t. In Figure 4-6, we enter data in the block of
cells A4:A13. We reserved 10 cells for data, but you could modify a spreadsheet to accept more
data. For the �ve data points entered in Figure 4-6, the mean is computed in cell C3 with the state-
ment ��AVERAGE(A4:A13)� even though some of the cells in the range A4:A13 are empty.
Excel ignores empty cells and does not consider them to be 0, which would produce an incorrect
average. Standard deviation is computed in cell C4. We �nd the number of data points, n, with the
statement in cell C5 ��COUNT(A4:A13)�. Degrees of freedom are computed as n � 1 in cell C7.
Cell C9 has the desired con�dence level (0.95), which is our only input other than the data.

The function for �nding Student�s t in cell C11 is ��TINV(probability,deg_freedom).
Probability in this function is 1 � con�dence level � 1 � 0.95 � 0.05. So, the statement in cell
C11 is ��TINV(1-C9,C7)�, which returns Student�s t for 95% con�dence and 4 degrees of
freedom. Cell C13 gives the con�dence interval computed with Equation 4-6.

221 � �0.000 8 mL

�0.0025 mL
�ts/ 1n � �(2.776)(0.0018)/ 15 � �0.0025

x � 6.3746

754-2 Con�dence Intervals

�Analytical chemists must always emphasize
to the public that the single most important
characteristic of any result obtained from one
or more analytical measurements is 
an adequate statement of its uncertainty
interval.�2

6.372 6.373 6.374 6.375

Mean

– Standard deviation

95% confidence for
5 measurements

95% confidence for
21 measurements

6.376 6.377

FIGURE 4-6 Spreadsheet for �nding
con�dence interval.

Verify that Student�s t in cell C11 is the same
as the value in Table 4-2.

A B C E FD

1 Confidence Inverval
2
3 Data mean =

stdev =
n =

degrees of 
freedom = 

level = 
Student�s

t =

confidence

interval =
confidence

6.3746 = AVERAGE (A4:A13)
= STDEV (A4:A13)
= COUNT (A4:A13)

= TINV (1-C9,C7)

= C11*C4/SQRT(C5)

= C5-1

0.0018
5

4

0.95

2.776

0.0023

4 6.375
5 6.372
6 6.374
7 6.377
8 6.375
9

10
11
12
13
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Comparison of Means with Student�s t
If you make two sets of measurements of the same quantity, the mean value from one set will
generally not be equal to the mean value from the other set because of small, random varia-
tions in the measurements. We use a t test to compare one mean value with another to decide
whether there is a statistically signi�cant difference between the two. That is, do the two
means agree �within experimental error�? The null hypothesis in statistics states that the mean
values from two sets of measurements are not different. Statistics gives us a probability that
the observed difference between two means arises from random measurement error. We
customarily reject the null hypothesis if there is less than a 5% chance that the observed
difference arises from random variations. With this criterion, we have a 95% chance that our
conclusion is correct. One time out of 20 when we conclude that two means are not different
we will be wrong.

Here are three cases that are handled in slightly different manners:

Case 1 We measure a quantity several times, obtaining an average value and standard devi-
ation. We need to compare our answer with an accepted answer. The average is not
exactly the same as the accepted answer. Does our measured answer agree with the
accepted answer �within experimental error�?

Case 2 We measure a quantity multiple times by two different methods that give two differ-
ent answers, each with its own standard deviation. Do the two results agree with
each other �within experimental error�?

Case 3 Sample A is measured once by method 1 and once by method 2; the two measure-
ments do not give exactly the same result. Then a different sample, designated B,
is measured once by method 1 and once by method 2; and, again, the results are
not exactly equal. The procedure is repeated for n different samples. Do the two
methods agree with each other �within experimental error�?

Case 1. Comparing a Measured Result with a �Known� Value
You purchased a Standard Reference Material coal sample certi�ed by the National Institute
of Standards and Technology to contain 3.19 wt% sulfur. You are testing a new analytical
method to see whether it can reproduce the known value. The measured values are 3.29, 3.22,
3.30, and 3.23 wt% sulfur, giving a mean of and a standard deviation of s � 0.041.
Does your answer agree with the known answer? To �nd out, compute the 95% con�dence
interval for your answer and see if that range includes the known answer. If the known
answer is not within your 95% con�dence interval, then the results do not agree.

So here we go. For four measurements, there are 3 degrees of freedom and t95% � 3.182
in Table 4-2. The 95% con�dence interval is

(4-7)

The known answer (3.19 wt%) is just outside the 95% con�dence interval. Therefore we
conclude that there is less than a 5% chance that our method agrees with the known answer.

We conclude that our method gives a �different� result from the known result. However,
in this case, the 95% con�dence interval is so close to including the known result that it
would be prudent to make more measurements before concluding that our new method is not
accurate.

Case 2. Comparing Replicate Measurements
Do the results of two different sets of measurements agree �within experimental error�?3 An
example comes from the work of Lord Rayleigh (John W. Strutt), who is remembered today
for landmark investigations of light scattering, blackbody radiation, and elastic waves in
solids. His Nobel Prize in 1904 was received for discovering the inert gas argon. This discov-
ery occurred when he noticed a small discrepancy between two sets of measurements of the
density of nitrogen gas.

In Rayleigh�s time, it was known that dry air was composed of about one-�fth oxygen and
four-�fths nitrogen. Rayleigh removed all O2 from air by passing the air through red-hot
copper (to make solid CuO). He then measured the density of the remaining gas by collecting
it in a �xed volume at constant temperature and pressure. He also prepared the same volume

95% confidence interval � 3.195 to 3.325 wt%

95% confidence interval � x �
ts

1n
� 3.260 �

(3.182)(0.041)

14
� 3.260 � 0.065

x � 3.260

4-3
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Con�dence limits and the t test (and, later in
this chapter, the Grubbs test) assume that
data follow a Gaussian distribution.

If the �known� answer does not lie within the
95% con�dence interval, then the two
methods give �different� results.

Retain many digits in this calculation.
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of pure N2 by chemical decomposition of nitrous oxide (N2O), nitric oxide (NO), or ammonium
nitrite . Table 4-3 and Figure 4-7 show the mass of gas collected in each experiment.
The average mass collected from air (2.310 11 g) is 0.46% greater than the average mass of the
same volume of gas from chemical sources (2.299 47 g).

If Rayleigh�s measurements had not been performed with care, this difference might have
been attributed to experimental error. Instead, Rayleigh understood that the discrepancy was
outside his margin of error, and he postulated that gas collected from the air was a mixture of
nitrogen with a small amount of a heavier gas, which turned out to be argon.

Let�s see how to use a t test to decide whether gas isolated from air is �signi�cantly�
heavier than nitrogen isolated from chemical sources. In this case, we have two sets of
measurements, each with its own uncertainty and no �known� value. We assume that the
population standard deviation (�) for each method is essentially the same.

For two sets of data consisting of n1 and n2 measurements (with averages and ), we
calculate a value of t with the formula

(4-8)

where is the absolute value of the difference (a positive number) and spooled is a
pooled standard deviation making use of both sets of data:

(4-9)

tcalculated from Equation 4-8 is compared with t in Table 4-2 for degrees of
freedom. If tcalculated is greater than ttable at the 95% con�dence level, the two results are
considered to be different. There is less than a 5% chance that the two sets of data were
drawn from populations with the same population mean.

n1 � n2 � 2

spooled �
Q

a
set 1

(xi � x1)2 � a
set 2

(xj � x2)2

n1 � n2 � 2
� C

s1
2(n1 � 1) � s2

2(n2 � 1)

n1 � n2 � 2

0  x1 � x2 0

B
n1n2

n1 � n2
tcalculated �

0  x1 � x2 0
spooled

x2x1

(NH�
4 NO�

2 )
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2.295 2.3152.3102.3052.300

Chemically generated
nitrogen

Nitrogen from
air

Mass (g)

FIGURE 4-7 Lord Rayleigh�s measurements of the mass of constant volumes of gas (at constant
temperature and pressure) isolated by removing oxygen from air or generated by decomposition of
nitrogen compounds. Rayleigh recognized that the difference between the two clusters was outside of
his experimental error and deduced that a heavier component, which turned out to be argon, was
present in gas isolated from air.

TABLE 4-3 Masses of gas 
isolated by Lord Rayleigh

From chemical
From air (g) decomposition (g)

2.310 17 2.301 43
2.309 86 2.298 90
2.310 10 2.298 16
2.310 01 2.301 82
2.310 24 2.298 69
2.310 10 2.299 40
2.310 28 2.298 49
� 2.298 89
Average

2.310 11 2.299 47
Standard deviation

0.000 143 0.001 38

SOURCE: R. D. Larsen, J. Chem. Ed. 1990, 67, 925; see
also C. J. Giunta, J. Chem. Ed. 1998, 75, 1322.

If tcalculated � ttable (95%), the difference is
signi�cant.

EXAM PLE Is Lord Rayleigh�s Gas from Air Denser Than N2

from Chemicals?

The average mass of gas from air in Table 4-3 is , with a standard devia-
tion of (for measurements). The mass of gas from chemical sources
is g, with ( measurements).

Solution To answer the question, we calculate spooled with Equation 4-9,

and tcalculated with Equation 4-8:

For 7 � 8 � 2 � 13 degrees of freedom in Table 4-2, ttable lies between 2.228 and 2.131
for 95% con�dence. Because tcalculated > ttable, the difference is signi�cant. In fact, ttable for

tcalculated �
02.310 11 � 2.299 47 0

0.001 02
 
B

7 
 8

7 � 8
� 20.2

spooled �
B

(0.000 143)2(7 � 1) � (0.001 38)2(8 � 1)

7 � 8 � 2
� 0.001 02

n2 � 8s2 � 0.001 38x2 � 2.299 47
n1 � 7s1 � 0.000 143

x1 � 2.310 11 g
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Equations 4-8 and 4-9 assume that the population standard deviation is the same for both
sets of measurements. If this is not true, then we use the equations4

(4-8a)

(4-9a)

For Rayleigh�s data in Figure 4-7, we suspect that the population standard deviation from
air is smaller than that from chemical sources. Using Equations 4-8a and 4-9a, we find that
tcalculated � 21.7 and degrees of freedom . This value of tcalculated still far exceeds
values in Table 4-2 for 7 degrees of freedom at 95% or 99.9% confidence.

Case 3. Paired t Test for Comparing Individual Differences
In this case, we use two methods to make single measurements on several different samples.
No measurement has been duplicated. Do the two methods give the same answer �within
experimental error�? Figure 4-8 shows measurements of aluminum in 11 samples of drinking
water. Results for Method 1 are in column B and results for Method 2 are in column C. For
each sample, the two results are similar, but not identical.

To see if there is a signi�cant difference between the methods, we use the paired t test.
First, column D computes the difference (di) between the two results for each sample. The
mean of the 11 differences ( ) is computed in cell D16 and the standard deviation
of the 11 differences (sd) is computed in cell D17.

d � �2.491

� 7.17 � 7

 Degrees of freedom �
(s1

2/n1 � s2
2/n2)2

(s1
2/n1)2

n1 � 1
�

(s2
2/n2)2

n2 � 1

 tcalculated �
0x1 � x2 0

2s1
2/n1 � s2

2/n2
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99.9% con�dence is ~4.3. The difference is signi�cant beyond the 99.9% con�dence
level. Our eyes were not lying to us in Figure 4-7: Gas from the air is undoubtedly denser
than N2 from chemical sources. This observation led Rayleigh to discover a heavy
constituent of air.

Test Yourself If is only half as great, but spooled is unchanged, are the two
means significantly different? (Answer: tcalculated 10.1 and the difference is still
significant)

�
0x1 � x2 0

Section 4-4 uses for F test to see if two
standard deviations are signi�cantly different.

Equation 4-9a is slightly different from its
ancestor in previous editions of this book. The
new and old equations are both
approximations.

A B C D

1 Comparison of two methods for measuring AI
2
3 Sample Method 1 Method 2 Difference
4 number ( g/L) ( g/L) (di)
5 1 17.2 14.2 3.0
6 2 23.1 27.9 4.8
7 3 28.5 21.2 7.3
8 4 15.3 15.9 0.6
9 5 23.1 32.1 9.0

10 6 32.5 22.0 10.5
11 7 39.5 37.0 2.5
12 8 38.7 41.5 2.8
13 9 52.5 42.6 9.9
14 10 42.6 42.8 0.2
15 11 52.7 41.1 11.6
16 mean = 2.491
17 std dev = 6.748
18 tcalculated 1.224
19 D5 = C5-B5
20 D16 = AVERAGE(D5:D15)
21 D17 = STDEV(D5:D15)
22 D18 = ABS(D16)*SQRT(A15)/D17
23 ABS = absolute value

FIGURE 4-8 Measurement of Al by two
methods. [Data from P. T. Srinivasan, T. Viraraghavan,

and K. S. Subramanian, �Method Development for

Drinking Water Aluminum Measurement Using a

Graphite Furnace Atomic Absorption Spectrophotometer,�

Am. Lab., February 2000, p. 76.]
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(4-10)

Once you have the mean and standard deviation, compute tcalculated with the formula

(4-11)

where is the absolute value of the mean difference, so that tcalculated is always positive.
Inserting numbers into Equation 4-11 gives

We �nd that tcalculated (1.224) is less than ttable (2.228) listed in Table 4-2 for 95% con�dence
and 10 degrees of freedom. There is more than a 5% chance that the two sets of results lie
�within experimental error� of each other, so we conclude that the results are not signi�cantly
different. You have now read enough to appreciate Box 4-1.

One-Tailed and Two-Tailed Signi�cance Tests
In Equation 4-7, we sought to compare the mean from four replicate measurements with a
certi�ed value. The curve in Figure 4-9a is the t distribution for 3 degrees of freedom. If the
certi�ed value lies in the outer 5% of the area under the curve, we reject the null hypothesis
and conclude with 95% con�dence that the measured mean is not equivalent to the certi�ed
value. The critical value of t for rejecting the null hypothesis is 3.182 for 3 degrees of free-
dom in Table 4-2. In Figure 4-9a, 2.5% of the area beneath the curve lies above t � 3.182
and 2.5% of the area lies below t � �3.182. We call this a two-tailed test because we reject
the null hypothesis if the certi�ed value lies in the low-probability region on either side of
the mean.

If we have a preconceived reason to believe that our method gives systematically low val-
ues, we could use the one-tailed t test in Figure 4-9b. In this case, we reject the null hypothesis
(which states that there is no signi�cant difference between the measured and certi�ed values)
if tcalculated is greater than 2.353. Figure 4-9b shows that 5% of the area beneath the curve lies
above t � 2.353. We did not consider area at the left side of the curve because we had a reason
to believe that our method produces low results, not high results.

tcalculated �
2.491

6.748
111 � 1.224

0d 0

tcalculated �
0d 0
sd

1n

sd �
B

(�3.0 � d)2 � (4.8 � d)2 � . . . � (0.2 � d)2 � (�11.6 � d)2

11 � 1
� 6.748

sd �
D

a(di � d)2

n � 1
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Choosing the Null Hypothesis in EpidemiologyBOX 4-1

One �ne morning, I found myself seated on a cross-country �ight
next to Malcolm Pike, an epidemiologist at the University of
Southern California. Epidemiologists employ methods of statistics to
guide practices in medicine. Pike was studying the relation between
menopausal oestrogen�progestin hormone therapy and breast cancer
in women. His study concluded that there was a 7.6% increase in
breast cancer risk per year of oestrogen�progestin hormone therapy.5

How could such therapy have been approved? Pike explained
that tests required by the U.S. Food and Drug Administration are
designed to test the null hypothesis that �the treatment does no
harm.� Instead, he said, the null hypothesis should be �the treatment
increases the likelihood of causing breast cancer.�

What did he mean? In the �eld of statistics, the null hypothesis is
assumed to be true. Unless you �nd strong evidence that it is not true,
you continue to believe that it is true. In the U.S. legal system, the
null hypothesis is that the accused person is innocent. It is up to the
prosecution to produce compelling evidence that the accused person

is not innocent; failing that, the jury
must acquit the defendant. In the
hormone therapy example, the null
hypothesis is that the treatment
does not cause cancer. The burden
of the test is to provide compelling
evidence that the treatment does
cause cancer. Pike is saying that if
you believe a treatment causes
cancer, the null hypothesis should
be that the treatment causes cancer.
Then it is up to the proponent of the
treatment to provide compelling
evidence that the treatment does
not cause cancer. In Pike�s words,
test the hypothesis that �the obvi-
ous is likely to be true!�

White regions of mammogram
are denser tissue than dark
regions. [allOver photography/Alamy.]

4-3 Comparison of Means with Student�s t
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How can you �nd the value of t that bounds the upper 5% of the area of the curve?
Because the t distribution is symmetric, the two-tailed value t � 2.353 for 90% con�dence in
Table 4-2 must be the value we seek, because 5% of the area lies above t � 2.353 and 5% of
the area lies below t � �2.353.

The purpose of this discussion was to inform you of the distinction between one- and two-
tailed tests. All t tests in this book will be two-tailed.

Is My Red Blood Cell Count High Today?
At the opening of this chapter, red cell counts on �ve �normal� days were 5.1, 5.3, 4.8, 5.4,
and 5.2 � 106 cells/�L. The question was whether today�s count of 5.6 � 106 cells/�L is
�signi�cantly� higher than normal? Disregarding the factor of 106, the mean of the normal
values is and the standard deviation is s � 0.23. For today�s value of 5.6,

What is the probability of �nding t � 4.28 for 4 degrees of freedom?
In Table 4-2, looking across the row for 4 degrees of freedom, we see that 4.28 lies

between the 98% (t � 3.747) and 99% (t � 4.604) con�dence levels. Today�s red cell count
lies in the upper tail of the curve containing less than 2% of the area of the curve. There is
less than a 2% probability of observing a count of 5.6 � 106 cells/�L on �normal� days. It
is reasonable to conclude that today�s count is elevated.

Table 4-2 places the probability of today�s red cell count between 1 and 2%. Excel
provides a probability with the function TDIST(x,deg_freedom,tails), where x is tcalculated,
deg_freedom � 4, and tails � 2. The function TDIST(4.28,4,2) returns the value 0.013.
Today�s red cell count lies in the upper 1.3% of the area of the t-distribution.

Comparison of Standard Deviations with the F Test
To decide whether Rayleigh�s two sets of nitrogen masses in Figure 4-7 are �signi�cantly�
different from each other, we used the t test. If the standard deviations of two data sets are not
signi�cantly different from each other, then we use Equation 4-8 for the t test. If the standard
deviations are signi�cantly different, then we use Equation 4-8a instead.

4-4

tcalculated �
0 today�s count � x 0

s
 1n �

05.16 � 5.6 0
0.23

 15 � 4.28

x � 5.16
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FIGURE 4-9 Student�s t distribution for
3 degrees of freedom. In panel a, each shaded
tail contains 2.5% of the area under the curve.
In panel b, the single shaded tail contains 5%
of the area. The fewer the degrees of freedom,
the broader the distribution. As the degrees of
freedom increase, the curve approaches a
Gaussian curve.

Find probability with Excel:

TDIST(x,deg_freedom,tails)
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The F test tells us whether two standard deviations are �signi�cantly� different from each
other. F is the quotient of the squares of the standard deviations:

(4-12)

We always put the larger standard deviation in the numerator so that . We test the
hypothesis that s1 > s2 by using the one-tailed F test in Table 4-4. If Fcalculated > Ftable, then
the difference is signi�cant.

F � 1

Fcalculated �
s1

2

s2
2

814-4 Comparison of Standard Deviations with the F Test

Use the F test for Case 2 in comparison of
means in Section 4-3.

If Fcalculated � Ftable, use Equation 4-8.

If Fcalculated � Ftable, use Equation 4-8a.

The square of the standard deviation is called
the variance.

TABLE 4-4 Critical values of F � s2
1/s2

2 at 95% con�dence level

Degrees of freedom for s1

Critical values of F for a one-tailed test of the hypothesis that s1�s2. There is a 5% probability of observing F above the tabulated value.

You can compute F for a chosen level of con�dence with the Excel function FINV(probability,deg_freedom1,deg_freedom2). The statement ��FINV(0.05,7,6)�
reproduces the value F � 4.21 in this table. The statement ��FINV(0.1,7,6)� gives F � 3.01 for 90% con�dence.

Degrees of
freedom
for s2 2 3 4 5 6 7 8 9 10 12 15 20 30 �

2 19.0 19.2 19.2 19.3 19.3 19.4 19.4 19.4 19.4 19.4 19.4 19.4 19.5 19.5
3 9.55 9.28 9.12 9.01 8.94 8.89 8.84 8.81 8.79 8.74 8.70 8.66 8.62 8.53
4 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.91 5.86 5.80 5.75 5.63
5 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.68 4.62 4.56 4.50 4.36

6 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 4.00 3.94 3.87 3.81 3.67
7 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68 3.64 3.58 3.51 3.44 3.38 3.23
8 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35 3.28 3.22 3.15 3.08 2.93
9 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14 3.07 3.01 2.94 2.86 2.71

10 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.98 2.91 2.84 2.77 2.70 2.54

11 3.98 3.59 3.36 3.20 3.10 3.01 2.95 2.90 2.85 2.79 2.72 2.65 2.57 2.40
12 3.88 3.49 3.26 3.11 3.00 2.91 2.85 2.80 2.75 2.69 2.62 2.54 2.47 2.30
13 3.81 3.41 3.18 3.02 2.92 2.83 2.77 2.71 2.67 2.60 2.53 2.46 2.38 2.21
14 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65 2.60 2.53 2.46 2.39 2.31 2.13
15 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59 2.54 2.48 2.40 2.33 2.25 2.07

16 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 2.49 2.42 2.35 2.28 2.19 2.01
17 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49 2.45 2.38 2.31 2.23 2.15 1.96
18 3.56 3.16 2.93 2.77 2.66 2.58 2.51 2.46 2.41 2.34 2.27 2.19 2.11 1.92
19 3.52 3.13 2.90 2.74 2.63 2.54 2.48 2.42 2.38 2.31 2.23 2.16 2.07 1.88
20 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39 2.35 2.28 2.20 2.12 2.04 1.84

30 3.32 2.92 2.69 2.53 2.42 2.33 2.27 2.21 2.16 2.09 2.01 1.93 1.84 1.62
3.00 2.60 2.37 2.21 2.10 2.01 1.94 1.88 1.83 1.75 1.67 1.57 1.46 1.00�

EXAM PLE Is the Standard Deviation from Chemical Decomposition
Signi�cantly Greater Than the Standard Deviation from 
Air in Rayleigh�s Data?

In Table 4-3, the standard deviation from chemical decomposition is s1 � 0.001 38 (n1 � 8
measurements) and the standard deviation from air is s2 � 0.000 143 (n2 � 7 measurements).

Solution To answer the question, �nd F with Equation 4-12:

In Table 4-4, look for Ftable in the column with 7 degrees of freedom for s1 (because
degrees of freedom � n � 1) and the row with 6 degrees of freedom for s2. Because
Fcalculated (� 93.1) > Ftable (� 4.21), we accept the hypothesis that s1 > s2 above the 95%
con�dence level. The obvious difference in scatter of the two data sets in Figure 4-7 is
highly signi�cant.

Test Yourself If two variances were (7 degrees of freedom) and
(6 degrees of freedom), is the difference signi�cant? (Answer: No.

Fcalculated 4.00 < Ftable 4.21)��
s2

2 � (0.001 00)2
s1

2 � (0.002 00)2

Fcalculated �
s1

2

s2
2

�
(0.001 38)2

(0.000 143)2
� 93	1
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t Tests with a Spreadsheet
To compare Rayleigh�s two sets of results in Table 4-3, enter his data in columns B and C of
a spreadsheet (Figure 4-10). In rows 13 and 14, we computed the averages and standard
deviations, but we did not need to do this.

In Excel 2007, in the Data ribbon, you might �nd Data Analysis as an option. If not, click
the Microsoft Of�ce Button at the upper left of the Excel window. Click Excel Options and
Add-Ins. Select Analysis ToolPak and click OK to load the Analysis ToolPak. For future use,
follow the same steps to load Solver Add-In. In earlier versions of Excel, you might �nd Data
Analysis in the Tools Menu. If not, go to Tools, Add-Ins, and check both Analysis ToolPak
and Solver Add-In. Click OK to load the applications.

Returning to Figure 4-10, we want to test the null hypothesis that the two sets of data are not
statistically different. In Excel 2007, in the Data ribbon, select Data Analysis. In earlier versions
of Excel, go to the Tools Menu and select Data Analysis. In the window that appears, select t-Test:
Two-Sample Assuming Equal Variances. Click OK. The next window asks you in which cells the
data are located. Write B5:B12 for Variable 1 and C5:C12 for Variable 2. The routine ignores the
blank space in cell B12. For the Hypothesized Mean Difference enter 0 and for Alpha enter 0.05.
Alpha is the level of probability to which we are testing the difference in the means. With
Alpha � 0.05, we are at the 95% con�dence level. For Output Range, select cell E1 and click OK.

Excel goes to work and prints results in cells E1 to G13 of Figure 4-10. Mean values are
in cells F3 and G3. Cells F4 and G4 give variance, which is the square of the standard devi-
ation. Cell F6 gives pooled variance computed with Equation 4-9. That equation was painful
to use by hand. Cell F8 shows degrees of freedom (df) � 13 and tcalculated (t Stat) � 20.2 from
Equation 4-8 appears in cell F9.

At this point in Section 4-3, we consulted Table 4-2 to �nd that ttable lies between 2.228
and 2.131 for 95% con�dence and 13 degrees of freedom. Excel gives us the critical value of
t (2.160) in cell F13 of Figure 4-10. Because tcalculated (� 20.2) > ttable (� 2.160), we conclude
that the two means are not the same. The difference is signi�cant. Cell F12 states that the
probability of observing these two mean values and standard deviations by random chance if
the mean values were really the same is 3 � 10�11. The difference is highly signi�cant. For
any value of P 
 0.05 in cell F12, we reject the null hypothesis and conclude that the means
are different.

4-5
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GFEDCBA
1 t-Test: Two-Sample Assuming Equal VariancesataD s�hgielyaR fo sisylanA
2 Variable 2Variable 1 

Variable 2Variable 1 

3 374992.2901013.2naeMmorf detcelloc )g( sag fo ssaM
4 60-E9.180-E30.2ecnairaVlacimehcria
5 87snoitavresbO34103.271013.2
6 60-E30.1ecnairaV delooP09892.268903.2
7 0ffiD naeM dezisehtopyH61892.201013.2
8 31fd28103.210013.2
9 27312.02tatS t96892.242013.2

10  P(T 2.29940 2.31010 11-E66.1liat-eno )t
11 239077.1liat-eno lacitirC t94892.282013.2
12 P(T2.29889 11-E23.3liat-owt )t
13 863061.2liat-owt lacitirC t74992.211013.2egarevA
14 0.00138 0.00014 Std Dev
15 t-Test: Two-Sample Assuming Unequal Variances
16 B13 AVERAGE(B5:B12)
17 B14 374992.2901013.2naeM)21B:5B(VEDTS
18 60-E9.180-E30.2ecnairaV
19 87snoitavresbO
20 0ffiD naeM dezisehtopyH
21 7fd
22 22086.12tatS t
23 P(T 80-E6.5liat-eno )t
24 875498.1liat-eno lacitirC t
25 P(T 70-E21.1liat-owt )t
26 326463.2liat-owt lacitirC t

FIGURE 4-10 Spreadsheet for comparing mean values of Rayleigh�s measurements in Table 4-3.
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The F test in Equation 4-12 told us that the standard deviations of Rayleigh�s two exper-
iments are different. Therefore, we can select the other t test found in the Analysis ToolPak.
Select t-Test: Two-Sample Assuming Unequal Variances and �ll in the blanks as before.
Results based on Equations 4-8a and 4-9a are displayed in cells E15 to G26 of Figure 4-10.
Just as we found in Section 4-3, the degrees of freedom are 7 (cell F21) and tcalculated � 21.7
(cell F22). Because tcalculated is greater than the critical value of t (2.36 in cell F26), we reject
the null hypothesis and conclude that the two means are signi�cantly different.

Grubbs Test for an Outlier
Students dissolved zinc from a galvanized nail and measured the mass lost by the nail to tell
how much of the nail was zinc. Here are 12 results:

Mass loss (%): 10.2, 10.8, 11.6, 9.9, 9.4, 7.8, 10.0, 9.2, 11.3, 9.5, 10.6, 11.6

The value 7.8 appears out of line. A datum that is far from other points is called an outlier.
Should 7.8 be discarded before averaging the rest of the data or should 7.8 be retained?

We answer this question with the Grubbs test. First compute the average 
and the standard deviation (s � 1.11) of the complete data set (all 12 points in this example).
Then compute the Grubbs statistic G, de�ned as

Grubbs test: (4-13)

where the numerator is the absolute value of the difference between the suspected outlier and
the mean value. If Gcalculated is greater than G in Table 4-5, the questionable point should be
discarded.

In our example, Gcalculated . In Table 4-5, Gtable � 2.285 for
12 observations. Because Gcalculated < Gtable, the questionable point should be retained. There
is more than a 5% chance that the value 7.8 is a member of the same population as the other
measurements.

Common sense must prevail. If you know that a result is low because you spilled part of
a solution, then the probability that the result is wrong is 100% and the datum should be dis-
carded. Any datum based on a faulty procedure should be discarded, no matter how well it �ts
the rest of the data.

The Method of Least Squares
For most chemical analyses, the response of the procedure must be evaluated for known
quantities of analyte (called standards) so that the response to an unknown quantity can be
interpreted. For this purpose, we commonly prepare a calibration curve, such as the one for
caffeine in Figure 0-13. Most often, we work in a region where the calibration curve is a
straight line.

We use the method of least squares to draw the �best� straight line through experimen-
tal data points that have some scatter and do not lie perfectly on a straight line.6 The best line
will be such that some of the points lie above and some lie below the line. We will learn to
estimate the uncertainty in a chemical analysis from the uncertainties in the calibration curve
and in the measured response to replicate samples of unknown.

Finding the Equation of the Line
The procedure we use assumes that the errors in the y values are substantially greater than
the errors in the x values.7 This condition is often true in a calibration curve in which the
experimental response (y values) is less certain than the quantity of analyte (x values). A
second assumption is that uncertainties (standard deviations) in all y values are similar.

Suppose we seek to draw the best straight line through the points in Figure 4-11 by
minimizing the vertical deviations between the points and the line. We minimize only the
vertical deviations because we assume that uncertainties in y values are much greater than
uncertainties in x values.

Let the equation of the line be

Equation of straight line: (4-14)y � mx � b

4-7

� 07.8 � 10.16 0  / 1.11 � 2.13

Gcalculated �
0questionable value � x 0

s

(x � 10.16)

4-6
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The Grubbs test is recommended by the
International Standards Organization and the
American Society for Testing and Materials in
place of the Q test, which was formerly used
in this book.

Measured values

7 8 9 10 11 12

Questionable value Mean

TABLE 4-5 Critical values of G
for rejection of outlier

Number of G
observations (95% con�dence)

4 1.463
5 1.672
6 1.822
7 1.938
8 2.032
9 2.110

10 2.176
11 2.234
12 2.285
15 2.409
20 2.557

Gcalculated � |questionable value � mean|/s. If Gcalculated

� Gtable, the value in question can be rejected with 95%
con�dence. Values in this table are for a one-tailed test,
as recommended by ASTM.

SOURCE: ASTM E 178-02 Standard Practice for Dealing
with Outlying Observations, http://webstore.ansi.org;
F. E. Grubbs and G. Beck, Technometrics 1972, 14, 847.
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in which m is the slope and b is the y-intercept. The vertical deviation for the point (xi, yi) in
Figure 4-11 is yi � y, where y is the ordinate of the straight line when x � xi.

(4-15)

Some of the deviations are positive and some are negative. Because we wish to minimize
the magnitude of the deviations irrespective of their signs, we square all the deviations so that
we are dealing only with positive numbers:

Because we minimize the squares of the deviations, this is called the method of least squares.
It can be shown that minimizing the squares of the deviations (rather than simply their mag-
nitudes) corresponds to assuming that the set of y values is the most probable set.

Finding values of m and b that minimize the sum of the squares of the vertical deviations
involves some calculus, which we omit. We express the �nal solution for slope and intercept
in terms of determinants, which summarize certain arithmetic operations. The determinant

represents the value eh � fg. So, for example,

The slope and the intercept of the �best� straight line are found to be

‘
6

4

5

3
‘ � (6 � 3) � (5 � 4) � �2

‘
e f

g h
‘

d2
i � (yi � y)2 � (yi � mxi � b)2

Vertical deviation � di � yi � y � yi � (mxi � b)
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5

6

y

x
54321

4

3

2

1 Intercept = b

y = mx + b

Slope =       = m�y
�x

�y

�x

(xi, yi)

�y

Vertical
deviation

= yi � y

FIGURE 4-11 Least-squares curve �tting.
The Gaussian curve drawn over the point (3,3)
is a schematic indication of the fact that each
value of yi is normally distributed about the
straight line. That is, the most probable value of
y will fall on the line, but there is a �nite
probability of measuring y some distance from
the line.

To evaluate the determinant, multiply the
diagonal elements e � h and then subtract
the product of the other diagonal elements
f � g.

e��f
g��h

�

�

�

Least-squares
�best� line

1
4

4
2

4
4

3

Translation of least-squares equations:

 b �
�(x2

i )�yi � �(xiyi)�xi

n�(x2
i ) � (�xi)

2

 m �
n� (xi yi) � �xi �yi

n� (x2
i ) � (�xi)

2

(4-16)

(4-17)Intercept:  b � ‘
�(x2

i ) �(xiyi)

�xi �yi
‘ � D

Slope:  m � ‘
�(xiyi) �xi

�yi n
‘ � D

where D is

(4-18)

and n is the number of points.
Let�s use these equations to �nd the slope and intercept of the best straight line through

the four points in Figure 4-11. The work is set out in Table 4-6. Noting that n � 4 and
putting the various sums into the determinants in Equations 4-16, 4-17, and 4-18 gives

 b � ‘
62

14

57

14
‘ � ‘

62

14

14

4
‘ �

(62 � 14) � (57 � 14)

(62 � 4) � (14 � 14)
�

70

52
� 1.346 15

 m � ‘
57

14

14

4
‘ � ‘

62

14

14

4
‘ �

(57 � 4) � (14 � 14)

(62 � 4) � (14 � 14)
�

32

52
� 0.615 38

D � ‘
�(x2

i )

�xi

�xi

n
‘

Equation for a straight line: y � mx � b

y-Intercept (b) � crossing point on y-axis

Slope (m) �
¢y
¢x

�
y2 � y1

x2 � x1

y

b

(x1, y1)
�y = y2 � y1

(x2, y2)

�x = x2 � x1

x
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The equation of the best straight line through the points in Figure 4-11 is therefore

We tackle the question of signi�cant �gures for m and b in the next section.

y � 0.615 38x � 1.346 15

85

TABLE 4-6 Calculations for least-squares analysis

(� � � b)

1 2 2 1 0.038 46 0.001 479 3
3 3 9 9 �0.192 31 0.036 982
4 4 16 16 0.192 31 0.036 982
6 5 30 36 �0.038 46 0.001 479 3

�(d2
i ) � 0.076 923   �(x2

i ) � 62�(xiyi) � 57�yi � 14�xi � 14

d2
imxiyidix2

ixiyiyixi

EXAM PLE Finding Slope and Intercept with a Spreadsheet

Excel has functions called SLOPE and INTERCEPT whose use is illustrated here:

The slope in cell D3 is computed with the formula ��SLOPE(B2:B5,A2:A5)�, where
B2:B5 is the range containing the y values and A2:A5 is the range containing x values.

Test Yourself Change the second value of x from 3 to 3.5 and �nd the slope and intercept.
(Answer: 0.610 84, 1.285 71)

A B C D E F

1 x y Formulas:
2 1 2 slope =
3 3 3 0.61538 D3 = SLOPE(B2:B5,A2:A5)
4 4 4 intercept =
5 6 5 1.34615 D5 = INTERCEPT(B2:B5,A2:A5)

How Reliable Are Least-Squares Parameters?
To estimate the uncertainties (expressed as standard deviations) in the slope and intercept, an
uncertainty analysis must be performed on Equations 4-16 and 4-17. Because the uncertain-
ties in m and b are related to the uncertainty in measuring each value of y, we �rst estimate
the standard deviation that describes the population of y values. This standard deviation, �y,
characterizes the little Gaussian curve inscribed in Figure 4-11.

We estimate �y, the population standard deviation of all y values, by calculating sy, the
standard deviation, for the four measured values of y. The deviation of each value of yi from
the center of its Gaussian curve is di � yi � y � yi � (mxi � b). The standard deviation of these
vertical deviations is

(4-19)

But the average deviation, , is 0 for the best straight line, so the numerator of Equation 4-19
reduces to .

The degrees of freedom is the number of independent pieces of information available. For
n data points, there are n degrees of freedom. If you were calculating the standard deviation
of n points, you would �rst �nd the average to use in Equation 4-2. This calculation leaves 
n � 1 degrees of freedom in Equation 4-2 because only n � 1 pieces of information are avail-
able in addition to the average. If you know n � 1 values and you also know their average,
then the nth value is �xed and you can calculate it.

For Equation 4-19, we began with n points. Two degrees of freedom were lost in deter-
mining the slope and the intercept. Therefore, n � 2 degrees of freedom remain. Equation
4-19 becomes

(4-20)

where di is given by Equation 4-15.

sy �
D

a(d2
i )

n � 2

�(d2
i )

d

�y � sy �
D

a(di � d)2

(degrees of freedom)
Equation 4-19 is analogous to Equation 4-2.

4-7 The Method of Least Squares
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Uncertainty analysis for Equations 4-16 and 4-17 leads to the following results:

86 CHAPTER 4 Statistics

EXAM PLE Finding sy, sm, and sb with a Spreadsheet
The Excel function LINEST returns the slope and intercept and their uncertainties in a table
(a matrix). As an example, enter x and y values in columns A and B. Then highlight the
3-row � 2-column region E3:F5 with your mouse. This block of cells is selected to con-
tain the output of the LINEST function. In the Insert Function window, go to Statistical and
double click on LINEST. The new window asks for four inputs to the function. For y val-
ues, enter B2:B5. Then enter A2:A5 for x values. The next two entries are both �TRUE�.
The �rst TRUE tells Excel that we want to compute the y-intercept of the least-squares line
and not force the intercept to be 0. The second TRUE tells Excel to print out the standard
deviations as well as the slope and intercept. The formula you have just entered is
��LINEST(B2:B5,A2:A5,TRUE,TRUE)�. Click OK and the slope appears in cell E3.

A B C D E F G

1 TSENIL morf tuptuOyx
2 1 2 Slope Intercept
3 3 3 Parameter 0.61538 1.34615
4 4 4 Std Dev 0.05439 0.21414
5 6 5 R^2 0.98462 0.19612 Std Dev (y)
6
7 Highlight cells E3:F5
8 Type "= LINEST(B2:B5,A2:A5,TRUE,TRUE)"
9 Press CTRL SHIFT ENTER (on PC)

10 Press COMMAND RETURN (on Mac)

Standard deviation
of slope and
intercept

1
4

4
2

4
4

3

(4-21)

(4-22) s2
b �

s2
y a (x2

i )

D

 s2
m �

s2
yn

D

where sm is an estimate of the standard deviation of the slope, sb is an estimate of the standard
deviation of the intercept, sy is given by Equation 4-20, and D is given by Equation 4-18.

At last, we can assign signi�cant �gures to the slope and the intercept in Figure 4-11. In
Table 4-6, we see that . Putting this number into Equation 4-20 gives

Now, we can plug numbers into Equations 4-21 and 4-22 to �nd

Combining the results for m, sm, b, and sb, we write

(4-23)

(4-24)

where the uncertainties represent one standard deviation. The �rst decimal place of the
standard deviation is the last signi�cant �gure of the slope or intercept. Many scientists write
results such as 1.35 � 0.21 to avoid excessive round-off.

If you want to express the uncertainty as a con�dence interval instead of one standard
deviation, multiply the uncertainties in Equations 4-23 and 4-24 by the appropriate value of
Student�s t from Table 4-2 for n � 2 degrees of freedom.

 Intercept:  
1.346 15

�0.214 15
� 1.3 � 0.2 or 1.35 � 0.21

 Slope:  
0.615 38

�0.054 39
� 0.62 � 0.05 or 0.615 � 0.054

 s2
b �

s2
y a (x2

i )

D
�

(0.038 462)(62)

52
� 0.045 859 1  sb � 0.214 15

 sm
2 �

sy
2n

D
�

(0.038 462)(4)

52
� 0.002 958 6 1  sm � 0.054 39

s2
y �

0.076 923

4 � 2
� 0.038 462

�(d2
i ) � 0.076 923

The �rst digit of the uncertainty is the last
signi�cant �gure. We often retain extra,
insigni�cant digits to prevent round-off errors
in further calculations.

The 95% con�dence interval for the slope is

based on degrees of freedom � n � 2 � 2.
The con�dence interval is 
tsm, not 
tsm/ ,
because is already implicit in sm.1n

1n


 tsm � 
 (4.303)(0.054) � 
0.23
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Calibration Curves
A calibration curve shows the response of an analytical method to known quantities of ana-
lyte.8 Table 4-7 gives real data from a protein analysis that produces a colored product. A
spectrophotometer measures the absorbance of light, which is proportional to the quantity of
protein analyzed. Solutions containing known concentrations of analyte are called standard
solutions. Solutions containing all reagents and solvents used in the analysis, but no deliber-
ately added analyte, are called blank solutions. Blanks measure the response of the analyti-
cal procedure to impurities or interfering species in the reagents.

When we scan across the three absorbance values in each row of Table 4-7, the number 0.392
seems out of line: It is inconsistent with the other values for 15.0 �g, and the range of values for
the 15.0-�g samples is much bigger than the range for the other samples. The linear relation be-
tween the average values of absorbance up to the 20.0-�g sample also indicates that the value
0.392 is in error (Figure 4-12). We choose to omit 0.392 from subsequent calculations.

It is reasonable to ask whether all three absorbances for the 25.0-�g samples are low for
some unknown reason, because this point falls below the straight line in Figure 4-12.
Repetition of this analysis shows that the 25.0-�g point is consistently below the straight line
and there is nothing �wrong� with the data in Table 4-7.

Constructing a Calibration Curve
We adopt the following procedure for constructing a calibration curve:

Step 1 Prepare known samples of analyte covering a range of concentrations expected for
unknowns. Measure the response of the analytical procedure to these standards to
generate data like the left half of Table 4-7.

Step 2 Subtract the average absorbance (0.0993) of the blank samples from each measured
absorbance to obtain corrected absorbance. The blank measures the response of the
procedure when no protein is present.

Step 3 Make a graph of corrected absorbance versus quantity of protein analyzed (Figure 4-13).
Use the least-squares procedure to �nd the best straight line through the linear portion
of the data, up to and including 20.0 �g of protein (14 points, including the 3 corrected
blanks, in the shaded portion of Table 4-7). Find the slope and intercept and uncer-
tainties with Equations 4-16, 4-17, 4-20, 4-21, and 4-22. The results are

m � 0.016 30 sm � 0.000 22 sy � 0.0059

b � 0.0047 sb � 0.0026

4-8
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The output of LINEST should be a matrix, not a single number. What went wrong? To
tell the computer that you want a matrix, go back and highlight cells E3:F5.
��LINEST(B2:B5,A2:A5,TRUE,TRUE)� appears once again in the formula line. Now
press CONTROL�SHIFT�ENTER on a PC or COMMAND(�)�RETURN on a Mac.
Excel dutifully prints out a matrix in cells E3:F5. Write labels around the block to indicate
what is in each cell. The slope and intercept are on the top line. The second line contains
sm and sb. Cell F5 contains sy and cell E5 contains a quantity called R2, which is de�ned in
Equation 5-2 and is a measure of the goodness of �t of the data to the line. The closer R2

is to unity, the better the �t.

Test Yourself Change the second value of x from 3 to 3.5 and apply LINEST. What is
the value of sy from LINEST? (Answer: 0.364 70)

0.400

25

A
bs

or
ba

nc
e

Protein analyzed (µg)
5 10 15 20

0.300

0.200

0.100

Average with
questionable

point

Questionable
data point

Average without
questionable point

FIGURE 4-12 Average absorbance values in
Table 4-7 versus micrograms of protein
analyzed. Averages for 0 to 20 �g of protein lie
on a straight line if the questionable datum
0.392 at 15 �g is omitted.

Sections 17-1 and 17-2 discuss absorption of
light and de�ne the term absorbance. We will
use concepts from these two sections
throughout this book. You may want to read
these sections for background.

TABLE 4-7 Spectrophotometer data used to construct calibration curve

Amount of Absorbance of
protein (�g) independent samples Range Corrected absorbance

0 0.099 0.099 0.100 0.001 �0.0003 �0.0003 0.0007

5.0 0.185 0.187 0.188 0.003 0.0857 0.0877 0.0887

10.0 0.282 0.272 0.272 0.010 0.1827 0.1727 0.1727

15.0 0.345 0.347 (0.392) 0.047 0.2457 0.2477 �
20.0 0.425 0.425 0.430 0.005 0.3257 0.3257 0.3307

25.0 0.483 0.488 0.496 0.013 0.3837 0.3887 0.3967

Absorbance of the blank can arise from the
color of starting reagents, reactions of
impurities, and reactions of interfering
species. Blank values can vary from one set of
reagents to another, but corrected absorbance
should not.
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The equation of the linear calibration line is

(4-25) � (0.016 30)(�g of protein) � 0.0047

xy

 absorbance � m � (�g of protein) � b144244314243
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Quadratic
calibration
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Unknown in linear region

Unknown beyond linear region

Linear
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FIGURE 4-13 Calibration curve for protein
analysis in Table 4-7. The equation of the solid
straight line �tting the 14 data points (open
circles) from 0 to 20 �g, derived by the method
of least squares, is y � 0.016 30 (
0.000 22)x
� 0.0047 (
0.0026) with sy � 0.0059. The
equation of the dashed quadratic curve that �ts
all 17 data points from 0 to 25 �g, determined by
a nonlinear least squares procedure6 is y �
�1.17(
0.21) � 10�4 x2 � 0.018 58 (
0.000 46)x
� 0.000 7 (
0.001 0) with sy � 0.0046.

where y is the corrected absorbance (� observed absorbance � blank absorbance).

Step 4 If you analyze an unknown at a future time, run a blank at the same time. Subtract the
new blank absorbance from the unknown absorbance to obtain corrected absorbance.

Equation of calibration line:

y(
sy) � [m(
sm)]x � [b(
sb)]

EXAM PLE Using a Linear Calibration Curve

An unknown protein sample gave an absorbance of 0.406 and a blank had an absorbance
of 0.104. How many micrograms of protein are in the unknown?

Solution The corrected absorbance is 0.406 � 0.104 � 0.302, which lies on the linear
portion of the calibration curve in Figure 4-13. Equation 4-25 therefore becomes

(4-26)

Test Yourself What mass of protein gives a corrected absorbance of 0.250?
(Answer: 15.05 �g)

�g of protein �
absorbance � 0.0047

0.016 30
�

0.302 � 0.0047

0.016 30
� 18.24 �g

We prefer calibration procedures with a linear response, in which the corrected analytical
signal (� signal from sample � signal from blank) is proportional to the quantity of analyte.
Although we try to work in the linear range, you can obtain valid results beyond the linear
region (�20 �g) in Figure 4-13. The dashed curve that goes up to 25 �g of protein comes
from a least-squares �t of the data to the equation y � ax2 � bx � c (Box 4-2).

Using a Nonlinear Calibration Curve

Consider an unknown whose corrected absorbance of 0.375 lies
beyond the linear region in Figure 4-13. We can �t all the data points
with the quadratic equation6

(a)

To �nd the quantity of protein, substitute the corrected absorbance
into Equation a:

This equation can be rearranged to

1.17 � 10�4x2 � 0.018 58x � 0.375 7 � 0

0.375 � �1.17 � 10�4x2 � 0.018 58x � 0.000 7

y � �1.17 � 10�4x2 � 0.018 58x � 0.000 7

which is a quadratic equation of the form

whose two possible solutions are

Substituting a � 1.17 � 10�4, b � �0.018 58, and c � 0.375 7 into
these equations gives

Figure 4-13 tells us that the correct choice is 23.8 �g, not 135 �g.

x � 23.8 �gx � 135 �g

x �
�b � 2b2 � 4ac

2a
x �

�b � 2b2 � 4ac

2a

ax2 � bx � c � 0

BOX 4-2
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The linear range of an analytical method is the analyte concentration range over which
response is proportional to concentration. A related quantity in Figure 4-14 is dynamic
range�the concentration range over which there is a measurable response to analyte, even if
the response is not linear.

Good Practice
Always make a graph of your data. The graph gives you an opportunity to reject bad data
or the stimulus to repeat a measurement or decide that a straight line is not an appropriate
function.

It is not reliable to extrapolate any calibration curve, linear or nonlinear, beyond the
measured range of standards. Measure standards in the entire concentration range of interest.

At least six calibration concentrations and two replicate measurements of unknown are
recommended. The most rigorous procedure is to make each calibration solution indepen-
dently from a certi�ed material. Avoid serial dilution of a single stock solution. Serial dilution
propagates any systematic error in the stock solution. Measure calibration solutions in random
order, not in consecutive order by increasing concentration.

Propagation of Uncertainty with a Calibration Curve
In the preceding example, an unknown with a corrected absorbance of y � 0.302 had a
protein content of x � 18.24 �g. What is the uncertainty in the number 18.24?
Propagation of uncertainty for fitting the equation y � mx � b (but not y � mx) gives the
following result:1,9

(4-27)

where sy is the standard deviation of y (Equation 4-20), is the absolute value of the slope,
k is the number of replicate measurements of the unknown, n is the number of data points for
the calibration line (14 in Table 4-7), is the mean value of y for the points on the calibration
line, xi are the individual values of x for the points on the calibration line, and is the mean
value of x for the points on the calibration line. For a single measurement of the unknown, 
k � 1 and Equation 4-27 gives sx � �0.39 �g. Four replicate unknowns (k � 4) with an
average corrected absorbance of 0.302 reduce the uncertainty to �0.23 �g.

The con�dence interval for x is �tsx, where t is Student�s t (Table 4-2) for n � 2 degrees
of freedom. If sx � 0.23 �g and n � 14 points (12 degrees of freedom), the 95% con�dence
interval for x is �tsx � �(2.179)(0.23) � �0.50 �g.

A Spreadsheet for Least Squares
Figure 4-15 implements least-squares analysis, including propagation of error with Equation
4-27. Enter values of x and y in columns B and C. Then select cells B10:C12. Enter the for-
mula ��LINEST(C4:C7,B4:B7,TRUE,TRUE)� and press CONTROL�SHIFT�ENTER on
a PC or COMMAND(�)�RETURN on a Mac. LINEST returns m, b, sm, sb, R2, and sy in
cells B10:C12. Write labels in cells A10:A12 and D10:D12 so that you know what the
numbers in cells B10:C12 mean.

Cell B14 gives the number of data points with the formula ��COUNT(B4:B7)�. Cell B15
computes the mean value of y. Cell B16 computes the sum that we need for
Equation 4-27. This sum is common enough that Excel has a built-in function called DEVSQ
that you can �nd in the Statistics menu of the Insert Function window.

Enter the measured mean value of y for replicate measurements of the unknown in cell
B18. In cell B19, enter the number of replicate measurements of the unknown. Cell B20 com-
putes the value of x corresponding to the measured mean value of y. Cell B21 uses Equation
4-27 to �nd the uncertainty (the standard deviation) in the value of x for the unknown. If you
want a con�dence interval for x, multiply sx times Student�s t from Table 4-2 for n � 2 degrees
of freedom and the desired con�dence level.

We always want a graph to see if the calibration points lie on a straight line. Follow the
instructions in Section 2-11 to plot the calibration data as a scatter plot with only markers (no
line yet). To add a straight line in Excel 2007, click on the chart to obtain the Chart Tools rib-
bon. Select Layout, then Trendline and Choose More Trendline Options. Select Linear and
Display Equation on chart. The least-squares straight line and its equation appear on the

�(xi � x)2

4-9

x
y

0m 0

Uncertainty in x (� sx) �
sy

�m 0
 

B
1

k
�

1

n
�

(y � y)2

m2 g (xi � x)2
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FIGURE 4-14 Calibration curve illustrating
linear and dynamic ranges.

y � corrected absorbance of unknown � 0.302

xi � �g of protein in standards in Table 4-7

� (0, 0, 0, 5.0, 5.0, 5.0, 10.0, 10.0, 10.0,
15.0, 15.0, 20.0, 20.0, 20.0)

� average of 14 y values � 0.1618

� average of 14 x values � 9.643 �gx
y

To �nd values of t that are not in Table 4-2,
use the Excel function TINV. For 12 degrees of
freedom and 95% con�dence, the function
TINV(0.05,12) returns t � 2.179.

95% con�dence interval for x in Figure 4-15:

(degrees of freedom � n � 2 � 2)

� 2.2 
 1.6
x 
 tsX � 2.232 5 
 (4.303)(0.373 5)
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graph. Use the Forecast section of the Format Trendline box to extend the line forward or
backward beyond the range of data. The Format Trendline box also allows you to select the
color and style of the line.

In earlier versions of Excel, click on one data point and they will all be highlighted. In the
Chart menu, select Add Trendline. In the window that appears, select Linear. Go to Options
in the Trendline box and select Display Equation on Chart. Double click on the line and you
can adjust its thickness and appearance. Double clicking on the equation allows you to mod-
ify its format. Double click on the straight line and select Options. In the Forecast box, you
can extend the trendline Forward and Backward as far as you like.

Adding Error Bars to a Graph
Error bars on a graph help us judge the quality of the data and the �t of a curve to the data.
Consider the data in Table 4-7. Let�s plot the mean absorbance of columns 2 to 4 versus sam-
ple mass in column 1. Then we will add error bars corresponding to the 95% con�dence
interval for each point. Figure 4-16 lists mass in column A and mean absorbance in column B.
The standard deviation of absorbance is given in column C. The 95% con�dence interval for
absorbance is computed in column D with the formula in the margin. Student�s t � 4.303 can
be found for 95% con�dence and 3 � 1 � 2 degrees of freedom in Table 4-2. Alternatively,
compute Student�s t with the function TINV(0.05,2) in cell B11. The parameters for TINV are
0.05 for 95% con�dence and 2 for degrees of freedom. The 95% con�dence interval in cell
D4 is computed with ��$B$11*C4/SQRT(3)�. You should be able to plot mean absorbance
(y) in column B versus protein mass (x) in column A.

To add error bars in Excel 2007, click on one of the points to highlight all points on the
graph. In Chart Tools, Layout, select Error Bars and choose More Error Bars Options. For
Error Amount, choose Custom and Specify Value. For both Positive Value and Negative
Value, enter D4:D9. You just told the spreadsheet to use 95% con�dence intervals for error
bars. When you click OK, the graph has both x and y error bars. Click on any x error bar and
press Delete to remove all x error bars.

To add error bars in earlier versions of Excel, click on one of the points to highlight all
points on the graph. In the Format menu, choose Selected Data Series. Select Y Error Bars
and a window appears. Click Custom. Click in the positive error bars box and select cells
D4:D9. Click the negative error bars box and select cells D4:D9 again. You just told Excel to
use values in cells D4:D9 for the lengths of the error bars. Click OK and error bars appear in
the graph.
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A
Least-Squares Spreadsheet

Highlight cells B10:C12
Type "= LINEST(C4:C7,

B4:B7,TRUE,TRUE)
For PC, press

CTRL+SHIFT+ENTER

COMMAND+RETURN
For Mac, press

x y

3
4
6

LINEST output:
0.6154
0.0544
0.9846

m

n =
Mean y =

�(xi � mean x)2 =

4
3.5
13

B14 = COUNT(B4:B7)
B15 = AVERAGE(C4:C7)
B16 = DEVSQ(B4:B7)

Input

Input

Measured y =
k = Number of replicate

measurements of y =
Derived x =

sx =
B20 = (B18-C10)/B10
B21 = (C12/B10)*SQRT((1/B19)+(1/B14)+((B18-B15)^2)/(B10^2*B16))

2.72

1
2.2325
0.3735

sm

R2

b
sb
sy

3
1 2

4
5

1.3462
0.2141
0.1961

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18

19

20
21

B C D E F G H I

x

y

0
0

1

2

3

4

5

6

1 2 3 4 5 6

y = 0.6154x + 1.3462

FIGURE 4-15 Spreadsheet for linear least-squares analysis.

Con�dence interval � 
ts/

t � Student�s t for 95% con�dence
and n � 1 � 2 degrees of freedom

s � standard deviation

n � number of values in average � 3

1n
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FIGURE 4-16 Adding 95% con�dence error bars to a graph.

Adding error bars to a graph
Protein Mean Std dev 95%

22
21
20
19
18
17
16
15
14
13
12
11
10
9
8
7
6
5
4
3
2
1

A B C D E F

absorbance absorbance confidence
0 0.0993 0.00058 0.0014
5 0.1867 0.00153 0.0038
10 0.2753 0.00577 0.0143
15 0.3613 0.02658 0.0660
20 0.4267 0.00289 0.0072
25 0.4890 0.00656 0.0163

TINV(0.05,2) = 4.303

Excel 2007 instructions:
To insert y error bars for data in column D:

In Chart Tools, Layout, select Error Bars
Choose More Error Bars Options
Click Custom and click Specify Value
For Positive Error Value, highlight D4:D9
For Negative Error Value, highlight D4:D9
Click OK and error bars will appear on the chart

23 Click on one x error bar and press Delete to remove all x error bars

Click one point on the graph to highlight all points

Student’s t (95% conf, 2 deg freedom)
95% confidence interval:  D4 = $B$11*C4/SQRT(3)

G H

(µg)
0.5

0.4

0.3

0.1

0.0

0.2

A
ve

ra
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 a
bs
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ba

nc
e

0 5 2510 15 20
Protein (µg)

average
blank solution
calibration curve
con�dence interval
degrees of freedom
determinant

dynamic range
F test
Gaussian distribution
Grubbs test
intercept
linear range

linear response
mean
method of least squares
outlier
slope
standard deviation

standard deviation of
the mean

standard solution
Student�s t
t test
variance

Terms to Understand

Summary
The results of many measurements of an experimental quantity fol-
low a Gaussian distribution. The measured mean, , approaches the
true mean, �, as the number of measurements becomes very large.
The broader the distribution, the greater is �, the standard deviation.
For n measurements, an estimate of the standard deviation is given
by s � . About two-thirds of all measure-
ments lie within , and 95% lie within . The probability of
observing a value within a certain interval is proportional to the area
of that interval.

Student�s t is used to �nd con�dence intervals 
and to compare mean values measured by different methods. The
F test is used to decide whether two standard deviations are signi�-
cantly different from each other. The Grubbs test helps you to decide
whether or not a questionable datum should be discarded. It is best
to repeat the measurement several times to increase the probability
that your decision to accept or reject a datum is correct.

A calibration curve shows the response of a chemical analysis to
known quantities (standard solutions) of analyte. When there is a

(� � x � ts/ 1n)

2��1�
2 [�(xi � x)2] / (n � 1)

x
linear response, the corrected analytical signal (� signal from sample �
signal from blank) is proportional to the quantity of analyte. Blank
solutions are prepared from the same reagents and solvents used to
prepare standards and unknowns, but blanks have no intentionally
added analyte. The blank tells us the response of the procedure to
impurities or interfering species in the reagents. The blank value is
subtracted from measured values of standards prior to constructing
the calibration curve. The blank value is subtracted from the response
of an unknown prior to computing the quantity of analyte in the
unknown.

The method of least squares is used to determine the equation of
the �best� straight line through experimental data points. Equations
4-16 to 4-18 and 4-20 to 4-22 provide the least-squares slope and
intercept and their standard deviations. Equation 4-27 estimates the
uncertainty in x from a measured value of y with a calibration curve.
A spreadsheet simpli�es least-squares calculations and graphical
display of the results.
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Exercises
Formulas ribbon and Insert Function to �nd SUM. In earlier versions
of Excel, �nd the Function menu under Insert.

(j) Select cell B22. Go to Insert Function and �nd AVERAGE.
When you type ��AVERAGE(B4:B8)� in cell B22, its value should
be the same as B10.

(k) For cell B23, find the standard deviation function
(��STDEV(B4:B8)�) and check that the value agrees with cell
B11.

4-C. Use Table 4-1 for this exercise. Suppose that the mileage at
which 10 000 sets of automobile brakes had been 80% worn through
was recorded. The average was 62 700, and the standard deviation
was 10 400 miles.

(a) What fraction of brakes is expected to be 80% worn in less than
40 860 miles?

(b) What fraction is expected to be 80% worn at a mileage between
57 500 and 71 020 miles?

4-D. Use the NORMDIST spreadsheet function to answer
these questions about the brakes described in Exercise 4-C:

(a) What fraction of brakes is expected to be 80% worn in less than
45 800 miles?

(b) What fraction is expected to be 80% worn at a mileage between
60 000 and 70 000 miles?

4-E. A reliable assay shows that the ATP (adenosine triphosphate)
content of a certain cell type is 111 �mol/100 mL. You developed
a new assay, which gave the following values for replicate analy-
ses: 117, 119, 111, 115, 120 �mol/100 mL (average � 116.4).
Does your result agree with the known value at the 95% confi-
dence level?

4-F. Traces of toxic, man-made hexachlorohexanes in North Sea
sediments were extracted by a known process and by two new pro-
cedures, and measured by chromatography.

Concentration Standard Number of
Method found (pg/g) deviation (pg/g) replications

Conventional 34.4 3.6 6
Procedure A 42.9 1.2 6
Procedure B 51.1 4.6 6

SOURCE: D. Sterzenbach, B. W. Wenclawiak, and V. Weigelt, Anal. Chem. 1997, 69, 831.

(a) Are the concentrations parts per million, parts per billion, or
something else?

(b) Is the standard deviation for procedure B signi�cantly different
from that of the conventional procedure?

(c) Is the mean concentration found by procedure B signi�cantly
different from that of the conventional procedure?

(d) Answer the same two questions as parts (b) and (c) to compare
procedure A to the conventional procedure.

4-G. Calibration curve. (You can do this exercise with your
calculator, but it is more easily done by the spreadsheet in Figure
4-15.) In the Bradford protein determination, the color of a dye
changes from brown to blue when it binds to protein. Absorbance
of light is measured.

Protein (�g): 0.00 9.36 18.72 28.08 37.44
Absorbance at 595 nm: 0.466 0.676 0.883 1.086 1.280

4-A. For the numbers 116.0, 97.9, 114.2, 106.8, and 108.3, �nd the
mean, standard deviation, range, and 90% con�dence interval for the
mean. Using the Grubbs test, decide whether the number 97.9 should
be discarded.

4-B. Spreadsheet for standard deviation. Let�s create a spread-
sheet to compute the mean and standard deviation of a column of
numbers in two different ways. The spreadsheet here is a template
for this exercise.

A B C D

1 Computing standard deviation
2
3 Data x x-mean (x-mean)^2
4 17.4
5 18.1
6 18.2
7 17.9
8 17.6
9 sum =

10 mean =
11 std dev =
12
13 Formulas: B9 = 
14 B10 =
15 B11 =
16 C4 =
17 D4 =
18 D9 = 
19
20 Calculations using built-in functions:
21 sum =
22 mean =
23 std dev =

(a) Reproduce the template on your spreadsheet. Cells B4 to B8
contain the data (x values) whose mean and standard deviation we
will compute.

(b) Write a formula in cell B9 to compute the sum of numbers in B4
to B8.

(c) Write a formula in cell B10 to compute the mean value.

(d) Write a formula in cell C4 to compute (x � mean), where x is in
cell B4 and the mean is in cell B10. Use Fill Down to compute values
in cells C5 to C8.

(e) Write a formula in cell D4 to compute the square of the value in
cell C4. Use Fill Down to compute values in cells D5 to D8.

(f) Write a formula in cell D9 to compute the sum of the numbers in
cells D4 to D8.

(g) Write a formula in cell B11 to compute the standard deviation.

(h) Use cells B13 to B18 to document your formulas.

(i) Now we are going to simplify life by using formulas built into the
spreadsheet. In cell B21 type ��SUM(B4:B8)�, which means �nd
the sum of numbers in cells B4 to B8. Cell B21 should display the
same number as cell B9. In general, you will not know what func-
tions are available and how to write them. In Excel 2007, use the
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(a) Find the equation of the least-squares straight line through these
points in the form y � [m(�sm)]x � [b(�sb)] with a reasonable
number of signi�cant �gures.

(b) Make a graph showing the experimental data and the calculated
straight line.

(c) An unknown protein sample gave an absorbance of 0.973.
Calculate the number of micrograms of protein in the unknown and
estimate its uncertainty.

Problems
Gaussian Distribution

4-1. What is the relation between the standard deviation and the
precision of a procedure? What is the relation between standard
deviation and accuracy?

4-2. Use Table 4-1 to state what fraction of a Gaussian population
lies within the following intervals:

(a) � � � (c) � to �� (e) �� to �0.5�
(b) � � 2� (d) � to �0.5�

4-3. The ratio of the number of atoms of the isotopes 69Ga and 71Ga
in eight samples from different sources was measured in an effort
to understand differences in reported values of the atomic mass of
gallium:

Sample 69Ga/71Ga Sample 69Ga/71Ga

1 1.526 60 5 1.528 94
2 1.529 74 6 1.528 04
3 1.525 92 7 1.526 85
4 1.527 31 8 1.527 93

SOURCE: J. W. Gramlich and L. A. Machlan, Anal. Chem. 1985, 57, 1788.

Find the (a) mean, (b) standard deviation, and (c) variance. (d) Write
the mean and standard deviation together with an appropriate number
of signi�cant digits.

4-4. (a) Calculate the fraction of bulbs in Figure 4-1 expected to
have a lifetime greater than 1 005.3 h.

(b) What fraction of bulbs is expected to have a lifetime between
798.1 and 901.7 h?

(c) Use the Excel NORMDIST function to �nd the fraction of
bulbs expected to have a lifetime between 800 and 900 h.

4-5. Blood plasma proteins of patients with malignant breast
tumors differ from proteins of healthy people in their solubility in
the presence of various polymers. When the polymers dextran and
poly(ethylene glycol) are mixed with water, a two-phase mixture is
formed. When plasma proteins of tumor patients are added, the dis-
tribution of proteins between the two phases is different from that of
plasma proteins of a healthy person. The distribution coef�cient (K)
for any substance is de�ned as K � [concentration of the substance
in phase A] / [concentration of the substance in phase B]. Proteins
of healthy people have a mean distribution coef�cient of 0.75 with a
standard deviation of 0.07. For the proteins of people with cancer,
the mean is 0.92 with a standard deviation of 0.11.

(a) Suppose that K were used as a diagnostic tool and that a positive
indication of cancer is taken as K 0.92. What fraction of people
with tumors would have a false negative indication of cancer be-
cause K < 0.92?

(b) What fraction of healthy people would have a false positive in-
dication of cancer? This number is the fraction of healthy people
with K 0.92, shown by the shaded area in the adjoining graph.�

�

Estimate an answer with Table 4-1 and obtain a more exact result
with the NORMDIST function in Excel.

(c) Vary the �rst argument of the NORMDIST function to select a
distribution coef�cient that would identify 75% of people with tu-
mors. That is, 75% of patients with tumors would have K above the
selected distribution coef�cient. With this value of K, what fraction
of healthy people would have a false positive result indicating they
have a tumor?

Problems

1.30.5 0.6 0.7 0.8 0.9

Partition coefficient (K)
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Distribution coef�cients of plasma proteins from healthy people and
from people with malignant breast tumors. [Data from B. Y. Zaslavsky,

�Bioanalytical Applications of Partitioning in Aqueous Polymer Two-Phase Systems,�

Anal. Chem. 1992, 64, 765A.]

4-6. The equation for the Gaussian curve in Figure 4-1 is

where is the mean value (845.2 h), s is the standard deviation
(94.2 h), total bulbs � 4 768, and hours per bar (� 20) is the width
of each bar in Figure 4-1. Set up a spreadsheet like the one on the
next page to calculate the coordinates of the Gaussian curve in
Figure 4-1 from 500 to 1 200 h in 25-h intervals. Note the heavy use
of parentheses in the formula at the bottom of the spreadsheet to
force the computer to do the arithmetic as intended. Use Excel to
graph your results.

4-7. Repeat Problem 4-6 but use the values 50, 100, and 150
for the standard deviation. Superimpose all three curves on a single
graph.

Con�dence Intervals, t Test, F Test, and Grubbs Test

4-8. What is the meaning of a con�dence interval?

4-9. What fraction of vertical bars in Figure 4-5a is expected to
include the population mean (10 000) if many experiments are carried
out? Why are the 90% con�dence interval bars longer than the 50%
bars in Figure 4-5?

x

y �
(total bulbs)(hours per bar)

s12	
 e�(x�x )2/2s2
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4-10. List the three different cases that we studied for comparison of
means, and write the equations used in each case.

4-11. The percentage of an additive in gasoline was measured six times
with the following results: 0.13, 0.12, 0.16, 0.17, 0.20, 0.11%. Find the
90% and 99% con�dence intervals for the percentage of the additive.

4-12. Sample 8 of Problem 4-3 was analyzed seven times, with
and s � 0.000 07. Find the 99% con�dence interval

for sample 8.

4-13. A trainee in a medical lab will be released to work on her own
when her results agree with those of an experienced worker at the
95% con�dence level. Results for a blood urea nitrogen analysis are
shown below.

Trainee: s 0.53 mg/dL n 6 samples

Experienced
worker: s 0.42 mg/dL n 5 samples

(a) What does the abbreviation dL stand for?

(b) Should the trainee be released to work alone?

4-14. The CdSe content (g/L) of nanocrystals was measured by two
methods for six different samples. Do the two methods differ signif-
icantly at the 95% con�dence level?

Method 1 Method 2
Sample Anodic stripping Atomic absorption

A 0.88 0.83
B 1.15 1.04
C 1.22 1.39
D 0.93 0.91
E 1.17 1.08
F 1.51 1.31

SOURCE: E. Kuçur, F. M. Boldt, S. Cavaliere-Jaricont, J. Ziegler, and T. Nann, Anal. Chem.
2007, 79, 8987.

4-15. Now we use a built-in routine in Excel for the paired t test
to see if the two methods in Problem 4-14 produce signi�cantly differ-
ent results. Enter the data for Methods 1 and 2 into two columns of a
spreadsheet. For Excel 2007, �nd Data Analysis in the Data ribbon. In

��x � 13.95 mg/dL

��x � 14.57 mg/dL

x � 1.527 93

94 CHAPTER 4 Statistics

earlier versions of Excel, �nd Data Analysis in the Tools menu. If Data
Analysis does not appear, follow the instructions at the beginning of
Section 4-5 to load this software. Select Data Analysis and then select
t-Test: Paired Two Sample for Means. Follow the instructions of Section
4-5, and the routine will print out information including tcalculated

(labeled t Stat) and ttable (labeled t Critical two-tail). You should repro-
duce the results of Problem 4-14.

4-16. Two methods were used to measure �uorescence lifetime of a
dye. Are the standard deviations signi�cantly different? Are the
means signi�cantly different?

Quantity Method 1 Method 2

Mean lifetime (ns) 1.382 1.346
Standard deviation (ns) 0.025 0.039
Number of measurements 4 4

SOURCE: N. Boens et al., Anal. Chem. 2007, 79, 2137.

4-17. Do the following two sets of measurements of 6Li/7Li in
a Standard Reference Material give statistically equivalent results?

Method 1 Method 2

0.082 601 0.081 83
0.082 621 0.081 86
0.082 589 0.082 05
0.082 617 0.082 06
0.082 598 0.082 15

0.082 08

SOURCE: S. Ahmed, N. Jabeen, and E. ur
Rehman, Anal. Chem. 2002, 74, 4133; L. W.
Green, J. J. Leppinen, and N. L. Elliot, Anal.
Chem. 1988, 60, 34.

4-18. If you measure a quantity four times and the standard devia-
tion is 1.0% of the average, can you be 90% con�dent that the true
value is within 1.2% of the measured average?

4-19. Students measured the concentration of HCl in a solution by
titrating with different indicators to �nd the end point.

Mean HCl concentration (M) Number of
Indicator (� standard deviation) measurements

1. Bromothymol blue 0.095 65 � 0.002 25 28
2. Methyl red 0.086 86 � 0.000 98 18
3. Bromocresol green 0.086 41 � 0.001 13 29

SOURCE: D. T. Harvey, J. Chem. Ed. 1991, 68, 329.

Is the difference between indicators 1 and 2 signi�cant at the 95%
con�dence level? Answer the same question for indicators 2 and 3.

4-20. Hydrocarbons in the cab of an automobile were measured dur-
ing trips on the New Jersey Turnpike and trips through the Lincoln
Tunnel connecting New York and New Jersey.10 The concentrations
(� standard deviations) of m- and p-xylene were

Turnpike: 31.4 � 30.0 �g/m3 (32 measurements)

Tunnel: 52.9 � 29.8 �g/m3 (32 measurements)

Do these results differ at the 95% con�dence level? At the 99%
con�dence level?

4-21. A Standard Reference Material is certi�ed to contain 94.6 ppm
of an organic contaminant in soil. Your analysis gives values of 98.6,
98.4, 97.2, 94.6, and 96.2 ppm. Do your results differ from the
expected result at the 95% con�dence level? If you made one more
measurement and found 94.5, would your conclusion change?

A B C

1 Gaussian curve for light bulbs (Fig 4-1)
2
3 mean = x (hours) y (bulbs)
4 845.2 500 0.49
5 std dev = 525 1.25
6 94.2 550 2.98
7 total bulbs = 600 13.64
8 4768 700 123.11
9 hours per bar = 800 359.94

10 20 845.2 403.85
11 sqrt(2 pi) = 900 340.99
12 2.506628 1000 104.67
13 1100 10.41
14 1200 0.34
15 Formula for cell C4 =
16 ($A$8*$A$10/($A$6*$A$12))*
17 EXP(-((B4-$A$4)^2)/(2*$A$6^2))

Spreadsheet for Problem 4-6
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4-22. Nitrite ( ) was measured by two methods in rainwater and
unchlorinated drinking water. The results standard deviation
(number of samples) are

Sample source Gas chromatography Spectrophotometry

Rainwater 0.069 � 0.005 mg/L (n � 7) 0.063 � 0.008 mg/L (n � 5)
Drinking water 0.078 � 0.007 mg/L (n � 5) 0.087 � 0.008 mg/L (n � 5)

SOURCE: I. Sarudi and I. Nagy, Talanta 1995, 42, 1099.

(a) Do the two methods agree with each other at the 95% con�dence
level for both rainwater and drinking water?

(b) For each method, does the drinking water contain signi�cantly
more nitrite than the rainwater (at the 95% con�dence level)?

4-23. Should the value 216 be rejected from the set of results 192,
216, 202, 195, and 204?

Linear Least Squares

4-24. A straight line is drawn through the points (3.0, �3.87 � 104),
(10.0, �12.99 � 104), (20.0, �25.93 � 104), (30.0, �38.89 � 104), and
(40.0, �51.96 � 104) to give m � �1.298 72 � 104, b � 256.695, 
sm � 13.190, sb � 323.57, and sy � 392.9. Express the slope and
intercept and their uncertainties with reasonable signi�cant �gures.

4-25. Here is a least-squares problem that you can do by hand with
a calculator. Find the slope and intercept and their standard devia-
tions for the straight line drawn through the points (x,y) � (0,1),
(2,2), and (3,3). Make a graph showing the three points and the line.
Place error bars (�sy) on the points.

4-26. Set up a spreadsheet to reproduce Figure 4-15. Add
error bars: Follow the procedure on page 90. Use sy for the and
� error.

4-27. Excel LINEST function. Enter the following data in a
spreadsheet and use LINEST to �nd slope, intercept, and standard
deviations. Use Excel to draw a graph of the data and add a trend-
line. Draw error bars of �sy on the points.

x: 3.0 10.0 20.0 30.0 40.0

y: �0.074 �1.411 �2.584 �3.750 �5.407

Calibration Curves

4-28. Explain the following statement: �The validity of a chemical
analysis ultimately depends on measuring the response of the analytical
procedure to known standards.�

4-29. Suppose that you carry out an analytical procedure to generate
a linear calibration curve like that shown in Figure 4-13. Then you
analyze an unknown and �nd an absorbance that gives a negative
concentration for the analyte. What does this mean?

4-30. Using the linear calibration curve in Figure 4-13, �nd the
quantity of unknown protein that gives a measured absorbance of
0.264 when a blank has an absorbance of 0.095.

4-31. Consider the least-squares problem in Figure 4-11.

(a) Suppose that a single new measurement produces a y value of
2.58. Find the corresponding x value and its uncertainty.

(b) Suppose you measure y four times and the average is 2.58.
Calculate the uncertainty based on four measurements, not one.

4-32. Consider the linear calibration curve in Figure 4-13, which
is derived from the 14 corrected absorbances in the shaded region at the

�

�
NO�

2

95

right side of Table 4-7. Create a least-squares spreadsheet like Figure
4-15 to compute the equation of the line and the standard deviations of
the parameters. Suppose that you �nd absorbance values of 0.265,
0.269, 0.272, and 0.258 for four identical samples of unknown and
absorbances of 0.099, 0.091, 0.101, and 0.097 for four blanks. Find
the corrected absorbance by subtracting the average blank from the
average absorbance of the unknown. Calculate the amount of protein
and its uncertainty in the unknown.

4-33. Here are mass spectrometric signals for methane in H2:

CH4 (vol%): 0 0.062 0.122 0.245 0.486 0.971 1.921

Signal (mV): 9.1 47.5 95.6 193.8 387.5 812.5 1 671.9

(a) Subtract the blank value (9.1) from all other values. Then use the
method of least squares to find the slope and intercept and their
uncertainties. Construct a calibration curve.

(b) Replicate measurements of an unknown gave 152.1, 154.9,
153.9, and 155.1 mV, and a blank gave 8.2, 9.4, 10.6, and 7.8 mV.
Subtract the average blank from the average unknown to �nd the
average corrected signal for the unknown.

(c) Find the concentration of the unknown and its uncertainty.

4-34. Nonlinear calibration curve. Following the procedure in Box 4-2,
�nd how many micrograms (�g) of protein are contained in a sam-
ple with a corrected absorbance of 0.350 in Figure 4-13.

4-35. Logarithmic calibration curve. Calibration data spanning
five orders of magnitude for an electrochemical determination of
p-nitrophenol are given in the table. (The blank has already been
subtracted from the measured current.) If you try to plot these data
on a linear graph extending from 0 to 310 �g/mL and from 0 to
5 260 nA, most of the points will be bunched up near the origin. To
handle data with such a large range, a logarithmic plot is helpful.

p-Nitrophenol Current p-Nitrophenol Current
(�g/mL) (nA) (�g/mL) (nA)

0.010 0 0.215 3.00 66.7
0.029 9 0.846 10.4 224
0.117 2.65 31.2 621
0.311 7.41 107 2 020
1.02 20.8 310 5 260

SOURCE: Data from Figure 4 of L. R. Taylor, Am. Lab., February 1993, p. 44.

(a) Make a graph of log(current) versus log(concentration). Over
what range is the log-log calibration linear?

(b) Find the equation of the line in the form log (current) � m � log
(concentration) � b.

(c) Find the concentration of p-nitrophenol corresponding to a signal
of 99.9 nA.

4-36. Con�dence interval for calibration curve. To use a calibration
curve based on n points, we measure a new value of y and calculate
the corresponding value of x. The one-standard-deviation uncer-
tainty in x, sx, is given by Equation 4-27. We express a con�dence
interval for x, using Student�s t:

where t is taken from Table 4-2 for n � 2 degrees of freedom.
A calibration curve based on n � 10 known points was used to

measure the protein in an unknown. The results were protein �
15.22 (�0.46) �g, where sx � 0.46 �g. Find the 90% and 99%
con�dence intervals for protein in the unknown.

Confidence interval � x � tsx

Problems

https://nhathuocngocanh.com/
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THE NEED FOR QUALITY ASSURANCE

Quality Assurance and Calibration
Methods

The Institute for Reference Materials and Measurements in Belgium conducts an International
Measurement Evaluation Program to allow laboratories to assess the reliability of their analy-
ses. Panel a shows results for lead in river water. Of 181 labs, 18 reported results more than
50% above and 4 reported results more than 50% below the certi�ed level of 62.3 � 1.3 nM.
Even though most labs in the study employed recognized quality management procedures, a
large fraction of results did not include the certi�ed range. Panel b shows that when this same
river water was analyzed by nine different national measurement institutes, where the most
care is taken, all results were close to the certi�ed range.

This example illustrates that there is no guarantee that results are reliable, even if they are
obtained by �accredited� laboratories using accepted procedures. A good way to assess the
reliability of a lab working for you is to provide the lab with �blind� samples�similar to your
unknowns�for which you know the �right� answer but the analyst does not. If the lab does
not �nd the known result, there is a problem. Periodic blind check samples are required to
demonstrate continuing reliability.

(a) Scattered measurements of lead in river
water by different laboratories, each of which
employed a recognized quality management
system. (b) Reproducible results from national
measurement institutes. [From P. De BiŁvre and

P. D. P. Taylor, ��Demonstration� vs. �Designation� of

Measurement Competence: The Need to Link

Accreditation to Metrology,� Fresenius J. Anal. Chem.
2000, 368, 567.]

Data quality standards:
� Get the right data

� Get the data right

� Keep the data right

[Nancy W. Wentworth, U.S. Environmental Protection
Agency.1]

Quality assurance is what we do to get the right answer for our purpose. The answer
should have sufficient accuracy and precision to support subsequent decisions. There

is no point in spending extra money to obtain a more accurate or more precise answer
if it is not necessary. This chapter describes basic issues and procedures in quality assur-
ance2 and introduces two more calibration methods. In Chapter 4, we discussed how to
make a calibration curve. In this chapter, we describe standard addition and internal
standards.

CHAPTER 5 Quality Assurance and Calibration Methods
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Basics of Quality Assurance
�Suppose you are cooking for some friends. While making spaghetti sauce, you taste it, sea-
son it, taste it some more. Each tasting is a sampling event with a quality control test. You can
taste the whole batch because there is only one batch. Now suppose you run a spaghetti sauce
plant that makes 1 000 jars a day. You can�t taste each one, so you decide to taste three a day,
one each at 11 A.M., 2 P.M., and 5 P.M. If the three jars all taste OK, you conclude all 1 000 are
OK. Unfortunately, that may not be true, but the relative risk�that a jar has too much or too
little seasoning�is not very important because you agree to refund the money of any customer
who is dissatis�ed. If the number of refunds is small, say, 100 a year, there is no apparent
benefit in tasting 4 jars a day.� There would be 365 additional tests to avoid refunds on
100 jars, giving a net loss of 265 jars worth of pro�t.

In analytical chemistry, the product is not spaghetti sauce but, rather, raw data, treated
data, and results. Raw data are individual values of a measured quantity, such as peak areas
from a chromatogram or volumes from a buret. Treated data are concentrations or amounts
found by applying a calibration procedure to the raw data. Results are what we ultimately
report, such as the mean, standard deviation, and con�dence interval, after applying statistics
to treated data.

Use Objectives
An important goal of quality assurance is making sure that results meet the customer�s needs.
If you manufacture a drug whose therapeutic dose is just a little less than the lethal dose, you
should be more careful than if you make spaghetti sauce. The kind of data that you collect and
the way in which you collect them depend on how you plan to use those data. A bathroom
scale does not have to measure mass to the nearest milligram, but a drug tablet required to
contain 2 mg of active ingredient probably cannot contain 2 � 1 mg. Writing clear, concise
use objectives for data and results is a critical step in quality assurance and helps prevent
misuse of data and results.

Here is an example of a use objective. Drinking water is usually disinfected with chlorine,
which kills microorganisms. Unfortunately, chlorine also reacts with organic matter in water
to produce �disinfection by-products��compounds that might harm humans. A disinfection
facility was planning to introduce a new chlorination process and wrote the following analyti-
cal use objective:

Analytical data and results shall be used to determine whether the modified chlorina-
tion process results in at least a 10% reduction of formation of selected disinfection
by-products.

The new process was expected to decrease the disinfection by-products. The use objective
says that uncertainty in the analysis must be small enough that a 10% decrease in selected
by-products is clearly distinguishable from experimental error. In other words, is an observed
decrease of 10% real?

Speci�cations
Once you have use objectives, you are ready to write speci�cations stating how good the
numbers need to be and what precautions are required in the analytical procedure. How shall
samples be taken and how many are needed? Are special precautions required to protect sam-
ples and ensure that they are not degraded? Within practical restraints, such as cost, time, and
limited amounts of material available for analysis, what level of accuracy and precision will
satisfy the use objectives? What rate of false positives or false negatives is acceptable? These
questions need to be answered in detailed speci�cations.

Quality assurance begins with sampling. We must collect representative samples, and ana-
lyte must be preserved after sample is collected. If our sample is not representative or if analyte
is lost after collection, then even the most accurate analysis is meaningless.

What do we mean by false positives and false negatives? Suppose you must certify that
a contaminant in drinking water is below a legal limit. A false positive says that the con-
centration exceeds the legal limit when, in fact, the concentration is below the limit. A false
negative says that the concentration is below the limit when it is actually above the limit.
Even well-executed procedures produce some false conclusions because of the statistical
nature of sampling and measurement. For drinking water, it is more important to have a low
rate of false negatives than a low rate of false positives. It would be worse to certify that
contaminated water is safe than to certify that safe water is contaminated. Drug testing of

5-1
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Quotation from Ed Urbansky. Section 5-1 is
adapted from a description written by Ed
Urbansky.

Raw data: individual measurements

Treated data: concentrations derived from
raw data by use of calibration method

Results: quantities reported after statistical
analysis of treated data

Use objective: states purpose for which
results will be used

Speci�cations might include

� sampling requirements

� accuracy and precision

� rate of false results

� selectivity

� sensitivity

� acceptable blank values

� recovery of forti�cation

� calibration checks

� quality control samples
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athletes is designed to minimize false positives so that an innocent athlete is not falsely
accused of doping. In Section 5-2, we will see that there is a tradeoff between false positives,
false negatives, and the detection limit of an analytical method.

In choosing a method, we also consider selectivity and sensitivity. Selectivity (also called
speci�city) means being able to distinguish analyte from other species in the sample (avoiding
interference). Sensitivity is the capability of responding reliably and measurably to changes
in analyte concentration. The detection limit of an analytical method must be lower than the
concentrations to be measured.

Speci�cations could include required accuracy and precision, reagent purity, tolerances
for apparatus, the use of certi�ed reference materials, and acceptable values for blanks.
Certi�ed reference materials contain certi�ed levels of analyte in realistic materials that you
might be analyzing, such as blood or coal or metal alloys. Your analytical method should
produce an answer acceptably close to the certi�ed level or there is something wrong with the
accuracy of your method.

Blanks account for interference by other species in the sample and for traces of analyte
found in reagents used for sample preservation, preparation, and analysis. Frequent measure-
ments of blanks detect whether analyte from previous samples is carried into subsequent
analyses by adhering to vessels or instruments.

A method blank is a sample containing all components except analyte, and it is taken
through all steps of the analytical procedure. We subtract the response of the method blank
from the response of a real sample prior to calculating the quantity of analyte in the sample.
A reagent blank is similar to a method blank, but it has not been subjected to all sample
preparation procedures. The method blank is a more complete estimate of the blank contribution
to the analytical response.

A �eld blank is similar to a method blank, but it has been exposed to the site of sampling.
For example, to analyze particulates in air, a certain volume of air could be sucked through a
�lter, which is then dissolved and analyzed. A �eld blank would be a �lter carried to the col-
lection site in the same package with the collection �lters. The �lter for the blank would be
taken out of its package in the �eld and placed in the same kind of sealed container used for
collection �lters. The difference between the blank and the collection �lters is that air was not
sucked through the blank �lter. Volatile organic compounds encountered during transportation
or in the �eld are conceivable contaminants of a �eld blank.

Another performance requirement often speci�ed is spike recovery. Sometimes, response to
analyte can be decreased or increased by something else in the sample. Matrix refers to every-
thing in the sample other than analyte. A spike, also called a forti�cation, is a known quantity of
analyte added to a sample to test whether the response to a sample is the same as that expected
from a calibration curve. Spiked samples are analyzed in the same manner as unknowns. For
example, if drinking water is found to contain 10.0 �g/L of nitrate, a spike of 5.0 �g/L could be
added. Ideally, the concentration in the spiked portion found by analysis will be 15.0 �g/L. If a
number other than 15.0 �g/L is found, then the matrix could be interfering with the analysis.
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Sensitivity

�
change in signal

change in analyte concentration

� slope of calibration curve

Add a small volume of concentrated standard
to avoid changing the volume of the sample
signi�cantly. For example, add 50.5 µL of
500 µg/L standard to 5.00 mL of sample to
increase analyte by 5.00 µg/L.

Final concentration

� a500 

µg

L
b  a

50.5 µL

5050.5 µL
b � 5.00 

µ g

L

� initial concentration � dilution factor

Matrix effects can decrease (Figure 5-4 and
Problem 5-26) or increase (Problem 5-33)
response to analyte.

EXAM PLE Spike Recovery

Let C stand for concentration. One de�nition of spike recovery is

(5-1)

An unknown was found to contain 10.0 �g of analyte per liter. A spike of 5.0 �g/L was
added to a replicate portion of unknown. Analysis of the spiked sample gave a concentra-
tion of 14.6 �g/L. Find the percent recovery of the spike.

Solution The percent of the spike found by analysis is

If the acceptable recovery is speci�ed to be in the range from 96% to 104%, then 92% is
unacceptable. Something in your method or techniques needs improvement.

Test Yourself Find % recovery if the spiked sample gave a concentration of 15.3 �g/L.
(Answer: 106%)

% recovery �
14.6 �g/L � 10.0 �g/L

5.0 �g/L
� 100 � 92%

% recovery �
Cspiked sample � Cunspiked sample

Cadded
� 100
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When dealing with large numbers of samples and replicates, we perform periodic calibra-
tion checks to make sure that our instrument continues to work properly and the calibration
remains valid. In a calibration check, we analyze solutions formulated to contain known con-
centrations of analyte. A speci�cation might, for example, call for one calibration check for
every 10 samples. Solutions for calibration checks should be different from the ones used to
prepare the original calibration curve. This practice helps verify that the initial calibration
standards were made properly.

Performance test samples (also called quality control samples or blind samples) are a
quality control measure to help eliminate bias introduced by an analyst who knows the con-
centration of the calibration check sample. These samples of known composition are provided
to the analyst as unknowns. Results are then compared with the known values, usually by a
quality assurance manager. For example, the U.S. Department of Agriculture maintains a
bank of quality control homogenized food samples for distribution as blind samples to test
laboratories that measure nutrients in foods.3

Together, raw data and results from calibration checks, spike recoveries, quality control
samples, and blanks are used to gauge accuracy. Analytical performance on replicate samples
and replicate portions of the same sample measures precision. Forti�cation also helps ensure
that qualitative identi�cation of analyte is correct. If you spike the unknown in Figure 0-11
with extra caffeine and the area of a chromatographic peak not thought to be caffeine increases,
then you have misidenti�ed the caffeine peak.

Standard operating procedures stating what steps will be taken and how they will be
carried out are the bulwark of quality assurance. For example, if a reagent has �gone bad� for
some reason, control experiments built into your normal procedures should detect that some-
thing is wrong and your results should not be reported. It is implicit that everyone follows the
standard operating procedures. Adhering to these procedures guards against the normal
human desire to take shortcuts based on assumptions that could be false.

A meaningful analysis requires a meaningful sample that represents what is to be analyzed.
It must be stored in containers and under conditions that do not allow relevant chemical char-
acteristics to change. Protection might be needed to prevent oxidation, photodecomposition,
or growth of organisms. The chain of custody is the trail followed by a sample from the time
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To gauge accuracy:

� calibration checks

� forti�cation recoveries

� quality control samples

� blanks

To gauge precision:

� replicate samples

� replicate portions of same sample

Control ChartsBOX 5-1

A control chart is a visual representation of con�dence intervals for
a Gaussian distribution. The chart warns us when a monitored prop-
erty strays dangerously far from an intended target value.

Consider a manufacturer making vitamin C tablets intended to
have a target value of � milligrams of vitamin C per tablet. Many
analyses over a long time tell us the population standard deviation, �,
associated with the manufacturing process.

For quality control, 25 tablets are removed at random from the
manufacturing line each hour and analyzed. The mean value of
vitamin C in the 25 tablets is shown by a data point on the control
chart.

For a Gaussian distribution, 95.5% of all observations are within
from the mean and 99.7% are within where n is

the number of tablets (� 25) that are averaged each hour. Recall that
is the standard deviation of the mean discussed in Section 4-1.

The limits are warning lines and the limits are
action lines. We expect of measurements to be outside the
warning lines and to be outside the action lines. It is unlikely
that we would observe two consecutive measurements at the warn-
ing line (probability � 0.045 � 0.045 � 0.002 0).

The following conditions are considered to be so unlikely that,
if they occur, the process should be shut down for troubleshooting:

� 1 observation outside the action lines
� 2 out of 3 consecutive measurements between the warning and

action lines
� 7 consecutive measurements all above or all below the center line
� 6 consecutive measurements all increasing or all decreasing,

wherever they are located
� 14 consecutive points alternating up and down, regardless of

where they are located
� an obvious nonrandom pattern

For quality assessment of an analytical process, a control chart
could show the relative deviation of measured values of calibration
check samples or quality control samples from their known values.
Another control chart could display the precision of replicate analyses
of unknowns or standards as a function of time.

�0.3%
�4.5%

�3�/ 1n�2�/ 1n
�/ 1n

�3�/ 1n,�2�/ 1n

µ + 3�
  n

µ + 2�
  n

µ

µ � 2�
  n

µ � 3�
 n

Time

Upper action line

Target value

Lower warning line

Lower action line

Upper warning line

�

�

�

�
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TABLE 5-1 Quality assurance process

Question Actions

Use Objectives
Why do you want the data and results � Write use objectives
and how will you use the results?

Speci�cations
How good do the numbers have to be? � Write speci�cations

� Pick methods to meet speci�cations
� Consider sampling, precision, accuracy, 

selectivity, sensitivity, detection limit, 
robustness, rate of false results

� Employ blanks, forti�cation, calibration
checks, quality control samples, and control
charts to monitor performance

� Write and follow standard operating 
procedures

Assessment
Were the speci�cations achieved? � Compare data and results with speci�cations

� Document procedures and keep records 
suitable to meet use objectives

� Verify that use objectives were met

Method Validation
Method validation is the process of proving that an analytical method is acceptable for its
intended purpose.4 In pharmaceutical chemistry, method validation requirements for regulatory
submission include studies of method speci�city, linearity, accuracy, precision, range, limit
of detection, limit of quantitation, and robustness.

5-2

it is collected to the time it is analyzed and, possibly, archived. Documents are signed each
time the material changes hands to indicate who is responsible for the sample. Each person
in the chain of custody follows a written procedure telling how the sample is to be handled
and stored. Each person receiving a sample should inspect it to see that it is in the expected
condition in an appropriate container. If the original sample was a homogeneous liquid, but
it contains a precipitate when you receive it, the standard operating procedure may dictate
that you reject that sample.

Standard operating procedures specify how instruments are to be maintained and calibrated
to ensure their reliability. Many labs have their own standard practices, such as recording temper-
atures of refrigerators, calibrating balances, conducting routine instrument maintenance, or
replacing reagents. These practices are part of the overall quality management plan. The rationale
behind standard practices is that some equipment is used by many people for different analyses.
We save money by having one program to ensure that the most rigorous needs are met.

Assessment
Assessment is the process of (1) collecting data to show that analytical procedures are operat-
ing within speci�ed limits and (2) verifying that �nal results meet use objectives.

Documentation is critical for assessment. Standard protocols provide directions for what
must be documented and how the documentation is to be done, including how to record informa-
tion in notebooks. For labs that rely on manuals of standard practices, it is imperative that tasks
done to comply with the manuals be monitored and recorded. Control charts (Box 5-1) can be
used to monitor performance on blanks, calibration checks, and spiked samples to see if results
are stable over time or to compare the work of different employees. Control charts can also mon-
itor sensitivity or selectivity, especially if a laboratory encounters a wide variety of matrixes.

Government agencies such as the U.S. Environmental Protection Agency set requirements
for quality assurance for their own labs and for certi�cation of other labs. Published standard
methods specify precision, accuracy, numbers of blanks, replicates, and calibration checks. To
monitor drinking water, regulations state how often and how many samples are to be taken.
Documentation is necessary to demonstrate that all requirements have been met. Table 5-1
summarizes the quality assurance process.

In drug testing of athletes, the chain of custody
necessarily uses different people to collect
samples and to analyze samples. The identity
of the athlete is known to the collector, but
not to the analyst, so that the analyst will not
deliberately falsify a result to favor or
incriminate a particular person or team.
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Speci�city
Speci�city is the ability of an analytical method to distinguish analyte from everything else
that might be in the sample. Electrophoresis is an analytical method in which substances are
separated from one another by their differing rates of migration in a strong electric �eld. An
electropherogram is a graph of detector response versus time in an electrophoretic separation.
Figure 5-1 shows an electropherogram of the drug cefotaxime (peak 4) spiked with 0.2 wt%
of known impurities normally present from the synthesis. A reasonable requirement for speci-
�city might be that there is baseline separation of analyte (cefotaxime) from all impurities that
might be present. Baseline separation means that the detector signal returns to its baseline
before the next compound reaches the detector.

In Figure 5-1, impurity peak 3 is not completely resolved from the cefotaxime. In this
case, another reasonable criterion for speci�city might be that unresolved impurities at their
maximum expected concentration do not affect the assay of cefotaxime by more than 0.5%.
If we were trying to measure impurities, as opposed to assaying cefotaxime, a reasonable
criterion for speci�city is that all impurities having of the area in the electropherogram
are baseline separated from cefotaxime. Figure 5-1 does not meet this criterion.

When developing an assay, we need to decide what impurities to deliberately add to test
for speci�city. For analysis of a drug formulation, we would want to compare the pure drug
with one containing additions of all possible synthetic by-products and intermediates, degra-
dation products, and excipients (substances added to give desirable form or consistency).
Degradation products might be introduced by exposing pure material to heat, light, humidity,
acid, base, and oxidants to decompose ~20% of the original material.

Linearity
Linearity measures how well a calibration curve follows a straight line, showing that response
is proportional to the quantity of analyte. If you know the target concentration of analyte in a
drug preparation, for example, test the calibration curve for linearity with �ve standard solutions
spanning the range from 0.5 to 1.5 times the expected analyte concentration. Each standard
should be prepared and analyzed three times. (This procedure requires 3 � 5 � 15 standards
plus three blanks.) To prepare a calibration curve for an impurity that might be present at, say,
0.1 to 1 wt%, you might prepare a calibration curve with �ve standards spanning the range
0.05 to 2 wt%.

A superficial, but common, measure of linearity is the square of the correlation
coef�cient, R2:

Square of correlation coef�cient: (5-2)

where is the mean of all the x values and is the mean of all the y values. An easy way to
�nd R2 is with the LINEST function in Excel. In the example on page 86, values of x and y
are entered in columns A and B. LINEST produces a table in cells E3:F5 that contains R2 in
cell E5. R2 must be very close to 1 to represent a linear �t. For a major component of an un-
known, a value of R2 above 0.995 or, perhaps, 0.999, is deemed a good �t for many purposes.5

For data in Figure 4-11, which do not lie very close to the straight line, R2 � 0.985.

yx

R2 �
[ g(xi � x )(yi � y)]2

g(xi � x)2 g(yi � y)2

7 0.1%

1015-2 Method Validation

R2 can be used as a diagnostic. If R2 decreases
after a method is established, something has
gone wrong with the procedure.
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FIGURE 5-1 Electropherogram of the drug
cefotaxime (peak 4) spiked with known
impurities (peaks 2, 3, 5�9) from synthesis of
the drug. Peak 1 is a marker for electroosmotic
�ow. Smaller peaks from unknown impurities
are also observed. Separation was performed
by micellar electrophoretic capillary
chromatography (Section 25-7). [From H. Fabre

and K. D. Altria, �Key Points for Validating CE Methods,

Particularly in Pharmaceutical Analysis,� LCGC 2001,

19, 498.]
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Another criterion for linearity is that the y-intercept of the calibration curve (after the response
of the blank has been subtracted from each standard) should be close to 0. An acceptable degree
of �closeness to 0� might be 2% of the response for the target value of analyte. For the assay of
impurities, which are present at concentrations lower than that of the major component, an
acceptable value of R2 might be �0.98 for the range 0.1 to 2 wt% and the y-intercept should be
	10% of the response for the 2 wt% standard.

Accuracy
Accuracy is �nearness to the truth.� Ways to demonstrate accuracy include

1. Analyze a certi�ed reference material in a matrix similar to that of your unknown. Your
method should �nd the certi�ed value for analyte in the reference material, within the
precision (random uncertainty) of your method.

2. Compare results from two or more different analytical methods. They should agree within
their expected precision.

3. Analyze a blank sample spiked with a known addition of analyte. The matrix must be
the same as your unknown. When assaying a major component, three replicate samples
at each of three levels ranging from 0.5 to 1.5 times the expected sample concentration
are customary. For impurities, spikes could cover three levels spanning an expected range
of concentrations, such as 0.1 to 2 wt%.

4. If you cannot prepare a blank with the same matrix as the unknown, then it is appropriate
to make standard additions (Section 5-3) of analyte to the unknown. An accurate assay will
�nd the known amount of analyte that was added.

Spiking is the most common method to evaluate accuracy because reference materials are not
usually available and a second analytical method may not be readily available. Spiking ensures
that the matrix remains nearly constant.

An example of a speci�cation for accuracy is that the analysis will recover 100 � 2% of
the spike of a major constituent. For an impurity, the speci�cation might be that recovery is
within 0.1 wt% absolute or �10% relative.

Precision
Precision is how well replicate measurements agree with one another, usually expressed as a
standard deviation. Many types of precision are distinguished.

Instrument precision, also called injection precision, is the reproducibility observed
when the same quantity of one sample is repeatedly introduced (�10 times) into an instrument.
Variability could arise from variation in the injected quantity and variation of instrument
response.

Intra-assay precision is evaluated by analyzing aliquots of a homogeneous material sev-
eral times by one person on one day with the same equipment. Each analysis is independent,
so the intra-assay precision is telling us how reproducible the analytical method can be. Intra-
assay variability is greater than instrument variability, because more steps are involved.
Examples of speci�cations might be that instrument precision is 	1% and intra-assay precision
is 	2%.

Intermediate precision, formerly called ruggedness, is the variation observed when an
assay is performed by different people on different instruments on different days in the
same lab. Each analysis might incorporate fresh reagents and different chromatography
columns.

Interlaboratory precision, also called reproducibility, is the most general measure of
reproducibility observed when aliquots of the same sample are analyzed by different people
in different laboratories. Interlaboratory precision becomes poorer as the level of analyte
decreases (Box 5-2).

Range
Range is the concentration interval over which linearity, accuracy, and precision are all
acceptable. An example of a specification for range for a major component of a mixture
is the concentration interval providing a correlation coefficient of R2 � 0.995 (a measure
of linearity), spike recovery of 100 � 2% (a measure of accuracy), and interlaboratory
precision of �3%. For an impurity, an acceptable range might provide a correlation
coefficient of R2 � 0.98, spike recovery of 100 � 10%, and interlaboratory precision
of �15%.
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Confusing terms:

Linear range: concentration range over which
calibration curve is linear (Figure 4-14)

Dynamic range: concentration range over
which there is measurable response

Range: concentration range over which
linearity, accuracy, and precision meet
speci�cations for analytical method

Autosamplers in chromatography and graphite
furnace atomic spectroscopy, for example,
have improved injection precision by a factor
of 3�10 compared with that attained by
humans.
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Limits of Detection and Quantitation
The detection limit (also called the lower limit of detection) is the smallest quantity of analyte
that is �signi�cantly different� from the blank.7 Here is a procedure that produces a detection
limit with chance of being greater than the blank. That is, only of samples contain-
ing no analyte will give a signal greater than the detection limit (Figure 5-2). We say that there
is a rate of false positives in Figure 5-2. We assume that the standard deviation of the
signal from samples near the detection limit is similar to the standard deviation from blanks.

1. After estimating the detection limit from previous experience with the method, prepare
a sample whose concentration is to 5 times the detection limit.

2. Measure the signal from n replicate samples (n � 7).
3. Compute the standard deviation (s) of the n measurements.
4. Measure the signal from n blanks (containing no analyte) and �nd the mean value, yblank.
5. The minimum detectable signal, ydl, is de�ned as

Signal detection limit: (5-3)

6. The corrected signal, ysample � yblank, is proportional to sample concentration:

Calibration line: (5-4)

where ysample is the signal observed for the sample and m is the slope of the linear calibration
curve. The minimum detectable concentration, also called the detection limit, is obtained by
substituting ydl from Equation 5-3 for ysample in Equation 5-4:

Detection limit: (5-5)Minimum detectable concentration �
3s

m

ysample � yblank � m � sample concentration

ydl � yblank 
 3s

�1

�1%

�1%�99%

1035-2 Method Validation

The Horwitz Trumpet: Variation In Interlaboratory PrecisionBOX 5-2

1 
 1.65 � 0.45 ppb, or about 1.7 ppb. This level gives a 5% rate
of false positives that exceed the allowed value even though the true
value is below 1.0 ppb.

Interlaboratory tests are routinely used to validate new analytical
procedures�especially those intended for regulatory use. Typically,
5 to 10 laboratories are given identical samples and the same written
procedure. If all results are �similar,� and there is no serious system-
atic error, then the method is considered �reliable.�

The coef�cient of variation is the standard deviation divided by
the mean, usually expressed as a percentage: .
The smaller the coef�cient of variation, the more precise is a set of
measurements.

In reviewing more than 150 interlaboratory studies with differ-
ent analytes measured by different techniques, it was observed that
the coef�cient of variation of mean values reported by different lab-
oratories increased as analyte concentration decreased. At best, the
coef�cient of variation never seemed to be better than6

Horwitz curve:

where C is the fraction of analyte in the sample (C � g analyte/
g sample). The coef�cient of variation within a laboratory is about
one-half to two-thirds of the between-laboratory variation.
Experimental results varied from the idealized curve by about a fac-
tor of 2 in the vertical direction and a factor of 10 in the horizontal
direction. About 5�15% of all interlaboratory results were �outliers��
clearly outside the cluster of other results. This incidence of outliers
is above the statistical expectation.

The Horwitz curve predicts that when the concentration of ana-
lyte is 1 ppm, the coef�cient of variation between laboratories is

. When the concentration is 1 ppb, the coef�cient of variation
is . If, perchance, you become a regulation writer one day,
acceptable analyte levels should allow for variation among laborato-
ries. The Gaussian distribution tells us that of measurements
lie above (Section 4-1). If the target allowable level of
analyte is 1.0 ppb, the allowed observed amount might be set at

x 
 1.65s
�5%

�45%
�16%

CV(%) � 2(1�0.5 log C)

CV(%) � 100 � s/ x
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Coef�cient of variation of interlaboratory results as a function of sample
concentration (expressed as g analyte/g sample). The shaded region has
been referred to as the �Horwitz trumpet� because of the way it �ares open.
[From W. Horwitz, �Evaluation of Analytical Methods Used for Regulation of Foods and

Drugs,� Anal. Chem. 1982, 54, 67A.]
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Detection limit

s s

3s

Signal amplitude

Probability
distribution
for blank

Probability
distribution
for sample

50% of area of
sample lies to left
of detection limit

~ 1% of area of
blank lies to right of
detection limit

yblank ysample

FIGURE 5-2 Detection limit. Distribution of measurements for a blank and a sample whose
concentration is at the detection limit. The area of any region is proportional to the number of
measurements in that region. Only �1% of measurements for a blank are expected to exceed the
detection limit. However, 50% of measurements for a sample containing analyte at the detection limit
will be below the detection limit. There is a 1% chance of concluding that a blank has analyte above the
detection limit (false positive). If a sample contains analyte at the detection limit, there is a 50% chance
of concluding that analyte is absent because its signal is below the detection limit (false negative).
Curves are Student�s t distributions for 6 degrees of freedom and are broader than the corresponding
Gaussian distributions.

EXAM PLE Detection Limit

From previous measurements of a low concentration of analyte, the signal detection limit
was estimated to be in the low nanoampere range. Signals from seven replicate samples
with a concentration about three times the detection limit were 5.0, 5.0, 5.2, 4.2, 4.6, 6.0,
and 4.9 nA. Reagent blanks gave values of 1.4, 2.2, 1.7, 0.9, 0.4, 1.5, and 0.7 nA. The slope
of the calibration curve for higher concentrations is m � 0.229 nA/�M. (a) Find the signal
detection limit and the minimum detectable concentration. (b) What is the concentration of
analyte in a sample that gave a signal of 7.0 nA?

Solution (a) First compute the mean for the blanks and the standard deviation of the sam-
ples. Retain extra, insigni�cant digits to reduce round-off errors.

Blank: Average � yblank � 1.26 nA
Sample: Standard deviation � s � 0.56 nA

The signal detection limit from Equation 5-3 is

The minimum detectable concentration is obtained from Equation 5-5:

(b) To �nd the concentration of a sample whose signal is 7.0 nA, use Equation 5-4:

Test Yourself Find the minimum detectable concentration if the average of the blanks
is 1.05 nA and s � 0.63 nA. (Answer: 8.3 �M)

1  Concentration �
ysample � yblank

m
�

7.0 nA � 1.26 nA

0.229 nA/�M
� 25.1 �M

ysample � yblank � m � concentration

Detection limit �
3s

m
�

(3)(0.56 nA)

0.229 nA/�M
� 7.3 �M

ydl � yblank 
 3s � 1.26 nA 
 (3)(0.56 nA) � 2.94 nA

D
et

ec
to

r s
ig

na
l (

nA
)

Concentration (µM)

Slope = 0.229 nA/µM
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Another common way to de�ne detection limit is from the least-squares equation of a cal-
ibration curve: signal detection limit � b 
 3sy, where b is the y-intercept and sy is given by
Equation 4-20. A more rigorous procedure is described in the notes for this chapter.8

The lower limit of detection in Equation 5-5 is 3s/m, where s is the standard deviation of a
low-concentration sample and m is the slope of the calibration curve. The standard deviation is
a measure of the noise (random variation) in a blank or a small signal. When the signal is
3 times greater than the noise, it is detectable, but still too small for accurate measurement. A
signal that is 10 times greater than the noise is de�ned as the lower limit of quantitation, or
the smallest amount that can be measured with reasonable accuracy.

(5-6)

The instrument detection limit is obtained by replicate measurements (n � 7) of aliquots
from one sample. The method detection limit, which is greater than the instrument detection
limit, is obtained by preparing n � 7 individual samples and analyzing each one once.

The reporting limit is the concentration below which regulations say that a given analyte
is reported as �not detected,� which does not mean that analyte is not observed. It means that
analyte is below a prescribed level. Reporting limits are set at least 5 to 10 times higher than
the detection limit, so that detecting analyte at the reporting limit is not ambiguous.

Labels on U.S. packaged foods must state how much trans fat is present. This type of fat
is derived mainly from partial hydrogenation of vegetable oil and is a major component of
margarine and shortening. Trans fat is thought to increase risk of heart disease, stroke, and
some cancers. However, the reporting limit for trans fat is 0.5 g per serving. If the concentra-
tion is �0.5 g/serving, it is reported as 0, as in Figure 5-3. By reducing the serving size, a
manufacturer can state that trans fat content is 0. If your favorite snack food is made with
partially hydrogenated oil, it contains trans fat even if the label says otherwise.

Lower limit of quantitation �
10s

m

1055-2 Method Validation

The symbol means �is de�ned as.��

Quantitation limit �
10s
m

Detection limit �  
3s
m

Stearic acid � a saturated fat

Linoleic acid � a cis polyunsaturated fat

A trans unsaturated fat ("trans fat")

Oleic acid � a cis monounsaturated fat

Serving Size 6 Crackers (28g)

Saturated Fat 0.5g
Trans Fat 0g
Polyunsaturated Fat 2.5g

Sugars 0g

Monounsaturated Fat 1g

Amount Per Serving

Calories
% Daily Value*

120        Calories from Fat 40

Total Fat 4.5g

Protein 3g

 3%

Dietary Fiber 3g  13%

7%

Cholesterol 0mg 0%

Total Carbohydrate 19g 6%
Sodium 150mg 6%

Servings Per Container About 10

Nutrition Facts
CO2H

CO2H

CO2H

CO2H

FIGURE 5-3 Nutritional label from a package of crackers. The reporting limit for trans fat is 
0.5 g/serving. Any amount less than this is reported as 0. The end of Chapter 6 explains the shorthand 
used to draw these 18-carbon compounds.

Robustness
Robustness is the ability of an analytical method to be unaffected by small, deliberate changes
in operating parameters. For example, a chromatographic method is robust if it gives acceptable
results when small changes are made in solvent composition, pH, buffer concentration,
temperature, injection volume, and detector wavelength. In tests for robustness, the organic
solvent content in the mobile phase could be varied by, say, �2%, the eluent pH varied by
�0.1, and column temperature varied by �5�C. If acceptable results are obtained, the written
procedure should state that these variations are tolerable. Capillary electrophoresis requires
such small volumes that a given solution could conceivably be used for months before it is
used up. Therefore, solution stability (shelf life) should be evaluated for robustness.
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Standard Addition9

In standard addition, known quantities of analyte are added to the unknown. From the
increase in signal, we deduce how much analyte was in the original unknown. This method
requires a linear response to analyte. As in titrations, higher precision can be achieved when
standards are added by mass instead of volume.10

Standard addition is especially appropriate when the sample composition is unknown or
complex and affects the analytical signal. The matrix is everything in the unknown, other than
analyte. A matrix effect is a change in the analytical signal caused by anything in the sample
other than analyte.

Figure 5-4 shows a strong matrix effect in the analysis of perchlorate (ClO4
�) by mass

spectrometry. Perchlorate at a level above 18 �g/L in drinking water is of concern because it
can reduce thyroid hormone production. Standard solutions of ClO4

� in pure water gave the
upper calibration curve in Figure 5-4. The slope in the lower curve for standard solutions in
groundwater was 15 times less. Reduction of the ClO4

� signal is a matrix effect attributed to
other anions present in the groundwater.

Different groundwaters have different concentrations of many anions, so there is no way
to construct a calibration curve for this analysis that would apply to more than one speci�c
groundwater. Hence, the method of standard addition is required. When we add a small vol-
ume of concentrated standard to an existing unknown, we do not change the concentration of
the matrix very much.

Consider a standard addition in which a sample with unknown initial concentration of analyte
[X]i gives a signal intensity IX. Then a known concentration of standard, S, is added to an aliquot
of the sample and a signal IS
X is observed for this second solution. Addition of standard to the
unknown changes the concentration of the original analyte because of dilution. Let�s call the diluted
concentration of analyte [X]f, where �f� stands for ��nal.� We designate the concentration of
standard in the �nal solution as [S]f. (Bear in mind that the chemical species X and S are the same.)

Signal is directly proportional to analyte concentration, so

Standard addition equation: (5-7)

For an initial volume Vo of unknown and added volume VS of standard with concentration
[S]i, the total volume is V � Vo 
 VS and the concentrations in Equation 5-7 are

(5-8)

The quotient (initial volume/�nal volume), which relates �nal concentration to initial
concentration, is called the dilution factor. It comes directly from Equation 1-3.

By expressing the diluted concentration of analyte, [X]f, in terms of the initial concentration
of analyte, [X]i, we can solve for [X]i, because everything else in Equation 5-7 is known.

cc

3X 4 f � 3X 4 i a
Vo

V
b  3S 4 f � 3S 4 i a

VS

V
b

[X]i

[S]f 
 [X]f
�

IX

IS
X

Concentration of analyte in initial solution

Concentration of analyte plus standard in final solution
�

signal from initial solution

signal from final solution

5-3
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Matrix = reagent water
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FIGURE 5-4 Calibration curves for
perchlorate in pure water and in groundwater.
[Data from C. J. Koester, H. R. Beller, and R. U. Halden,

�Analysis of Perchlorate in Groundwater by Electrospray

Ionization Mass Spectrometry/Mass Spectrometry,�

Environ. Sci. Technol. 2000, 34, 1862.]

The matrix affects the magnitude of the
analytical signal. In standard addition, all
samples are in the same matrix.

Derivation of Equation 5-7:

IX � k[X]i , where k is a constant of
proportionality

IS�X � k([S]f � [X]f), where k is the same
constant

Dividing one equation by the other gives

IX
IS� X

� 
k[X]i

k([S]f �[X]f)
� 

[X]i

[S]f �[X]f

EXAM PLE Standard Addition

Serum containing Na
 gave a signal of 4.27 mV in an atomic emission analysis. Then 
5.00 mL of 2.08 M NaCl were added to 95.0 mL of serum. This spiked serum gave a
signal of 7.98 mV. Find the original concentration of Na
 in the serum.

Solution From Equation 5-8, the �nal concentration of Na
 after dilution with the standard
is [X]f � [X]i(Vo /V) � [X]i(95.0 mL/100.0 mL). The �nal concentration of added standard is
[S]f � [S]i(VS /V) � (2.08 M)(5.00 mL/100.0 mL) � 0.104 M. Equation 5-7 becomes

Test Yourself If spiked serum gave a signal of 6.50 mV, what was the original concen-
tration of Na
? (Answer: 0.182 M)

3Na
 4 i
30.104 M 4 
 0.950 3Na
 4 i

�
4.27 mV

7.98 mV
 1  3Na
 4 i � 0.113 M
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Figure 5-5 shows data for an experiment in which ascorbic acid (vitamin C) was measured
in orange juice by an electrochemical method. The current between a pair of electrodes immersed
in the juice is proportional to the concentration of ascorbic acid. Eight standard additions increased
current from 1.78 to 5.82 �A (column C), which is at the upper end of the desired range of
1.5- to 3-fold increase in analytical signal.

1075-3 Standard Addition

A
Vitamin C standard addition experiment
Add 0.279 M ascorbic acid to 50.0 mL orange juice

D7 = $A$8*B7/$A$6 E7 = C7*($A$6+B7)/$A$6

Vo (mL) =

[S]i (mM) =
50

279

mL ascorbic

0.000
acid added

0.050
0.250
0.400
0.550
0.700
0.850
1.000
1.150

1.780
2.002
2.824
3.377
3.923
4.431
4.943
5.437
5.954

l(s+x) =

1.78
µsignal (  A)

2.00
2.81
3.35
3.88
4.37
4.86
5.33
5.82

y-axis function
l(s+x)*V/Vo

0.000
0.279
1.395
2.232
3.069
3.906
4.743
5.580
6.417

x-axis function
Si*Vs/Vo

Vs =

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17

B C D E FIGURE 5-5 Data for
standard addition experiment
with variable total volume.
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FIGURE 5-6 Graphical treatment of standard
additions to a single solution with variable total
volume. Data from Figure 5-5. Standard
additions should increase the analytical signal to
between 1.5 and 3 times its original value (that
is, B � 0.5A to 2A).

Successive standard additions to one solution:

x-intercept is [X]i

Plot IS �X a
V
V0

b versus [S]i a
VS

V0
b

Graphical Procedure for Standard Addition to a Single Solution
There are two common methods to perform standard addition. If the analysis does not con-
sume solution, we begin with an unknown solution and measure the analytical signal. Then
we add a small volume of concentrated standard and measure the signal again. We add sev-
eral more small volumes of standard and measure the signal after each addition. Standard
should be concentrated so that only small volumes are added and the sample matrix is not
appreciably altered. Added standards should increase the analytical signal by a factor of 1.5 to 3.
The other common procedure is described in the next section.

The equation of a line is y � mx � b. The
x-intercept is obtained by setting y � 0:

0 � mx � b
x � �b/m

Figure 5-6 allows us to �nd the original concentration of unknown. The theoretical response
is derived by substituting expressions for [X]f and [S]f from Equations 5-8 into Equation 5-7.
Following a little rearrangement, we �nd

(5-9)
123 123

Function to plot Function to plot
on y-axis on x-axis

 IS
X a
V

Vo
b � IX 


IX

[X] i
 [S] i a

Vs

Vo
b

For successive
standard additions
to one solution:
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A graph of IS
X(V/Vo) (the corrected response) on the y-axis versus [S]i(VS/Vo) on the x-axis
should be a straight line. The data plotted in Figure 5-6 are computed in columns D and E of
Figure 5-5. The right side of Equation 5-9 is 0 when [S]i(VS/Vo) � �[X]i. The magnitude of
the intercept on the x-axis is the original concentration of unknown, [X]i � 2.89 mM in
Figure 5-6.

The uncertainty in the x-intercept is11

(5-10)

where sy is the standard deviation of y (Equation 4-20), |m | is the absolute value of the slope
of the least-squares line (Equation 4-16), n is the number of data points (nine in Figure 5-6),

is the mean value of y for the nine points, xi are the individual values of x for the nine points,
and is the mean value of x for the nine points. For the points in Figure 5-6, the uncertainty
in the x-intercept is 0.098 mM.

The con�dence interval is �t � (standard deviation of x-intercept) where t is Student�s t
(Table 4-2) for n � 2 degrees of freedom. The 95% confidence interval for the intercept in
Figure 5-6 is �(2.365)(0.098 mM) � �0.23 mM. The value t � 2.365 was taken from
Table 4-2 for 9 � 2 � 7 degrees of freedom.

Graphical Procedure for Multiple Solutions with Constant Volume
The second common standard addition procedure is shown in Figure 5-7. Equal volumes of
unknown are pipetted into several volumetric �asks. Increasing volumes of standard are added
to each �ask and each is diluted to the same �nal volume. Every �ask contains the same con-
centration of unknown and differing concentrations of standard. For each �ask, a measure-
ment of analytical signal, IS
X, is then made. The method in Figure 5-7 is necessary when the
analysis consumes some of the solution.

x
y

Standard deviation of x-intercept �
sy

�m�B
1

n



y2

m2 g (xi � x)2
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1 2 3 4 5

Place 5 mL of unknown in each flask

1 2 3 4 5

Add 0, 5, 10, 15, or 20 mL of standard

1 2 3 4 5

Fill each flask to the 50-mL mark and mix

FIGURE 5-7 Standard addition experiment with constant total volume.

Intercept
= [X]f

[S]f

IS+X

FIGURE 5-8 Graphical treatment of standard
addition with constant total volume. Plot IS�X

versus [S]f, and the x-intercept is [X]f. The lines in
Figures 5-6 and 5-8 are both derived from
Equation 5-9.

If all standard additions are made to a constant �nal volume, plot the signal IS
X versus
the concentration of diluted standard, [S]f (Figure 5-8). In this case, the x-intercept is the
final concentration of unknown, [X]f, after dilution to the �nal sample volume. Equation 5-10
still applies to the uncertainty. The initial concentration of unknown, [X]i, is calculated from
the dilution that was applied to make the �nal sample.
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Internal Standards
An internal standard is a known amount of a compound, different from analyte, that is added
to the unknown. Signal from analyte is compared with signal from the internal standard to �nd
out how much analyte is present.

Internal standards are especially useful for analyses in which the quantity of sample ana-
lyzed or the instrument response varies slightly from run to run. For example, gas or liquid
�ow rates that vary by a few percent in a chromatography experiment (Figure 0-10) could
change the detector response. A calibration curve is accurate only for the one set of conditions
under which it was obtained. However, the relative response of the detector to the analyte and
standard is usually constant over a range of conditions. If signal from the standard increases
by 8.4% because of a change in �ow rate, signal from the analyte usually increases by 8.4%
also. As long as the concentration of standard is known, the correct concentration of analyte
can be derived. Internal standards are used in chromatography because the small quantity of
sample injected into the chromatograph is not reproducible.

Internal standards are desirable when sample loss can occur during sample preparation
steps prior to analysis. If a known quantity of standard is added to the unknown prior to any
manipulations, the ratio of standard to analyte remains constant because the same fraction of
each is lost in any operation.

To use an internal standard, we prepare a known mixture of standard and analyte to
measure the relative response of the detector to the two species. In the chromatogram in
Figure 5-9, the area, A, under each peak is proportional to the concentration of the species
injected into the column. However, the detector generally has a different response to each
component. For example, if both analyte (X) and internal standard (S) have concentrations
of 10.0 mM, the area under the analyte peak might be 2.30 times greater than the area un-
der the standard peak. We say that the response factor, F, is 2.30 times greater for X than
for S.

(5-11)

[X] and [S] are the concentrations of analyte and standard after they have been mixed
together. Equation 5-11 is predicated on linear response to analyte and standard.

AX

[X]
� F a

AS

[S]
b

Area of analyte signal

Concentration of analyte
� F a

area of standard signal

concentration of standard
b

Response
factor:

5-4

1095-4 Internal Standards

In standard addition, the standard is the same
substance as the analyte. An internal standard
is different from the analyte.

The assumption that relative response to
analyte and standard remains constant over a
range of concentrations must be veri�ed.

If the detector responds equally to standard
and analyte, F � 1. If the detector responds
twice as much to analyte as to standard,
F � 2. If the detector responds half as much
to analyte as to standard, F � 0.5.

10
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EXAM PLE Using an Internal Standard

In a preliminary experiment, a solution containing 0.083 7 M X and 0.066 6 M S gave peak
areas of AX � 423 and AS � 347. (Areas are measured in arbitrary units by the instrument�s
computer.) To analyze the unknown, 10.0 mL of 0.146 M S were added to 10.0 mL of un-
known, and the mixture was diluted to 25.0 mL in a volumetric �ask. This mixture gave
the chromatogram in Figure 5-9, for which AX � 553 and AS � 582. Find the concentra-
tion of X in the unknown.

Solution First use the standard mixture to �nd the response factor in Equation 5-11:

Standard mixture:

In the mixture of unknown plus standard, the concentration of S is

123 123
Initial Dilution 

concentration factor

[S] � (0.146 M)  a
10.0

25.0
b � 0.058 4 M

423

0.083 7
� F a

347

0.066 6
b 1  F � 0.9700

AX

[X]
� F a

AS

[S]
b

FIGURE 5-9 Chromatographic separation
of unknown (X) and internal standard (S). A
known amount of S was added to the
unknown. The relative areas of the signals from
X and S allow us to �nd out how much X is in
the mixture. It is necessary �rst to measure the
relative response of the detector to each
compound.

The dilution factor converts 

initial concentration into �nal concentration.

initial volume
final volume
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Using the known response factor, substitute back into Equation 5-11 to �nd the concentra-
tion of unknown in the mixture:

Unknown mixture:

Because X was diluted from 10.0 to 25.0 mL when the mixture with S was prepared, the
original concentration of X in the unknown was (25.0 mL/10.0 mL)(0.057 21 M) 
� 0.143 M.

Test Yourself Suppose that peak areas for the known mixture were AX � 423 and
AS � 447. Find [X] in the unknown. (Answer: F � 0.7530, [X] � 0.184 M)

Ef�ciency In Experimental Design
Operating parameters usually need to be optimized when we develop an analytical method.
The least ef�cient way to do this is to vary one parameter at a time while keeping everything
else constant. More ef�cient procedures are called fractional factorial experimental design12

and simplex optimization.13 We now discuss one example of experimental design intended to
provide maximum information in the fewest number of trials.

Suppose we have three different unknown solutions of acid, designated A, B, and C. If we
titrate each one once with base, we �nd its concentration, but have no estimate of uncertainty.
If we titrate each solution three times, for a total of nine measurements, we would �nd each
concentration and its standard deviation.

A more efficient experimental design provides concentrations and standard deviations
in fewer than nine experiments.14 One of many efficient designs is shown in Figure 5-10.
Instead of titrating each acid by itself, we titrate mixtures of the acids. For example, in
row 5 of the spreadsheet, a mixture containing 2 mL A, 2 mL B, and 2 mL C required
23.29 mL of 0.120 4 M NaOH, which amounts to 2.804 mmol of OH�. In row 6, the acid
mixture contained 2 mL A, 3 mL B, and 1 mL C. Other permutations are titrated in rows
7 and 8. Then row 5 is repeated independently in row 9. Column E gives mmol of base
for each run.

5-5

553

[X]
� 0.9700 a

582

0.058 4
b 1  [X] � 0.057 21 M

AX

[X]
� F a

AS

[S]
b
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Acids could be delivered by transfer pipets
whose tolerances are given in Table 2-4. So
2 mL means 2.000 mL with uncertainty in the
third decimal place.

1 Experimental Design

A

2
3 Volumes of unknown acids (mL) mL NaOH mmol

2

3

Molarity

Std. dev.

0.8099

0.0062

0.9994

0.4001

0.0062

0.0130

0.1962

0.0062

#N/A

Highlight cells C12:E14

Type "= LINEST(E5:E9,A5:C9,FALSE,TRUE)"

Press COMMAND+RETURN (on Mac)

Press CTRL +SHIFT+ENTER (on PC)

A B C

[C]

2

1

2

3

2

2

3

1

2

2

R2 Sy

(0.1204 M)

23.29

20.01

21.72

28.51

23.26

NaOH

[B] [A]

2.804

2.409

2.615

3.433

2.801

2

2

1

4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19

B C ED

FIGURE 5-10 Spreadsheet for ef�cient experimental design uses
Excel LINEST routine to �t the function y � mA xA � mB xB � mC xC to
experimental data by a least-squares procedure.
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For each experiment, mmol of base consumed equals mmol of acid in the mixture:

(5-12)123 123 123 123
y mAxA mBxB mCxC

where [A] is the concentration of acid A (mol/L) and VA is the volume of A in mL. Rows 5
through 9 of the spreadsheet are equivalent to the following equalities:

(5-13)

Our problem is to �nd the best values for the molarities [A], [B], and [C].
As luck would have it, Excel will �nd these values for us by the least-squares procedure

LINEST. On page 86, we used LINEST to �nd the slope and intercept in the equation y � mx

 b. In Figure 5-10, we use LINEST to �nd the slopes for y � mAxA 
 mBxB 
 mCxC 
 b
(where the intercept, b, is 0). To execute LINEST, highlight cells C12:E14 and type
��LINEST(E5:E9,A5:C9,FALSE,TRUE)�. Then press CTRL
SHIFT
ENTER on a PC or
COMMAND(�)
RETURN on a Mac. The �rst argument of LINEST, E5:E9, contains val-
ues of y (� mmol OH�). The second argument, A5:C9, contains values of x (� volumes of
acid). The third argument (FALSE) tells the computer to set the intercept (b) to zero, and the
fourth argument (TRUE) says that we want statistics to be computed.

Excel �nds the least-squares slopes in row 12 and their uncertainties in row 13. These
slopes are the molarites [C], [B], and [A], in reverse order. So, for example, cells C12 and C13
tell us that the molarity of acid C is 0.8099 � 0.0062 M. Uncertainty is derived from the qual-
ity of the least-squares �t to Equations 5-13, which is related to uncertainties in volumes and
estimation of the equivalence point of the titrations.

We require at least n equations to solve for n unknowns. In this example, we have �ve
equations (5-13), but just three unknowns ([A], [B], [C]). The two extra equations allow us to
estimate uncertainty in the unknowns. If you do more experiments, you will generally
decrease the uncertainty in concentration. An ef�cient experimental design with �ve experi-
ments leaves us with more uncertainty than if we had done nine experiments. However, we
have cut our effort nearly in half with the ef�cient design.

2.801 � [A] � 2 
 [B] � 2 
 [C] � 2

3.433 � [A] � 1 
 [B] � 2 
 [C] � 3

2.615 � [A] � 3 
 [B] � 1 
 [C] � 2

2.409 � [A] � 2 
 [B] � 3 
 [C] � 1

2.804 � [A] � 2 
 [B] � 2 
 [C] � 2

mmol OH� � [A]VA 
 [B]VB 
 [C]VC
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1
4

4
2

4
4

3

� mL � mmola
mol

L
b

assessment
calibration check
coef�cient of variation
control chart
detection limit
dilution factor
false negative
false positive

�eld blank
internal standard
linearity
lower limit of quantitation
matrix
matrix effect
method blank
method validation

performance test sample
quality assurance
range
reagent blank
reporting limit
response factor
robustness
selectivity

sensitivity
speci�cations
speci�city
spike
standard addition
standard operating procedure
use objectives

Terms to Understand

Summary
Quality assurance is what we do to get the right answer for our pur-
pose. We begin by writing use objectives, from which speci�cations
for data quality can be derived. Speci�cations could include require-
ments for sampling, accuracy, precision, speci�city, detection limit,
standards, and blank values. For any meaningful analysis, we must
�rst collect a representative sample. A method blank containing all
components except analyte is taken through all steps of the analyti-
cal procedure. We subtract the response of the method blank from
the response of a real sample prior to calculating the quantity of
analyte in the sample. A �eld blank tells us if analyte is inadvertently
picked up by exposure to �eld conditions. Accuracy can be assessed

by analyzing certi�ed standards, by calibration checks performed by
the analyst, with spikes made by the analyst, and by analyzing blind
quality control samples. Written standard operating procedures must
be followed rigorously to avoid inadvertent changes in procedure
that could affect the outcome. Assessment is the process of (1) col-
lecting data to show that analytical procedures are operating within
speci�ed limits and (2) verifying that �nal results meet use objec-
tives. Control charts can be used to monitor accuracy, precision, or
instrument performance as a function of time.

Method validation is the process of proving that an analytical
method is acceptable for its intended purpose. In validating a

For �ve equations and three unknowns, there
are 5 � 3 � 2 degrees of freedom. With no
degrees of freedom, there is no information
with which to estimate uncertainty.

https://nhathuocngocanh.com/
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method, we typically demonstrate that requirements are met for
speci�city, linearity, accuracy, precision, range, limit of detection,
limit of quantitation, and robustness. Speci�city is the ability to dis-
tinguish analyte from anything else. Linearity is usually measured
by the square of the correlation coef�cient for the calibration curve.
Types of precision include instrument precision, intra-assay preci-
sion, intermediate precision, and, most generally, interlaboratory
precision. The �Horwitz trumpet� is an empirical statement that pre-
cision becomes poorer as analyte concentration decreases. Range is
the concentration interval over which linearity, accuracy, and preci-
sion are acceptable. The detection limit is usually taken as 3 times
the standard deviation of the blank. The lower limit of quantitation
is 10 times the standard deviation of the blank. The reporting limit
is the concentration below which regulations say that analyte is
reported as �not detected,� even when it is observed. Robustness is
the ability of an analytical method to be unaffected by small changes
in operating parameters.

A standard addition is a known quantity of analyte added to an
unknown to increase the concentration of analyte. Standard addi-
tions are especially useful when matrix effects are important. A

matrix effect is a change in the analytical signal caused by anything
in the sample other than analyte. Use Equation 5-7 to compute the
quantity of analyte after a single standard addition. For multiple
standard additions to a single solution, use Equation 5-9 to construct
the graph in Figure 5-6, in which the x-intercept gives us the concen-
tration of analyte. For multiple solutions made up to the same �nal
volume, the slightly different graph in Figure 5-8 is used. Equation
5-10 gives the x-intercept uncertainty in either graph.

An internal standard is a known amount of a compound, differ-
ent from analyte, that is added to the unknown. Signal from analyte
is compared with signal from the internal standard to �nd out how
much analyte is present. Internal standards are useful when the
quantity of sample analyzed is not reproducible, when instrument
response varies from run to run, or when sample losses occur in
sample preparation. The response factor in Equation 5-11 is the
relative response to analyte and standard.

Ef�cient experimental design decreases the number of experi-
ments needed to obtain required information and an estimate of
uncertainty in that information. A tradeoff is that the fewer experi-
ments we do, the greater the uncertainty in the results.

Exercises
concentrations of X and S, (signal from X)/(signal from S) � 1.31.
Find the concentration of X in the unknown.

5-D. In Figure 5-6, the x-intercept is �2.89 mM and its standard
deviation is 0.098 mM. Find the 90% and 99% con�dence intervals
for the intercept.

5-E. Control chart. Volatile compounds in human blood serum were
measured by purge and trap gas chromatography/mass spectrometry.
For quality control, serum was periodically spiked with a constant
amount of 1,2-dichlorobenzene and the concentration (ng/g � ppb)
was measured. Find the mean and standard deviation for the follow-
ing spike data and prepare a control chart. State whether or not the
observations (Obs.) meet each criterion for stability in a control
chart.

5-A. Detection limit. In spectrophotometry, we measure the con-
centration of analyte by its absorbance of light. A low-concentration
sample was prepared, and nine replicate measurements gave ab-
sorbances of 0.004 7, 0.005 4, 0.006 2, 0.006 0, 0.004 6, 0.005 6,
0.005 2, 0.004 4, and 0.005 8. Nine reagent blanks gave values of
0.000 6, 0.001 2, 0.002 2, 0.000 5, 0.001 6, 0.000 8, 0.001 7, 0.001 0,
and 0.001 1.

(a) Find the absorbance detection limit with Equation 5-3.

(b) The calibration curve is a graph of absorbance versus concen-
tration. Absorbance is a dimensionless quantity. The slope of the
calibration curve is m � 2.24 � 104 M�1. Find the concentration
detection limit with Equation 5-5.

(c) Find the lower limit of quantitation with Equation 5-6.

5-B. Standard addition. An unknown sample of Ni2
 gave a current
of 2.36 �A in an electrochemical analysis. When 0.500 mL of solution
containing 0.028 7 M Ni2
 was added to 25.0 mL of unknown, the
current increased to 3.79 �A.

(a) Denoting the initial, unknown concentration as [Ni2
]i, write an
expression for the �nal concentration, [Ni2
]f, after 25.0 mL of
unknown were mixed with 0.500 mL of standard. Use the dilution
factor for this calculation.

(b) In a similar manner, write the final concentration of added
standard Ni2
, designated as [S]f.

(c) Find [Ni2
]i in the unknown.

5-C. Internal standard. A solution was prepared by mixing 5.00 mL
of unknown element X with 2.00 mL of solution containing 4.13 �g
of standard element S per milliliter, and diluting to 10.0 mL. The
signal ratio in atomic absorption spectrometry was (signal from X)/
(signal from S) � 0.808. In a separate experiment, with equal

Problems
Quality Assurance and Method Validation

5-1. Explain the meaning of the quotation at the beginning of this
chapter: �Get the right data. Get the data right. Keep the data
right.�

5-2. What are the three parts of quality assurance? What questions
are asked in each part and what actions are taken in each part?

5-3. How can you validate precision and accuracy?

5-4. Distinguish raw data, treated data, and results.

Obs. Obs. Obs. Obs. Obs.
Day (ppb) Day (ppb) Day (ppb) Day (ppb) Day (ppb)

0 1.05 91 1.13 147 0.83 212 1.03 290 1.04
1 0.70 101 1.64 149 0.88 218 0.90 294 0.85
3 0.42 104 0.79 154 0.89 220 0.86 296 0.59
6 0.95 106 0.66 156 0.72 237 1.05 300 0.83
7 0.55 112 0.88 161 1.18 251 0.79 302 0.67

30 0.68 113 0.79 167 0.75 259 0.94 304 0.66
70 0.83 115 1.07 175 0.76 262 0.77 308 1.04
72 0.97 119 0.60 182 0.93 277 0.85 311 0.86
76 0.60 125 0.80 185 0.72 282 0.72 317 0.88
80 0.87 128 0.81 189 0.87 286 0.68 321 0.67
84 1.03 134 0.84 199 0.85 288 0.86 323 0.68

SOURCE: D. L. Ashley, M. A. Bonin, F. L. Cardinali, J. M. McCraw, J. S. Holler, L. L.
Needham, and D. G. Patterson, Jr., �Determining Volatile Organic Compounds in Blood
by Using Purge and Trap Gas Chromatography/Mass Spectrometry,� Anal. Chem. 1992,
64, 1021.
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113Problems

5-5. What is the difference between a calibration check and a per-
formance test sample?

5-6. What is the purpose of a blank? Distinguish method blank,
reagent blank, and �eld blank.

5-7. Distinguish linear range, dynamic range, and range.

5-8. What is the difference between a false positive and a false
negative?

5-9. Consider a sample that contains analyte at the detection limit de-
�ned in Figure 5-2. Explain the following statements: There is approx-
imately a 1% chance of falsely concluding that a sample containing no
analyte contains analyte above the detection limit. There is a 50%
chance of concluding that a sample that really contains analyte at the
detection limit does not contain analyte above the detection limit.

5-10. How is a control chart used? State six indications that a
process is going out of control.

5-11. Here is a use objective for a chemical analysis to be performed
at a drinking water puri�cation plant: �Data and results collected
quarterly shall be used to determine whether the concentrations of
haloacetates in the treated water demonstrate compliance with the
levels set by the Stage 1 Disinfection By-products Rule using
Method 552.2� (a speci�cation that sets precision, accuracy, and
other requirements). Which one of the following questions best
summarizes the meaning of the use objective?

(a) Are haloacetate concentrations known within speci�ed preci-
sion and accuracy?

(b) Are any haloacetates detectable in the water?

(c) Do any haloacetate concentrations exceed the regulatory limit?

5-12. What is the difference between an instrument detection limit
and a method detection limit? What is the difference between ro-
bustness and intermediate precision?

5-13. De�ne the following terms: instrument precision, injection
precision, intra-assay precision, intermediate precision, and inter-
laboratory precision.

5-14. Control chart. A laboratory monitoring perchlorate 
in urine measured quality control samples made from synthetic
urine spiked with . The graph shows consecutive quality
control measurements. Are any troubleshooting conditions from
Box 5-1 observed in these data?

Control chart for ClO�
4 in urine. [Data from L. Valentin-Blasini, J. P. Mauldin, D. Maple,

and B. C. Blount, �Analysis of Perchlorate in Human Urine Using Ion Chromatography and

Electrospray Tandem Mass Spectrometry,� Anal. Chem. 2005, 77, 2475.]
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5-15. Correlation coef�cient and Excel graphing. Synthetic
data are given below for a calibration curve in which random
Gaussian noise with a magnitude of 80 was superimposed on y values
that follow the equation y � 26.4x 
 1.37. This exercise shows that a
high value of R2 does not guarantee that data quality is excellent.

(a) Enter concentration in column A and signal in column B of a
spreadsheet. Prepare an XY (Scatter) chart of signal versus concen-
tration without a line as described in Section 2-11. Use LINEST
(Section 4-7) to �nd the least-squares parameters including R2.

(b) Now insert the Trendline by following instructions in Section 4-9.
In the Options window used to select the Trendline, select Display
Equation and Display R-Squared. Verify that Trendline and LINEST
give identical results.

(c) Add 95% con�dence interval y error bars following the instruc-
tions at the end of Section 4-9. The 95% con�dence interval is �tsy,
where sy comes from LINEST and Student�s t comes from Table 4-2
for 95% con�dence and 11 � 2 � 9 degrees of freedom. Also, com-
pute t with the statement ��TINV(0.05,9)�.

Concentration (x) Signal (y) Concentration (x) Signal (y)

0 14 60 1 573
10 350 70 1 732
20 566 80 2 180
30 957 90 2 330
40 1 067 100 2 508
50 1 354

5-16. In a murder trial in the 1990s, the defendant�s blood was
found at the crime scene. The prosecutor argued that blood was left
by the defendant during the crime. The defense argued that police
�planted� the defendant�s blood from a sample collected later. Blood
is normally collected in a vial containing the metal-binding com-
pound EDTA as an anticoagulant with a concentration of ~4.5 mM
after the vial has been �lled with blood. At the time of the trial, pro-
cedures to measure EDTA in blood were not well established. Even
though the amount of EDTA found in the crime-scene blood was
orders of magnitude below 4.5 mM, the jury acquitted the defendant.
This trial motivated the development of a new method to measure
EDTA in blood.

(a) Precision and accuracy. To measure accuracy and precision of
the method, blood was forti�ed with EDTA to known levels.

For each of the three spike levels in the table, �nd the precision and
accuracy of the quality control samples.

EDTA measurements (ng/mL) at three forti�cation levels

Spike: 22.2 ng/mL 88.2 ng/mL 314 ng/mL

Found: 33.3 83.6 322
19.5 69.0 305
23.9 83.4 282
20.8 100.0 329
20.8 76.4 276

SOURCE: R. L. Sheppard and J. Henion, Anal. Chem. 1997, 69, 477A, 2901.

(b) Detection and quantitation limits. Low concentrations of EDTA
near the detection limit gave the following dimensionless instrument

 Precision � 100 �
standard deviation

mean
� coefficient of variation

 Accuracy � 100 �
mean value found � known value

known value
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readings: 175, 104, 164, 193, 131, 189, 155, 133, 151, and 176. Ten
blanks had a mean reading of 45.0. The slope of the calibration curve
is 1.75 � 109 M�1. Estimate the signal and concentration detection
limits and the lower limit of quantitation for EDTA.

5-17. (a) From Box 5-2, estimate the minimum expected coef�-
cient of variation, CV(%), for interlaboratory results when the analyte
concentration is (i) 1 wt% or (ii) 1 part per trillion.

(b) The coef�cient of variation within a laboratory is typically
~0.5�0.7 of the between-laboratory variation. If your class analyzes
an unknown containing 10 wt% NH3, what is the minimum expected
coef�cient of variation for the class?

5-18. Spike recovery and detection limit. Species of arsenic found
in drinking water include AsO3

3� (arsenite), AsO4
3� (arsenate),

(CH3)2AsO�
2 (dimethylarsinate), and (CH3)AsO3

2� (methylarson-
ate). Pure water containing no arsenic was spiked with 0.40 �g
arsenate/L. Seven replicate determinations gave 0.39, 0.40, 0.38,
0.41, 0.36, 0.35, and 0.39 �g/L.15 Find the mean percent recovery of
the spike and the concentration detection limit (�g/L).

5-19. Detection limit. Low concentrations of Ni2
-EDTA near the
detection limit gave the following counts in a mass spectral mea-
surement: 175, 104, 164, 193, 131, 189, 155, 133, 151, 176. Ten mea-
surements of a blank had a mean of 45 counts. A sample containing
1.00 �M Ni2
-EDTA gave 1 797 counts. Estimate the detection limit
for Ni-EDTA.

5-20. Detection limit. A sensitive chromatographic method was
developed to measure sub-part-per-billion levels of the disinfectant
by-products iodate (IO�

3 ), chlorite (ClO�
2 ), and bromate (BrO�

3 ) in
drinking water. As the oxyhalides emerge from the column, they
react with Br� to make Br�

3, which is measured by its strong absorp-
tion at 267 nm. For example, each mole of bromate makes 3 mol of
Br�

3 by the reaction

Bromate near its detection limit gave the following chroma-
tographic peak heights and standard deviations (s). For each concen-
tration, estimate the detection limit. Find the mean detection limit.
The blank is 0 because chromatographic peak height is measured
from the baseline adjacent to the peak. Because blank � 0, relative
standard deviation applies to both peak height and concentration,
which are proportional to each other. Detection limit is 3s for peak
height or concentration.

Bromate Peak height Relative Number
concentration (arbitrary standard of

(�g/L) units) deviation (%) measurements

0.2 17 14.4 8
0.5 31 6.8 7
1.0 56 3.2 7
2.0 111 1.9 7

SOURCE: H. S. Weinberg and H. Yamada, �Post-Ion-Chromatography Derivatization for
the Determination of Oxyhalides at Sub-PPB Levels in Drinking Water,� Anal. Chem. 
1998, 70, 1.

5-21. Olympic athletes are tested to see if they are using illegal
performance-enhancing drugs. Suppose that urine samples are taken
and analyzed and the rate of false positive results is 1%. Suppose
also that it is too expensive to re�ne the method to reduce the rate of
false positive results. We do not want to accuse innocent people of
using illegal drugs. What can you do to reduce the rate of false accu-
sations even though the test always has a false positive rate of 1%?

BrO�
3 
 8Br� 
 6H
 S 3Br�

3 
 3H2O

5-22. Blind samples. The U.S. Department of Agriculture provided
homogenized baby food samples to three labs for analysis.3 Results
agreed well for protein, fat, zinc, ribo�avin, and palmitic acid.
Results for iron were questionable: Lab A, 1.59 � 0.14 (13); Lab B,
1.65 � 0.56 (8); Lab C, 2.68 � 0.78 (3) mg/100 g. Uncertainty is
the standard deviation, with the number of replicate analyses in
parentheses. Use two separate t tests to compare results from Lab C
with those from Lab A and Lab B at the 95% con�dence level.
Comment on the sensibility of the t test results. Offer your own
conclusions.

Standard Addition

5-23. Why is it desirable in the method of standard addition to add
a small volume of concentrated standard rather than a large volume
of dilute standard?

5-24. An unknown sample of Cu2
 gave an absorbance of 0.262 in
an atomic absorption analysis. Then 1.00 mL of solution containing
100.0 ppm (� �g/mL) Cu2
 was mixed with 95.0 mL of unknown,
and the mixture was diluted to 100.0 mL in a volumetric �ask. The
absorbance of the new solution was 0.500.

(a) Denoting the initial, unknown concentration as [Cu2
]i, write an
expression for the �nal concentration, [Cu2
]f, after dilution. Units
of concentration are ppm.

(b) In a similar manner, write the final concentration of added
standard Cu2
, designated as [S]f.

(c) Find [Cu2
]i in the unknown.

5-25. Standard addition graph. Tooth enamel consists mainly
of the mineral calcium hydroxyapatite, Ca10(PO4)6(OH)2. Trace ele-
ments in teeth of archeological specimens provide anthropologists
with clues about diet and diseases of ancient people. Students at
Hamline University measured strontium in enamel from extracted
wisdom teeth by atomic absorption spectroscopy. Solutions were pre-
pared with a constant total volume of 10.0 mL containing 0.750 mg of
dissolved tooth enamel plus variable concentrations of added Sr.

Added Sr Signal
(ng/mL � ppb) (arbitrary units)

0 28.0
2.50 34.3
5.00 42.8
7.50 51.5

10.00 58.6

SOURCE: V. J. Porter, P. M. Sanft, J. C. Dempich, D. D. Dettmer, A. E. Erickson, 
N. A. Dubauskie, S. T. Myster, E. H. Matts, and E. T. Smith, �Elemental Analysis 
of Wisdom Teeth by Atomic Spectroscopy Using Standard Addition,� J. Chem. Ed.
2002, 79, 1114.

(a) Find the concentration of Sr and its uncertainty in the 10-mL
sample solution in parts per billion � ng/mL.

(b) Find the concentration of Sr in tooth enamel in parts per
million � �g/g.

(c) If the standard addition intercept is the major source of uncer-
tainty, �nd the uncertainty in the concentration of Sr in tooth enamel
in parts per million.

(d) Find the 95% con�dence interval for Sr in tooth enamel.

5-26. Europium is a lanthanide element found in parts per billion
levels in natural waters. It can be measured from the intensity of
orange light emitted when a solution is illuminated with ultraviolet
radiation. Certain organic compounds that bind Eu(III) are required
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to enhance the emission. The figure shows standard addition
experiments in which 10.00 mL of sample and 20.00 mL containing a
large excess of organic additive were placed in 50-mL volumetric
flasks. Then Eu(III) standards (0, 5.00, 10.00, or 15.00 mL)
were added and the flasks were diluted to 50.0 mL with H2O.
Standards added to tap water contained 0.152 ng/mL (ppb) of
Eu(III), but those added to pond water were 100 times more
concentrated (15.2 ng/mL).

Standard addition of Eu(III) to pond water or tap water. [Data from A. L.

Jenkins and G. M. Murray, �Enhanced Luminescence of Lanthanides,� J. Chem. 
Ed. 1998, 75, 227.]

(a) Calculate the concentration of Eu(III) (ng/mL) in pond water
and tap water.

(b) For tap water, emission peak area increases by 4.61 units
when 10.00 mL of 0.152 ng/mL standard are added. This response
is 4.61 units/1.52 ng � 3.03 units per ng of Eu(III). For pond water,
the response is 12.5 units when 10.00 mL of 15.2 ng/mL standard are
added, or 0.082 2 units per ng. How would you explain these obser-
vations? Why was standard addition necessary for this analysis?

5-27. Standard addition graph. Students performed an exper-
iment like that in Figure 5-7 in which each �ask contained 25.00 mL
of serum, varying additions of 2.640 M NaCl standard, and a total
volume of 50.00 mL.

Volume of Na
 atomic 
Flask standard (mL) emission signal (mV)

1 0 3.13
2 1.000 5.40
3 2.000 7.89
4 3.000 10.30
5 4.000 12.48

(a) Prepare a standard addition graph and �nd [Na
] in the serum.

(b) Find the standard deviation and 95% con�dence interval for
[Na
].

5-28. Standard addition graph. Allicin is a major component
in garlic (0.4 wt% in fresh garlic) with antimicrobial and possibly
anticancer and antioxidant activity. It is unstable and therefore dif�-
cult to measure. An assay was developed in which the stable precur-
sor alliin is added to freshly crushed garlic and rapidly converted to
allicin by the enzyme alliinase found in garlic. Components of the
crushed garlic are extracted and measured by liquid chromatogra-
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phy. The graph shows standard additions reported as mg alliin added
per gram of garlic. The chromatographic peak is allicin from the
conversion of alliin.

Alliin Allicin
FM 177.2 FM 162.3

(a) The standard addition procedure has a constant total volume.
Prepare a graph to �nd how much alliin equivalent was in the unspiked
garlic. The units of your answer will be mg alliin/g garlic. Include
the standard deviation in your answer.

Chromatographic measurement of alliin after standard addition to garlic.
[From M. E. Rybak, E. M. Calvey, and J. M. Harnly, �Quantitative Determination of Allicin

in Garlic: Supercritical Fluid Extraction and Standard Addition of Alliin,� J. Agric. Food
Chem. 2004, 52, 682.]

(b) Given that 2 mol of alliin are converted to 1 mol of allicin in the
assay, �nd the allicin content of garlic expressed as mg allicin/g
garlic, including the standard deviation.

Internal Standards

5-29. State when standard additions and internal standards, instead
of a calibration curve, are desirable, and why.

5-30. A solution containing 3.47 mM X (analyte) and 1.72 mM S
(standard) gave peak areas of 3 473 and 10 222, respectively, in a
chromatographic analysis. Then 1.00 mL of 8.47 mM S was added to
5.00 mL of unknown X, and the mixture was diluted to 10.0 mL. This
solution gave peak areas of 5 428 and 4 431 for X and S, respectively.

(a) Calculate the response factor for the analyte.

(b) Find the concentration of S (mM) in the 10.0 mL of mixed
solution.

(c) Find the concentration of X (mM) in the 10.0 mL of mixed
solution.

(d) Find the concentration of X in the original unknown.

Retention time (min)

12 1410

No spike

3.12 mg/g

7.18 mg/g

8.48 mg/g

20.0 mg/g

38.2 mg/g
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5-31. Chloroform is an internal standard in the determination of the
pesticide DDT in a polarographic analysis in which each compound
is reduced at an electrode surface. A mixture containing 0.500 mM
chloroform and 0.800 mM DDT gave signals of 15.3 �A for chlo-
roform and 10.1 �A for DDT. An unknown solution (10.0 mL) con-
taining DDT was placed in a 100-mL volumetric �ask and 10.2 �L
of chloroform (FM 119.39, density � 1.484 g/mL) were added.
After dilution to the mark with solvent, polarographic signals of
29.4 and 8.7 �A were observed for the chloroform and DDT, respec-
tively. Find the concentration of DDT in the unknown.

5-32. Verifying constant response for an internal standard. When
we develop a method using an internal standard, it is important to
verify that the response factor is constant over the calibration range.
Data are shown below for a chromatographic analysis of naphtha-
lene (C10H8), using deuterated naphthalene (C10D8 in which D is the
isotope 2H) as an internal standard. The two compounds emerge
from the column at almost identical times and are measured by a
mass spectrometer, which distinguishes them by molecular mass.
From the de�nition of response factor in Equation 5-11, we can
write

Prepare a graph of peak area ratio (C10H8/C10D8) versus concentra-
tion ratio ([C10H8]/[C10D8]) and �nd the slope, which is the re-
sponse factor. Evaluate F for each of the three samples and �nd the
standard deviation of F to see how �constant� it is.

C10H8 C10D8 C10H8 C10D8 

Sample (ppm) (ppm) peak area peak area

1 1.0 10.0 303 2 992
2 5.0 10.0 3 519 6 141
3 10.0 10.0 3 023 2 819

The volume of solution injected into the column was different in all three runs.

Area of analyte signal

Area of standard signal
� F a

concentration of analyte

concentration of standard
b

5-33. Correcting for matrix effects with an internal standard.
The appearance of pharmaceuticals in municipal wastewater
(sewage) is an increasing problem that is likely to have adverse
effects on our drinking water supply. Sewage is a complex matrix.
When the drug carbamazepine was spiked into sewage at a con-
centration of 5 ppb, chromatographic analysis gave an apparent
spike recovery of 154%.16 When deuterated carbamazepine was
used as an internal standard for the analysis, the apparent
recovery was 98%. Explain how the internal standard is used in
this analysis and rationalize why it works so well to correct for
matrix effects.

Experimental Design

5-34. Acid-base titrations similar to those in Section 5-5
had volumes and results shown in the table.14 Use Excel LINEST
to find the concentrations of acids A, B, and C and estimate their
uncertainty.

Acid volume (mL) mmol of OH�

A B C required

2 2 2 3.015
0 2 2 1.385
2 0 2 2.180
2 2 0 2.548
2 2 2 3.140

H

H

H
H

O

H H

N

NH2

H

H

H
H

O NH2

D D

D D

D D
D D

D D

N

Carbamazepine Carbamazepine-d10

116 CHAPTER 5 Quality Assurance and Calibration Methods

https://nhathuocngocanh.com/



117

Great Barrier Reef and other coral reefs are threatened
with extinction by rising atmospheric CO2. [Copyright Jon

Arnold Images/Almay.]

CHEMICAL EQUILIBRIUM IN THE ENVIRONMENT

Chemical Equilibrium

Part of the North Branch of the Potomac River runs crystal clear through the scenic
Appalachian Mountains, but it is lifeless�a victim of acid drainage from abandoned coal
mines. As the river passes a paper mill and a wastewater treatment plant near Westernport,
Maryland, the pH rises from an acidic, lethal value of 4.5 to a neutral value of 7.2, at which
�sh and plants thrive. This happy �accident� comes about because calcium carbonate exiting
the paper mill equilibrates with massive quantities of carbon dioxide from bacterial respira-
tion at the sewage treatment plant. The resulting soluble bicarbonate neutralizes the acidic
river and restores life downstream of the plant.1 In the absence of CO2, solid CaCO3 would
be trapped at the treatment plant and would never enter the river.

Calcium carbonate Dissolved calcium bicarbonate
trapped at treatment plant enters river and neutralizes acid

Bicarbonate Acid in river

The chemistry that helps the Potomac River endangers coral reefs, which are largely
CaCO3. Burning of fossil fuel has increased CO2 in the atmosphere from 280 ppm when
Captain Cook first sighted the Great Barrier Reef in 1770 to 380 ppm today (Figure 0-6).
CO2 in the atmosphere adds CO2 to the ocean, dissolving CaCO3 from coral. Rising CO2

and, perhaps, rising atmospheric temperature from the greenhouse effect threaten coral
reefs with extinction.2 CO2 has lowered the average pH of the ocean from its preindus-
trial value of 8.16 to 8.04 today.3 Without changes in man�s activities, the pH could be 7.7
by 2100.

HCO�
3 (aq) � H�(aq)  neutralization  ! CO2(g) � H2O(l)

CaCO3(s) � CO2(aq) � H2O(l) � Ca2�(aq) � 2HCO�
3 (aq)

CHAPTER 6 Chemical Equilibrium

66

Paper mill on the Potomac River near Westernport, Maryland, neutralizes acid mine drainage in
the water. Upstream of the mill, the river is acidic and lifeless; below the mill, the river teems
with life. [Photo courtesy C. Dalpra, Potomac River Basin Commission.]
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8-Acetoxyquinoline, 678t
Acetylation, 655
Acetylene �ame, 483t
Acid:

amphiprotic, 190
Brłnsted-Lowry, 126
carboxylic, 132
conjugate, 127, 133�136, 165, 171
de�nition, 126
digestion, 705, 706�707, 708�709
diprotic, 185�194, 228t
dissociation constant, 131,

133�136, 165, App. G
error, 321i
intermediate form, 190, 191b, 192,

194�195
Lewis, 124, 237
mine drainage, 117b, 130i
nature of H�, 127
ocean, 189b
pH scale, 130
pickling, App. K
pKa, 165
polyprotic, 133�136, 185, 194�195
primary standard, 222t, 223
rain, 130i, 258b, 268, 269i, 322b
solvent extraction, 539�540
strong, 130�131, 130t, 163�165,

220b
titration of dibasic compound,

212�215
titration of strong base with strong

acid, 206�208
titration of weak acid with strong

base, 208�210
titration of weak acid with weak

base, 226�229
titration of weak base with strong

acid, 210�212
tooth decay, 265
trace-metal-grade, 23b
triprotic, 228t
ultrapure, 23b
using App. G, 166
wash, 37, 37m
weak, 132�136, 166�170

Acid-base:
blood chemistry, 323t
equilibria, 126�136, 163�181,

186�201, 259�265
titration, 205�221
titration spreadsheet, 226�229, 228t

Acid dissociation constant, 131,
133�136, 165, App. G

isotope effect, 672p
silica, 658i

Acid hydrolysis, 133
Acidic �ux, 707
Acidic pH, 130
Acidity, 216b
Acidity function, 220b
Acquisition rate, 516

A (ampere), 13, 14t, 280
¯ (angstrom), 15t
A (activity), 145
a (atto), 15t
� (fraction of association), 170
� (fraction of dissociation), 168
� (fractional composition equations),

197�198, 226, 228t
�Y4� (fraction of EDTA in form Y4�),

240�241, 241t
Ablation, 479b
ABS, 78i
Abscissa, 15
Absolute reference, 46
Absolute uncertainty, 56�57
Absolute value function (ABS), 78i
Absorbance, 396, 397b

accuracy, 400
cavity ring-down, 476p
corrected, 87, 403
mixture, 419
Spectronic 20 scale, 52i

Absorption, 37, 677, 679
atomic, 480i, 481i
cross section, 393b, 416p
light, 395i
spectrum, 397, 398d

Absorptivity, 396
Accuracy, 51b, 56, 69m, 99m, 102

combustion analysis, 685, 685t
ACES, 179t
Acetaldehyde hydration number, 142t
N-2-Acetamido-2-aminoethanesulfonic

acid, 179t
N-2-Acetamidoiminodiacetic acid,

178t
Acetaminophen, 373, 521
Acetate, hydration number, 142t
Acetic acid, 8m, 134b, 178t, 225i, 680

degree of dissociation, 17
density, 48p
hydration number, 142t
nonaqueous titrations, 225�226

Acetic anhydride, 655
Acetoacetic acid, 298t
Acetochlor, 427�428
Acetone:

chemical ionization, 518
eluent strength, 604t
extraction, 710�711
hydration number, 142t
ultraviolet cutoff, 604t

Acetonitrile:
aprotic solvent, 128m
chromatography solvent, 618
disposal, 618m, NR19 (24.31)
eluent strength, 604t, 621i
hydration number, 142t
solvent-bonded phase interface,

604b
ultraviolet cutoff, 604t

Acetophenone, 632p

Acridine yellow, 407i
Acrylamide, 648i, 717p
Acrylic acid, 182p
ACS reagent, 23b
Actinide coordination number, 241
Actinide extraction, 711m
Action line, 99b
Activated carbon, 641
Activation energy, 134b, 364
Activity, 145

calculations, 149, 153�157
chloride in 1 M KCl, 336p
effect on buffers, 177�180
equilibrium constant, 145
free energy, 303p, 315�317
gradient (free energy), 303p
Henderson-Hasselbalch equation,

173
Nernst equation, 288�289, 309m
pH calculation, 149
strong acid, 130i

Activity coef�cient, 145, 146i, 148i,
262�265

ammonia, 148m
carbon dioxide, 148m
charge balance, 151m
charge effect, 146
Davies equation, 262
extended Debye-Hückel equation,

146, 159p
Gran plot, 218
ionic size effect, 146
ionic strength effect, 146, 148i
ion pair, 148m
Kw, 149
mass balance, 151m
neutral compound, 148, 148m
Pitzer equation, NR4 (7.7)
spreadsheet, 146
table, 147t
temperature dependence, 159p

ADA, 178t
Adams, B. A., 543m
Addition:

propagation of error, 57�58
signi�cant �gures, 52�53
uncertainty, 62t

Additive:
HPLC solvent, 600i, 610
mass spectrometry, 519m

Adduct, 124
Adenine-thymine base pairing,

442p
Adenosine triphosphate (ATP), 237,

238i, 303p, 372, 456b
Adenylate kinase, 648i
Adjusted retention time, 545, 558b
Adrenal gland, 27p, 384
Adrenaline, 27p, 136, 334
Adsorbate, 603i
Adsorbed solvent, 604b
Adsorbent, 586

Adsorption, 37, 677, 679
chromatography, 542m, 543,

544i, 609i
electrode, 379b
glass, 331m, 700
indicator, 692�693, 693t
time, 558b
tube, 587i

Advanced equilibrium calculations,
258�274

Aerosol, 38m, 39i, 482, 483i, 487
Af�nity chromatography, 543, 544i,

649�650
Agar, 286
Agarose, 650
Agate mortar, 705
Age dating, 570b, 673b
Air:

density, 35, NR1 (2.13)
nitrogen content, 76�77
pollution, 349
refractive index, 461m

Air-acetylene �ame, 483t
Airport security, 518
Ajax, 705
Alanine, 187t

gas phase structure, 186i
isoelectric pH, 199
isoionic pH, 199

Albumin, 200b, 441p, 551t
Alcohol:

electrochemical detection, 616
oxidation, 350

Aldehyde, 350, 615, 715
Aldolase, 670p
Algae, 704i
Aliquot, 11, 700
Alizarin red S, 693t
Alizarin yellow, 221t
Alkali �ame detector, 581
Alkali metal reduction, 377
Alkaline error, 320, 321i
Alkalinity, 216b, 233p
Alkane, 19, 283b
Alkylammonium ion exchanger, 636t
Allergic reaction, 650�651
Allicin, 115p
Alliin, 115p
Altitude effect on weight, 49p
Alumina :

chromatography stationary 
phase, 571

drying agent, 41t
mortar, 705

Aluminized bag, 223, 492
Aluminosilicate, 571i
Aluminum:

atomic absorption analysis, 486
EDTA titration, 253
electrolytic production, 362m
glass, 49p
gravimetric analysis, 675t, 682

INDEX

Abbreviations 
App. = Appendix f = footnote NR = Notes and References
b = box i = illustration p = problem
d = demonstration m = marginal note t = table
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